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PREFACE. 



In this the second volume of our work on Applied Mechanics, 
the subject of Transverse Stress and Strain is treated in a 
systematic manner. Equations to, and Diagrams of, Bending 
Moments and Shearing Forces on Beams and Cantilevers are 
given for the various manners of loading to be met with in 
practice ; the loads being fixed, or moving, or both combined ; 
most of these are here given for the first time, and the mathe- 
matics employed is of an elementary character. 

In treating of the Resistance to Bending and Shearing, the 
Cross Sections ordinarily met with in practice, together with some 
which are not much employed are given, so that their relative 
resistances may be compared 

Students not familiar with the Integral Calculus will, never- 
theless, be able to apply the results given in connection with 
Curvature, Slope, and Deflection of Beams ; the steps in the 
integration have been filled in, which may be an assistance to 
some. 

Chapters on Twisting, Bending of Struts, and some other im- 
portant points have been added to make the work more complete. 

We have to thank Mr. Peter Alexander, M.A., for having 
kindly examined the proofs, and for many valuable suggestions. 

T. A. 
A. W. T. 
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PART SECOND. 



TRANSVERSE STRESS. 

In Part First we have considered the internal stress at any 
point within a solid, and have shown that it can be ex> 
pressed by means of three principal stresses. We began 
with one principal stress, the other two being zero; this 
was illustrated by pieces strained under one direct simple 
stress, such as tie rods and struts; and at each point in 
these pieces the strain was similar in every respect. We 
next considered two principal stresses, the third being zero 
or identical with one of those two ; this was illustrated by 
small rectangular prisms of earth under foundations, or 
loaded with the weight of superincumbent earth, the prism 
being strained by two (or three) direct simple stresses upon 
its pairs of opposite faces. There we saw that the strain at 
all points, in certain parallel planes, was similar in every 
respect ; varying, however, as we passed from points in one 
to points in another of those parallel planes. It was pointed 
out that earth might have the stress in one horizontal direc- 
tion artificially increased by a direct external stress, in 
which case there would be three principal stresses at each 
point, the intensities of which might be different at different 
points. 

In all such examples, the internal stresses were due to 
strain produced in the simplest manner possible, viz., by 
direct external stresses ; and in many the stresses at internal 
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points were given, without specifying what the solid was, or 
in what manner it was strained. These exercises served to 
illustrate methods, but it will afterwards appear that the 
data specifying the stress at such points were obtained by 
supposing that the body was strained by external stresses, 
definite though by no means either simple or direct. 

We now" come to consider the stresses at points 
within solids, due to strains produced in the next 
simplest manner, viz.. by external stresses which are all 
parallel. Pieces under such stresses are called beams, and 
the stress is called transverse stress. The case in which 
both' ends of the beam are supported will be primarily con- 
sidered. For simplicity, the external stresses, as shown on 
the diagrams, are all vertical; they consist of the two 
upward thrusts concentrated at the extremities, and the 
loads concentrated on intermediate portions and acting 
downwards. These external stresses are uniform in the 
direction normal to the paper ; and whatever be the breadth 
of the beam, they may be replaced by forces all in one plane, 
the plane of the paper. 

On fig. 1, A A' R B is the longitudinal section of a beam 
of length 2c, depth h, and breadth 6, and OX is any line 
chosen as axis. TF, is a force in the plane of the paper. 




Figr.i. 



replacing a stress spread uniformly over the breadth of the 
beam, as shown on the cross section. Similarly P and Q 
are forces at the extremities and in the plane of the paper. 
In order to have these forces specified, it is necessary to 
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know their amounts, and the distances measured from some 
origin 0, say at one end of the beam, to the points where 
their lines of action cross OX. Such distances are called 
the abscissae of the places of application of the loads. Thus 
P acts at 0, TTj at Xj, and Q at 2c. C is the centre of span, 
its abscissa is c. 

The varieties of load to be considered are : — 

1**. Loads concentrated at one or more points of the span 
as W 

2^, Loads vmiformly spread over the whole or parts of the 
span, as w lbs. per running foot. Such a load is represented 
on jfig. 1 by a set of arrows, each equal to w, and conse- 
quently they are one foot apart ; to save trouble, it is more 
convenient, as on fig. 2, to represent such a load by means 
of a parallelogram surrounding all the arrows. 

3°. Combinations of such loads. 

The loads concentrated at points might be the ends of 
cross beams resting on such points, or the wheels of car- 
riages, &c. The weight of the beam itself is often to be 
considered as a load spread uniformly over the span. 

To find the relations among the external forces, we con- 
sider the equilibrium of the beam as a whole. The beam is 
to be considered as perfectly rigid and indefinitely strong. 
In order to find the supporting forces P and Q, we require 
to know the amounts and positions of the loads, and the 
length of the beam. 

Since the forces are all parallel and in one plane, there 
are two conditions of equilibrium : — 

I. The algebraic sum of the forces is zero. 

II. The algebraic sum of the moments of the forces 
about any point is zero. 

From the first condition we have 

p + Q=W, + W, + W, + &ic. 

-2(F) (1.) 

where 1>{W) represents the sum of all the quantities 
W„ W„ W^ &c. 
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If we take moments about 0, then P has no moment, and 
Q tends to turn the beam in one direction about 0, while 
the loads all tend to turn it in the other direction. By the 
second condition the sum of these moments is zero, and we 
may, if we choose, put the moment of Q equal to the simi of 
the moments of the loads, thus — 

Q X leverage = sum of the products got by multiply- 
ing each load by its leverage ; 

or Q . 2c = W^x^ + W^x^ + W^s^Js + &c. 

= 2(Faj); 

hence Q = ^, (2.) 

where 2 (Wx) represents the sum of all the quantities 
.W,x^, W,x^,&c. 

P may be found in a similar manner by taking moments 
about the other end ; or it may be found at once since we 
know P + Q by equation (1). 

An uniform load, such as w lbs. per runniog foot spread 
over a portion of span, is to be treated as one K)rce equal to 
the amount, and concentrated at the middle of that portion. 

Examples. 

1. The span of a beam is 20 feet, and there is a load of 80 
tons at five feet from the left end. Find the supporting 
forces. 

2c = 20; W^ = 80, and x^ = 5. 

Q,2c = W^x^, 

r, W,x, 400 
'. e— i7^ = -2(r =^20 tons. 

P + Q ziz 80 tons, 
P = 60 tons. 
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Otherwise, 

Q = X secrment remote from Q 

^ span ® ^ 

80 
= 20 ^ ^ = 20 tons ; 

and P = X secernent remote from P 

span ^ 

= ^7- X 15 = 60 tons. 
20 

2. A beam of span 24 feet supports loads of 20, 30, and 
40 tons concentrated, in order, at points which divide its 
length into four equal parts. Find the supporting forces. 

W^=z20; Tf, ==30; TT, =: 40. 

x^= 6; aJa=12; a:, = 18; 2c == 24. 

^ X(Wx) 20x6 + 30x12 + 40x18 
Q=-^^ = ^ = oO tons. 

P = X{W) - Q =. (20 + 30 + 40) - 50 = 40 tona 

3. A beam 30 feet span supports three wheels of a loco- 
motive which transmit each 6, 14, and 8 tons ; the distances 
measured from the left end of the beam to the wheels are 8, 
18, and 24 feet respectively. Find the supporting forces. 

W, = 6] IF, ==14; W^ = S; 2(Tr) = 28 tons. 
x^=:S; i»2=18; 0^3 = 24; 2c = 30 feet. 

Ans. P = 11*6 tons; Q = 16"4 tons. 

4. The span of a beam is 60 feet ; an uniform load of 2000 
lbs. per running foot is spread over the portion of the span 
beginning at 40 and ending at 50 feet from the left end. 
Find the supporting forces. 
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See fig. 1, and suppose the spread load alone on the beam. 

Replacing ww,,. hy W^ — w (50 — 40) 

= 2000 X 10 = 20,000 lbs. 
concentrated at ^2~^ (*^ + ^^) — *^ ^*- 

P = 5000, and Q = 15,000 lbs. 

5. A beam 60 feet span, and weighing 100 tons, supports 
an uniform load of 2 tons per running foot, which extends 
from the left end of the span to a point 20 feet therefrom. 
Find the supporting forces. 

w =^ 2; TFj =: u' X 20 = 40 tons ; 

ajj = 10, the middle point of uniform load. 
Weight of beam, W^ = 100 tons ; 

x^ = c = 30. 



Ans. P = S^ tons ; Q 



56f tons* 



6. A beam 60 feet span, and weighing 100 tons, supports 
a locomotive as in exercise 3, and an uniform load of 2 tons 



6 
W, 



U 8 ^SS 



OH^. 



I, I 



1 



60 

W4 



^ 









^ 



4f 



# 



X 
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per running foot which extends from the middle to the right 
end of the span. Find the supporting forces. 

Q X 60 = 6 X 8 + 14 X 18 + 8 X 24 + 60 X 45 + 100 X 30. 
Am. Q = 103-2, and P = 84-8 tons. 

7. A beam 36 feet span weighs one ton per lineal foot. 
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The first half is loaded uniformly with 2 tons, and the 
second half with 3 tons per running foot. Find P and Q. 

Avs, P = 68-5, and Q = 67-5 tons. 

8. A beam 42 feet span supports five wheels of a heavy 
locomotive. The fore wheel is one foot from the left end, 
and the distances between the wheels, in order, are 5, 8, 10, 
and 7 feet, and the loads transmitted, in order, are 5, 5, 11, 
12, and 9 tons. Find the supporting forces. See fig. 3. 

W^ = 5; JV^ =5; W^ = 11; F, = 12; F, - 9; 2(Tr) = 42. 
x^ — l\ x^ =6 ; ajj = 14 ; a;^ == 24 ; x^ = Sl;2c = 42. 
.-. Q X 42 =z 5 X 1 + 5 X 6 + 11 X 14 + 12 X 24 + 9 X 31. 
Ana. P = 24, and Q ==: 18 tons. 

For a system of loads such as W^, W , &c., there is a point 
at which, if they were all concentrated, the supports would 
share the load as they do for the actual distribution at 
difierent points. This point is called the centre of gravity 
of the losid system; its position will be marked Q, and its 
abscissa OQ will be denoted by x. Hence, supposing the 
total force 2(TF) concentrated at G, we have 

Q. 2c = 2(F). X for the single force 2(F). 

Q,2c = 2(Fa;) for th^ actual distribution; see 

equation 2 on page 4. 

Hence, ^W).x= 2(Fic), 

_ X(Wx) 

which gives the position of Q. 

Having calculated x, we can now find P and Q as for the 
single load 2(F) at x from the left end; see example 1 
second method. 

The supDorting force ) totaUoad ^ ^^^^te segment, 
at either end ) span ® 
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or 



P = 



-.JJ^(2c-x); 



2c 



^ - 2c 



U: 



2(W)-42toxiB 

18 9 tons 



u 

Wo t 



1 



^ =l;BfJJ^B/f^^ 



Pu 















/ 



Q 



^®5^W^W 



Plg.8. 

9. Solve exercise 8 by the method just described. 

We have 

>_ S(Tra:) _ 5x 1 + 5x6 + 11x14 + 12x24 + 9x3 1 
2(Tf) ■" 5 + 5 + 11 + 12 + 9 

= 18 feet, 

and the other segment (2c— S) = 24 feet 

^ total load 



span 



X remote segment 



42 



and 



= -r^r X 24 = 24 tons, 
42 

^ total load , , 

Q = X remote segment 

span 

42 
= -j^ X 18 = 18 tons. 



The position of relative to the loads TF^, TTj. . . can be 
found, although the span of the beam and the position of 
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the loads upon it be unknown, provided the amounts of the 
loads and their distances apart be given. On fig 3, let S be 
the point where the first load W is situated, and let a^{=0), 
a^ ttj, a, a^, a^ be the distances from 8 to Tf j, TFj, W^ 0, W^ 
Ttj respectively. Taking moments about 8, the moment of 
2 ( W) acting at d will equal the sum of the moments of TF^, 
Tfj... acting at a^, a^.... 

That is 2(Tr) x a = 2(Tfa); 

2(Tra) . 'L* en 

a =z y/Tin g^ves position oi Cr 

measured from 8 the left end of the load. 

10. In example 9, find the position of the centre of gravity 
of the load measured from the fore wheel. 

W, = 5,W^ = 5, F, = 11, W^ = 12, Tf, = 9, 2 (F) = 42. 
a^ = 0, a^ = 6, a, = 13, a^ = 23, ftj = 30. 

2(Tfa) 



Then d = 



+ 5 X 5 + 11 X 13 + 12 X 23 + 9 X 31 
5 + 5 + 11+12 + 9 



= 17 feet, 



being less than 2B by one, as it evidently should be. 

11. In example 3, find a the distance of G from the fore 
wheel. 

W^ = 6, F, = 14, W, = 8. 

a^ =: 0, ctg = 10, a^ = 16 .'. a = 957 feet. 

It is convenient to calculate a if it be required to find 
values of P and Q, as in examples 3 and 8, corresponding to 
the given load system shifted into some new position upon 
the beam ; thus — 

12. In example 8, find P and Q when the locomotive 
shifts till its fore wheel is 6 feet from the left end. 

d = 17, hence adding six feet we have x = 23, so that P 
and Q will now be the same as for a single load 2 (W) = 42 
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tons concentrated at G, a point dividing the span into the 
segments 23 and 19. 

Q =z ^^ X remote segment 



span 

42 
42 



X 23 — 23 tons. 
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Similarly P = -^ x 19 = 19 tons. 

In like manner P and Q may be found with great con- 
venience for other positions of the locomotive, all of whose 
wheels ynust, however, be on the beam; because, if one 
wheel goes off, the beam is under a different load system 
altogether. 

13. Find P and Q in example 3 when the locomotive is 
shifted so that its fore wheel is 10 ft. from the left end of 
the beam. 

Here a - 9-57 feet, and 2(Tr) =: 28. 

Ans. P = 11-73, Q = 1827 tons. 

Neutral Plane and Neutral Axis. 

The phenomena which accompany transverse stress are : — 

Every horizontal straight line parallel to the axis of the 
beam becomes a curve, one line on the diagram showing the 
curved condition of all lines lying in the same horizontal 
layer. 

All points in the beam, except those over the supports, 
arrive at a lower level. 

The consequence is, that some horizontal layers are 
shorter and others are longer than they were before the 

stress was applied. The ■! i. xi." f layer is that which 

is most { ''eXdS*^ } '"""^ ^'^^ "^^^"^ *« { boSm } ^ "'^^ 
I tp r1 d f ^^^^ ^°® ^^^ ®^ near. Since this condition 
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of being extended diminishes gradually as you paas upwards 
from layer to layer, and passes into a condition of being 
compressed, there must be one intermediate layer which is 
neither extended nor compressed. This layer is indefinitely 
thin, is in fact a plane, and is called the neutral plane of 
the beam, and the line which is its trace upon the diagram 
is called the neutral axis of the beam. 

On fig 4, the straight line OX, the neutral axis, while the 
beam is unstrained, is chosen as an axis of reference. Let 8 
be any point on the neutral axis after the beam has been 
strained, s its distance from measured along the curve ; let 
8^ be the point on OX directly above 8, and x its distance 
from measured along OX, It is to be observed that the 
curvature, although exaggerated on the diagrams, is really 
in practice so slight that x and 8 will be sensibly equal to 
each other, and x may be put for the amount of either unless 

where it is absolutely 
necessary to distinguish 
between them. S' 8 is 
called the deflection of 
the point 8 ; the great- 
est value of this is called 
the deflection of the 
beam, and when the 
beam is symmetrically 
loaded it occurs at the 
centre of span. 

Let T be another 
point on the curve. Draw 8H and TH normals to the 
curve at 8 and T meeting each other at H\ then H wiU be 
the centre of a circle which will coincide with the arc 8T, 
Draw also 8K a tangent at 8 (fig. 5), meeting any horizontal 
line KL at K. Then 

da = arc 8T is the small difference between the values of 

8 for the two points T and 8. 




Figr.4 



dx = 8' T is the small difference of the values of x, the 

abscissse of T and 8, 
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(28 = (2a; so far as value is concerned. 
p = SH is called the radius of curvature at S, 

- , its recipro(5al, is called the ciirvatwre at fif, and 

H is called the centre of curvature at S. 

i = the angle 8KL is called the do'pe at /Sf ; its greatest 
value is at one end, and is (^Ued the slope of the beam. 
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di = the difference of the slopes at T and S^ 



are ST ds dx ., , 
= — = — sensibly. 



SH 



These angles are in circular measure. 

Let ya be the height of the top layer A A above, y^ the 
depth of the bottom layer B B below the neutral axis, and 

let { + } 2/ be the distance of any layer CC -j , , J- the 

neutral axis. 

The portions of these layers intercepted between the two 
radii H S and HT before being strained were all equal to 
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ds in length. Let (cfe— a), (dsA-fi) and {d8±y) be their 
lengths respectively when strained ; then by similar triangles 

arc AA _ arc ST ds—a __ da^ 

AH - ~mr'''''p^^'' 7' 

J J ds ds . a Va 

p p ds p 

. . arc5J5 arc Sfr dsA-B ds 



ds 



P P 

. . arc CC arc ST ds±y ds 

.: ds±y=ds±y.-^,0Ty = y~; .: J =-^. 

Now the intensity of the longitudinal strain on the layer 
A A at the point A is 

augmentation of arc AA _^--a - /Prfi "^ 

original length of arc A A " ds ' ^ ' ^^ 

Similarly the intensity of the longitudinal strain on the 
layer BB at the point B ^-j-, and that on CG at any 

point C is ~-f' Hence from the above equations we have 

The intensity of the longitudiTial strain on each layer at 
the poi/nt where ii crosses a section AB, is proportional to 
the dnstcmce of the layer from the neutral axis. 



U APPLIED MECHANICS. 



Elements op the Stress at an Internal Point 

OF A Beam. 

To specify the stress at a point within a beam, it is 
necessary and sufficient to find the intensity and obliquity 
of the stress at that point upon any two planes through it ; 
for convenience we take two planes at right angles to the 
plane of the paper ; see Part 1, page 51. In fig 6, OX and 
OF are rectangular axes; OX coincides with the neutral 
axis of the beam, and the origin is at the middle of its 

length. Let distances measured along OX to the < • >,+ f > 

along 7 \ ^^^^''f^ I be j P^^^Ji^® I . Then c and - c 
° ( upwards j ' | negative j 

will be the abscissae of the two ends of the beam ; x^, x^, &c., 
the abscissae of the weights. Let H be any point in the 
beam, its co-ordinates being x and y ; that is, on the diagram, 
X is the distance o{ H to the right or left of 0, and y its dis- 
tance above or below the neutral axis. Of the planes at 
right angles to the paper and passing through H, choose two, 
viz., AB and CD, vertical and horizontal. According to 
custom, CD may be called the plan through H, and AB the 
cro88'8ection, or shortly the section ; further, it is called the 
section at aj, meaning that the abscissa of every point in the 
section is x. U may be any of the points on the cross 
section at the distance y from the neutral plane ; and as all 
these points are exactly under the same stress, it is un- 
necessary to say which of them jET is ; or, in other words, it 
is not necessary to give the third or Z co-ordinate of H 
required to specify its distance from the plane of the paper. 
The trace of the neutral plane upon the cross section is a 
horizontal straight line, dividing the cross section into an 
upper and under portion, and this line is called the neutral 
axis of the cross section. In order to specify the stress at H, 
we find the intensities and obliquities of the stresses at that 
point upon the two rectangular planes through it. The 
stresses upon these two planes are due to the strain upon 
the beam ; that is, to the fact of its being bent at the section 
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ABj leaving out of account the particular forces which 
actually cause the beam to be bent. We may suppose that 
the beam is bent by these particular forces, and surrounded 
by an envelope of some rigid material, and then that these 
particular forces are removed. 

Upon this consideration it is evident that the stress on 
CD will have no normal component Certainly, if one of 
the weights of the actual load happened to be at A, then a 
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normal stress on CD would be directly transmitted to it ; 
such a stress, however, being accidental is left out of the 
present investigation. Having remarked this about the 
plane (71), we leave its further consideration for some time, 
and give our attention to the section AB, At the point H 
on the section AB^ we see there will be a normal component 
stress ; and we know, further, that it is a thrust since the 
horizontal fibre through H is compressed. If, however, H 
be on the neutral axis of the cross section, there is no normal 
component stress, since a horizontal fibre through such a 
point is unstrained. On the other hand, if H be below the 
neutral axis, that is, if its ordinate y be positive, there is a 
normal component stress; and we know, further, that it would 
be a tensiony since the horizontal fibre through such a point is 
stretched. Generally then, at a point jff on a section AB^ 
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there will be a normal component stress of opposite signs for 
points situated on opposite sides of the neutral axis of the 
cross section ; and generally, also, there will be a tangential 
component stress acting in the same direction for all points 
on the section, as will afterwards be seen. 

To ascertain the stresses at points on the section AB; 
suppose the beam cut into two portions at that section, and 
consider the equilibrium of one, say the left portion, as a 
rigid body, fig. 7. The forces acting on it are P, W^, W^^ 
shown on the figure by strong arrows, together with 
the stress upon the cut surface, shown by fine arrows. 
Let P be greater than the sum of W^ and W, ; then the 
vertical components of the fine arrows must act downwards 
to conspire with TTj and W^ in balancing P. For some 
positions of the section, W^+W^ + &c., the sum of the loads 
on the portion of the beam to the left of the section AB may 
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exceed P, and on such sections all the vertical components 
of the fine arrows must act upwards ; while for other posi- 
tions of the section, the sum of W^, TT,, &c., may equal P, and 
on these sections the fine arrows will be normal to -45. Let 
r be the intensity of the stress on the section at the point 
H, and Q its obliquity. Resolve the fine arrows into vertical 
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and horizontal components, — that is, resolve the stress at 
each point into a tangential and normal component stress: 
On figs. 8 and 9, p and q are the components of r shovm- 
separately, one set on each diagram; pa and pi, are the 
ysJues of p at the highest and lowest points of the cross . 
section, and the value of p at the neutral axis is zero ; qo is> 
the value of q at the neutral axis, and, as will afterwards 
appear, the value of q at the highest and lowest points is 
zero. 

The equilibrium of these forces gives the three following 
conditions : — 

I. The algebraic sum of the arrows p is zero. 

II. The algebraic sum of the external forces (strong ar- 
rows) together with the arrows q is zero. 

III. The algebraic sum of the moments of all the forces 
about 0' is zero. 

Condition I. is equivalent to : — The sum of the arrows p 
which are thrusts acting on the portion of the section above 
the neutral axis, equals the sum of the arrows p which are 
tensions acting on the portion of the section below the neutral 
axis. Hence the resultant of all the arrows p is a pair of equal 
and opposite forces not in one straight line; or, in other 
words, a couple in the plane of the paper. Since this couple, 
by condition IIL, balances the sum of the moments of the 
external forces about 0\ therefore the moment of the couple 
is equal to that sum, and acts in the opposite direction. 

Definitions. F^^ the algebraic sum of the external forces 
acting on a portion of a beam included between one end and 
the cross section at x, and comprising the supporting force 
(if any) at that end and the loads on that portion, is called 
the shearing force at that cross section. 

Mx, the moment of these external forces about any point 
on the cross section at x, is called the bending moment at 
that cross section. 

Fg.^ the amount of the tangential component stress on the 
cross section at Xy is called the resistance to shearing oi that 
cross section. 

B 
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M^ the couple which is the moment of the total stress on 
the cross section at x about any point of the cross section, 
or what is the same thing, the moment of the normal com- 
ponent stress on the cross section about any point in the 
plane of the paper, is called the moment of resistance to 
bending of that cross section. 
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On fig. 10, these four quantities are 

Fj. zz: Resultant of arrows q. 

Maj = Resultant of the pair of equal and opposite forces, 
one of which is the resultant of all the thrusts 
p, the other of all the tensions p. 

The conditions of equilibrium for any portion of the beam 
comprised between one end and a cross section at x are 



Ma = M, . 



(2.) 
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Since Fj^ and M^ are calculated from external forces alone, 
they are independent of the size or form of the cross section, 
and depend only upon the amount and distribution of the 
load ; and, when calculated at a sufficient number of cross 
sections, they form the data from which to design the beam. 
On the other hand, F^. and Mg. depend only upon the size 
and form of the cross section at x, and upon the material of 
which the beam is to be made. Having fixed upon a 
material for which we know the working strengths to resist 
tension, thrust, and shearing, the two equations above enable 
us to design the different dimensions of the cross section at 
X in any required form. The form to be adopted in any 
particular case depends in some degree upon the shapes in 
which the material is naturally obtained, or in which it can 
be manufactured cheaply: and when it can with equal facility 
be manufactured in several forms, that one is to be preferred 
which takes greatest advantage of any difference in the 
resistance of the material to the various himds of stress; 
since by doing so we require the least quantity of material. 
The form of cross section chosen must be suitable for the 
particular nature of the load, and locality of the beam. 
Having thus designed the cross sections at a sufficient num- 
ber of places, we are said to have designed the beam so as to 
have sufficient strength to resist the given loads. 

Besides the above qualities of suitability, cheapness and 
economy of material, a beam must also have sufficient 
stiffness. We will, further on, derive equations to enable us 
to find the form of economy mentioned above, and also to 
select the ratio of the dimensions of the cross section to fulfil 
the condition of stiffness. 

The cross section at x either being given or having been 
designed, equations 1 and 2 enable us to calculate the 
elements of the stress at any internal point H. 

The Cantilever. 

A beam may be supported by oTie prop placed exactly 
below the centre of gravity of the load, as shown on figure 
11. It is evident from the definitions, that in this case tb 
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shearing force and bending moment are maxima at the point 
of support ; because the external forces upon one of the por- 
tions into which the section through this point divides the 
beam, say upon the left portion, are the loads on that portion 
and they all act in one direction. The bending moment at 
that section is the arithmetical sum of each of these loads 
into its leverage ; and for any other section to the left, the 
number of loads to be reckoned in calculating the bending 




0*7^ j^ 



at fixed 
end 
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moment may be fewer, and at the same time all the leverages 
are shorter. In considering the left portion alone, it is unneces- 
sary to draw the other ; and instead, the left portion may be 
supposed, as on the figure, to terminate at its right extremity 
in a vertical plane; this plane is supposed to give the 
necessary resistance to balance the shearing force and bend- 
ing moment at the point of support. Such a piece is called 
a Cantilever ; as shown on diagram, the right is iisfioced and 
the left its free end ; its lengSi is c. TVlien the cantilever 
is strained, that is bent, the tangent to the axis at the fixed 
end remains horizontal ; the upper layer is stretched while 
the lower is compressed, and the lettering will be accordingly. 
The deflection v of the cantilever is the diflference of level 
of the two ends, and its slope i is the inclination of the 
tangent to the axis at its free end with the horizontal. 

We shall now proceed to calculate the bending moments 
on, and construct bending moment diagrams for, beams and 
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cantilevers under various loadings ; in these diagrams, the 
horizontal and vertical dimensions are respectively the 
spans, and bending moments at the different points of the 
span, drawn to scsde. Each of these diagrams requires two 
scales, — ^a scale say of feet for horizontal, and a scale such as 
foot-tons for vertical, measurements ; there may be required, 
also, a scale say of tons for loads, if the loads are drawn to 
scale. Such diagrams must be drawn upon a large scale if 
intended to be used as graphical solutions, in which case only 
the construction requires to be known. The diagrams of 
this treatise are too small for such puiposes, but they serve 
to show clearly the constructions, and are principally useful 
as maps upon which to note the analytical results. In every 
case, these diagrams are constructed so that one of their 
boundaries is straight, is in fact the span. This is a matter 
of importance, as the diagram so constructed assumes a suit- 
able form for a practical purpose which will be afterwards 
pointed out. 

One boundary of such diagrams is generally a parabola 
in certain simple positions, and we will now give a short 
chapter on the equations to, and the construction of, this 
curve. 

The Parabola. 

On fig. 12, X and Y are two rectangular axes passing 
through A any point of reference. Let distances measured 

from -4 to the'! . , , >, and from the axis of X< ^^ ® L 

be I i^^^^r^ \ . 

\ negative J 

The points Pj, P^, &c., have their ordinates IP^, 2P^ Szc, 
proportional to their abscissae ^1,-42, &c. ; that is, if X and 
X be the co-ordinates of any point P, then 

Y=mX 

where m is any number, whole or fractional, and the locus 
of P is a straight line passing through -4. In the figure 
m =^ \, and for any point P, X and Pare both positive or 
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both n^ative. The co-ordinates of points P^, P^ &c, are 
marked; e,g.,{oT P,, X = 3, and F = |. 

On fig. 13, Pj, P , &c., are points corresponding to the 
points marked similarly on fig. 12, but in this case the 
points Pj, Pj, &c., have their ordinates IPj, 2P,, &c., 
proportional to the squares of their abscissae ; that is 

Y=mXK 

This is the principal equation to the parabola, and the 
quantity m is the Tnodvlus. The locus of this equation, P, 



-Y 




Fig.12. 



P'ii«« 



+ X 




is the parabola ; and it is altogether on one side of the axis 
of X, since, although X the abscissa of any point P is posi- 
tive or negative, the quantity X^ is always positive. 

In the figure m = J, and for any point P, while Xmay be 
positive or negative, Y is always positive. The co-ordinates 
of the points P^ P^, &c., are marked ; e.g. for P,, X = 3, and 
Y = 2J. The point A is called the vertex, and the line A Y 
the axis of the parabola; the curve is symmetrical about 
this axis. The points Pj, Pg, &c., thus found are points on 
the curve ; and if a sufficient number of such points be found 
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and a fair curve drawn through them, the curve will be 
sensibly a parabola. 

Whenever we have an equation of the above form, we 
conclude that the locus is a parabola whose vertex is at the 
origin, and whose axis lies along the axis of F. 

Parabolic Segment. 

Any line as BC, fig. 14, meeting the curve in two points, 
and drawn parallel to the axis of X, may be called a right 
chord ; and the figure enclosed between this chord and the 
curve may be called a parabolic right segment This chord 
is the ba^e of the segment, and AO the distance of the vertex 
A &om the base is the height of the segment. 

The following is a convenient construction for drawing 
a parabolic right segment of a given height and on a 
given base BU, fig. 14. Plot A at the required height 
above the middle of the base, and complete the rectangle 
BOAH. Let it be required to construct accurately twelve 
points at equal horizontal intervals. Divide AH and HB 
each into six equal intervals, and number them as on the 
figure. From each number on AH draw vertical lines, and 
from the point A draw a ray to each number on HB, 
Then P , the point of intersection of the vertical through 
1 and the ray J.1, is a point on the parabola; so also is 
P,, the point of intersection of the vertical through 2 and 
the ray A2 ; &c. 

It is evident that, for instance, DP^ is proportional to the 
square of AD; for, calling IP^ unity, then DJ=4!, and DP^ 
= 42)J*= 16 = 42, while the abscissae of the points P^ and P^ 
are proportional to 1 and 4 ; similarly with the other points. 
Hence one fourth is the common ratio of the depth of each 
point below -AiTto the square of its distance laterally from -40. 
We will return to the subject of drawing a parabolic segment, 
and will now show how to draw a 

TANGENT AT ANY POINT OF A PARABOLA, 

sayP^; on P^ and PJ) construct a parallelogram and 
draw its diagonal P^E, this line will be the tangent re- 
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quired. PJC is the same fraction of PI) that PJj is of 
P^A, and iP, is parallel to PJC. If aP, were parallel 
to PJjy then would KL be a parallelogram similar to 
DA, and so P, would be on the diagonal PJE, But since 
KP^ is not parallel to PJj, but convei^es towards it, 




Fig.14 



the 



same 



the point JP. where KP meets LO lies to the right of 
Kne P^E. Produce Er through P^. P^ is the Sc«^^ 
fraction of Pfi that Pm is of P^-4. ; if JVP, were parallel 
to P^y then Pg would be on the diagonal EP^ pro- 
duced; but, since JVP_ diverges from P^y the point P, 
where jS^P. meets -WA lies to the right of the line P E 
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produced through P^. In the same manner every point 
on the curve, either above or below P^ lies to the right of 
PJE\ that is, PJE is a tangent at the point P^. Now the 
diagonal P^E bisects the other diagonal AD in P, and the 
most convenient way of drawing a tangent at any point P^ 
is to project P^ on the horizontal through the apex w)l, bisect 
AD in P, and draw PJF\ this is the tangent required. 

TO PLOT THE LOCUS OF AN EQUATION OF THE FORM Y=mX^ ; 

in other words, to draw the parabola whose modulus is m. 
For instance, let m = J. Draw any line BC parallel to the axis 
of X, fig. 14, as base ; lay off OA equal to \ OJS*, then draw 
the segment by plotting accurately a number of points P,, 
P^ &a, by the construction already given, and draw a fair 
curve through them. Usually we fix only a few points on 
the curve accurately, and from these the rest of the curve is 
sketched in. By making the number of these points suffi- 
ciently great, we can draw the curve as accurately as we 
please. 

A parabolic segment might be constructed on, and cut 
out of, a piece of cardboard, and used exactly like a set 
square. The parabola could then be quickly drawn on our 
diagrams thus : — If the apex A be given, place the parallel 
rollers to the axis of X, shift the rollers, slide the cardboard 
segment along them till the apex is at J, and draw the 
curve. Again, suppose we are given (fig. 14) the axis OE 
and a point B on the curve, and that we wish to draw the 
curve; place the rollers at right angles to the given axis 
OEy slide the cardboard segment with its apex on this axis 
till the curved edge passes through B, and then draw the 
curve. Instead of cardboard we may use a parabolic segment 
cut out of a slip of pear-tree or brass, and with one such 
segment we can, if we choose, draw all parabolas. Thus, 
suppose our pear-tree segment to have the modulus J, and 
that we require to draw a segment whose modulus is 1. We 
may choose as suitable for horizontals, a scale of 10 parts to 
an inch ; lay off the base with this scale and draw the curve 
with the pear-tree segment ; if we now measure the verticals 
on the scale, we find for every point F = \X^, If we draw 
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a mew scale of 40 parts to an inch for vertical measurements, 
then for every point on the curve we will have, as required, 

F= 1 X X'=zX\ 

In like manner the curve drawn by this pear-tree segment 
may represent any parabola, if the verticals be measured on 
a suitable scale ; this is similar to the common practice of 
exaggerating the vertical scale for sections. All the diagrams 
which immediately follow may be very conveniently drawn 
with one such segment, since it is much easier to draw an 
additional scale than to construct a new parabola; for 
example, suppose the segment, fig. 14, so drawn, and that we 
wish it to represent the parabola 

Using a horizontal scale of four parts to an inch, we have 
by measurement OB = 6, and OA or HB = 9 ; that is, HE 
= lOff; but we wish HB to measure ^OB^, that is 12. It 
is only necessary then to divide HB into 12 equal parts, 
and lay off a scale of such parts to be used for verticals ; this 
scale is evidently that of 3 inches divided into 16 equal 
parts. 

Equations to the Parabola. 

In figs. 15 and 16, let the middle of the span be the 
origin of rectangular co-ordinates, the span BC being taken 
as the axis of X ; let distances measured from to the 

{ right) ' ""'^ ^"^^^^ *^« *^^« «^ ^ { downw^ds } ' ^ 

^ P . . > . In fig. 15, the axis of the curve passes 

through 0, whereas in fig. 16 it passes to one side. Let 
Xf y, be the co-ordinates of any point P ; and for the apex let 
X = Ky and y = H, 

In fig. 15, K = 0, since K is on the axis of F; and in 
order to find the equation to the curve with the origin at 
0, we have 

T — — mX^ (origin at A .) 
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Instead of X and F, we substitute their values, thus 

y = H — ma^. 

In what immediately foliows, let C^ (7^, and C^ be constant 
quantities ; then, if we have an equation of the form 

y = C, + C,a^, 

consisting of a term not containing x, and a term in oe^, we 
conclude that the locus is a parabola, with its axis vertical, 
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its apex on the axis of Fand at the distance C^ from the origin; 
and that the modulus of the parabola is C^ the co-efficient of 
cc?, so that the principal equation is 

For example, suppose we wish to plot a number of points 
above the span BGy such that the co-ordinates of each 
point may fulfil the equation 

we conclude that all the points are on a parabola whose 
axis is the vertical through ; that the apex A is at the 
height H = 9y the term not containing x ; that the modulus 
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is - J, the co-efficient of cc^ ; and, therefore, that the principal 
equation is 

or OD z= 6. 

To draw the locus ;— lay off OA = 9, OD = Oj& = 6, and 
construct points on the curve, as already shown on fig. 14 ; 
or more quickly, by means of the pear-tree segment we 
may draw a curve through the points D and J? just found, 
and construct a scale for verticals upon which OA mea- 
sures 9. 

Again, on fig. 16, the equation to the curve with the origin 
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at is derived from the principal equation by substituting 
x-'Kand y-^H for X and Y, thus: — 

or y =: H—7nx^ + 2mKx — mK^; 

or y = (H—mlP) + 27nKx — ma^^ 

which is an equation of the foim 

y = C,-i-C,x+C,a^, 
consisting of a term not containing x, a term in x, and a 
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term in a?\ and we conclude that the locus is a parabola, with 
its axis vertical In this equation, if Cfi^ is | "^^^^^^ \ , 

theapexistothej^^^loftheaxisof 7; if (7, - ^ i 

To find the value of K and of H, arrange the equation 
thus : — 

y = m{2K-x)x + H'mK^, 

Now, when y = -ET, its value is a maximum, and the corres- 
ponding value of a? is jBT; so that to ascertain K, we have 
only to find that value of x which makes 

y =z m(2K - x)x + H- TnIP = maximum. 

This is a maximum when (2K-x)x is a maximum, since 
the rest of the expression is constant for all values of x. 

Suppose that 2K is the length of a line, which is divided 
at a point into two segments ; let x be the length of one of 
them, then 2K - a; is the length of the other, and {2K - x)x 
is the rectangle contained by the two. We know by Euclid 
that this rectangle is greatest when the segments are equal, 
each being half of the line 2K, So that, when x = K, 
(2K-x)x is a maximum, 7n(2K-x)x + H—mK^ is also a 
maximum, and y = H, 

For example, suppose we wish to plot a number of points 
whose co-ordinates x, y, fulfil the equation 

y z= ^(4— aj)aj + 3 =:3 + x-lx\ 

From the form of this equation, we conclude that all the 
points are on a parabola, whose axis is vertical and to the 
left of 0; that the apex A is above BC; that the modulus 
is — J, the co-efficient of a?, and therefore that the principal 
equation is * 
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The distance K at which the axis lies to the left of is 
found thus : — the value of x which makes 

y — J (4 — ic) a; -I- 3 = a maximum, 

is that in which 4-aj=::a;, oraj = 2; that is iT = 2. 
Again, to find the height of the segment ; when 

ic 1= iST, y = fi^, and fl^= i (4- 2)2 + 3 = 4f. 
Substituting in the principal equation, we have 

4 = 5^ = JSD2; 
half-base = SD = ±4. 

To draw the locus : — lay off OS = 2, and draw a vertical 
through S; from iS lay off fifD = SE = 4, and SA = 4; and 
construct points on the curve, as in fig. 14 : or more quickly, 
by means of the pear-tree segment, we may draw a curve 
through the points D and ^ just found, and construct a scale 
for verticals upon which SA measures 4. 

Bending Moments and Bending Moment Diagrams 

FOR Fixed Loads. 

Definition. — The Bending Moment at amy cross section 
of a bea/nif or, as we may more conveniently say, at any 
paint of the span, is, — The sum, of the Tnoments about that 
poin;t of all the external forces, acting upon the portion of 
the span on either side of the poi/nt 

For convenience in the case of beams supported at both 
ends, we calculate this bending moment from the forces acting 
upon the portion to the left of the point. These forces com- 
prise (figs. 6 and 10) the supporting force P acting upwards 
at the left end, and the loads acting downwards between 
that end and the point Taking the centre of span as 
origin, the abscissa of P is c ; and, if a; be the abscissa 
of the point about which moments are taken, then (c — x) 
is the leverage of P, and P tends to break the beam 
at the point by bending the left portion upwards with 
a moment P{c - x) ; the abscissa of W^ is x^, its leverage is 
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(x^—x), and it tends to break the beam at the point by 
bending it downwards with a moment W^ (x^ - x) ; all the 
other loads to the left of the point have an effect on the 
beam similar to that of W^ ; and since, in this case, the left 
portion of the beam is bent upwards at the point, the 
moment P(c-x) exceeds the sum of all these moments 
W^(x^ - ic) + W^{x^ - x)y &c. ; and if M^ represent the bend- 
ing moment at any point x, then 

M« = P{c -x)- W,{x, - a:) - F,(ic,- x), &c., 

all the loads on the portion of the beam to the left of the 
point being taken into account. 

A Bending Moment Diagram is a figure having a hori- 
zontal straight line for its base, equal in length to the span 
on a scale for horizontals which should accompany the 
diagram. Above this base is an outline or locus consisting 
of a curve, a polygon with straight sides, or a polygon with 
curved sides, and such that the height of any point on the 
outline gives the bending moment at the point of the span 
over which it stands, measured on a scale for verticals which 
also should accompany the drawing. It is evident that 
this outline always meets the horizontal base at both ends, 
since the bending moment at each end is zero. It will 
be seen that x and M^ are respectively the abscissa and 
ordinate of a point on this locus or outline; an equation 
between those two quantities, such that, when you sub- 
stitute into it any value for cc, it gives you the corres- 
ponding value of Mx, is called the equation to the bending 
moment 

An approximate method of drawing a bending moment 
diagram is, to calculate the bending moments at a number 
of points of the span, say at equal short intervals, plot these 
to scale, and then join the tops of the verticals with straight 
lines, or draw through these points a fair curve. Such a 
diagram will give the bending moments accurately at the 
points which were plotted, and approximately at inter- 
mediate points; and its principal use is to mark the cal- 
culated results thereon. On the other hand, if upon investi- 
gation we find the locus to be of a form which we can draw 
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readily, then, drawing the diagram first, we may afterwards 
by measurement from it find the value of the bending 
moment at any point of the span. Such a method of 
proceeding is called a graphical solution. 

The MAXIMUM BENDING MOMENT is that value of the 
bending moment, than which no other value is greater; 
if this value be at one particular point of the span, that 
point is called the point of Tnaximum bending moment ; 
sometimes this value extends between two points of the span, 
in which case any point intermediate may be so called. The 
determination of the maximum bending moment, and of 
the point at which it occurs, is of great importance. A 
graphical method is peculiarly successful in giving these, as 
we know or readily find the highest point on the diagram ; 
the height or ordinate of this point is, of course, the maxi- 
mum bending moment, and its abscissa is the point at which 
it occurs. In all the cases which follow, that point on the 
diagram is either the angular point or side of a polygon, or 
the apex of a parabolic right segment. 

Span loaded with nneiiiial weights fixed at irregular intervals. — 

Let a beam 42-feet span (fig. 17) support weights, viz., 
W^ = 5, W^ = 5, TTj = 11, #, = 12, and TT, = 9 tons at 
points whose abscissae, reckoned from the centre, are 
Xj = 20, oj, = 15, x^ — 7,x^= —3, and ic^ = - 10 feet. This 
is the problem of example 9, fig. 3, and we have P = 24 
tons, at c = 21 ft., and Q = 18 tons, at - c = - 21 ft. 

To calculate the bending moment at any point x,x =-3 for 
instance, we may take the forces upon the right portion, and 

JJf_3 = Qxl8-Tr,x7=18xl8-9x7= 261 ft. tons. 

We will now calculate the bending moments at the points 
where the weights stand, in enjch case systematically from 
the forces upon the left portion. 

Mx, = P(C - X^) ; Ft. -Tons. 

Jf^ =z 24x1 == 24 

M^^= 24x6 - 5x5 = 119 
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Mx, = P{c -x^- W^(x^ -x^- Wjix^ - x^ ; Ft.-ToM. 

Jf, =24x14- 5x13 - 5x8 = 231 

M^, = P(c-x;)^W^{x,-x:)^W,{x,-x,)^W,(x,-x,); 

3f _,= 24 x 24 - 5 x 23 - 5 x 18 - 11 x 10 = 261 

M^, = P{c-^;)-w,(x,-x;)-w,(x,-xyw,{x,^;)--w,(xrx:i ; 

Jlf_,,= 24x31-5x30 - 5x25 - 11x17 -12x7= 198 

In the interval between TT, and TT^, tsonsider any two 
sections A a^id B, the latter being situated further to the 
right ; let the distance between them be d. The leverage of 
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P is greater at B than at A by the quantity cZ, and the 
upivard bending moment of P is greater at B than at A by 
the quantity P.d; again, the leverages of TT^, F^, and W^, 
respectively^ are greater at B than at A by the quantity di 
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and the downward bending moment due to TT^, TT*, and W^ 
is greater at B than at A by the quantity (TT^ + TF, + W^ d. 
Hence M^ is to be derived from M^ by adding P.d and sub- 
tracting ( Fj + TFg + Fg) d; in our example P>{W^+W^+ F,), 
so that the quantity to be added exceeds the quantity to be 
subtracted ; that is 

M, >M^, by (P- F,- F,- F3) (2 
a quantity proportional to d. 

Again, for any two points C and D in the interval between 
Fi and F5, J&z, is to be derived from Mc by adding P,d and 
subtracting (F,+ F^+Fg+FJd; in this case, however, 
P<(F +F,+ F3+F,), so that the quantity to be added 
is amcdler than the quantity to be subtracted ; that is 

M^<M,, by (F,+ F,+ F,+ F,-P)d 
a quantity proportional to d. 

In both cases, as we pass towards the right from one point 
to another in the interval between two weights, the change 
in the bending moment is uniform, and is proportional to 
the horizontal distance passed over, — uniformly increasing 
or uniformly decreasing according as the supporting force P 
is greater or less than the sum of all the weights to the left 
of the points being considered ; and if for some interval, P 
is equal to the sum of the weights to the left, the bending 
moment at points in that interval is constant. 

Bending Moment Diagram, — ^With a scale of feet for 
horizontals, lay oflF the span, fig. 18, and plot the positions 
4of the loads; at each of these points erect a vertical equal to the 
bending moment thereat upon a suitable scale of, say, ft.-tons 
for verticals ; join the tops of these ordinates by straight 
lines, and join each end of span to the top of the nearest or- 
dinate. The lines just drawn give ordinates which vary uni- 
formly in each interval, so that at any point whatever, the 
ordinate gives the bending moment at that point in ft.-tons 
when measured on the vertical scale. The bending moment 
at each loRd having been calculated analytically, a diagram 
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thus constructed is a graphical solution for every other point. 

Maximum Bendimg Moment, — In our example, since 

P > Tfj, the line AB slopes wp towards the right, tnat is, the 

bending moment increases in this interval ; BUaloo slopes up 
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towards the right since P > {W^+ W^, and CD slopes up 
towards the right since P> {W^+W^+ WS); DE slopes down 
towards the right since P < ( TFj+ TTj-f W^-{- W^, and, lastly, EF 
slopes dovm towards the right sinceP < ( W^-\- W^-\-W^-\r Wa- W^, 
That is, beginning at the left end and passing towards the 

right, we find that the sides of the polygon slope 1 j r 

towards the right while P is -! ® j® ® j- than the sum of 

the weights we have passed. For some loads there is one 
interval where P is equal to the sum of the weights passed, 
and in such cases the side of the polygon above that interval 
is horizontal. Evidently the highest ordinate is that of the 
angle of the polygon made by the last side which slopes up 
to the right, either with the first side which slopes down, or 
with the horizontal side if there is one On fig. 18, that angle 
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is D, and its ordinate is the maximum bending moment ; so 
that, in our example, the maximum bending moment occurs 
at W^ that is at the point aj == - 3, and its value is 261 
ft.-tons. If one side of the polygon be horizontal, the 
ordinate to any point of this line is constant, and is a 
maximum. 

The Point of Maximum Bending Moment is found thus — 
From P subtract the quantities TFj, W^, TT,, &c., in succes- 
sion until the remainder becomes zero, or first negative; when 
the remainder becomes zero, the max. bending moment occurs 
at the weight last subtracted, at the weight next in order, and 
at. every point between them; when the remainder becomes 
negative for the first time, the maximum occurs at the weight 
last subtracted, and at that point only. In our example, 
from P = 24, subtract W, = 5,W^=: 5, F, = 11, and the 
remainder is + 3 ; subtract W. = 1% and the remainder is 
negative for the fii-st time ; at tnis weight, that is, at a?^ = - 3, 
the maximum bending moment 261 ft.-tons occurs. 

OraphicaZ Solution, — The following purely graphical 
solution for the same problem requires no analysis, but 
must be drawn with accurate instruments and upon a 
large scale. Draw the vertical lines P, Tf^, TT,, W^ TT^, 
TTg, and Q, fig. 19, at the given horizontal distances apart 
upon a scale for dimensions ; draw ab, be, cd, de, ef equal 
respectively to the forces TT^, TF^, W^ TT^, W^ upon a scale for 
forces, that is equal to 5, 5, 11, 12, and 9 tons in our example. 
Choose any pole 0', and join it to a, b, c, d, e, and/. . From 
H' any point on P draw H'A' parallel to O'a, and meeting 
W, at A ; draw A'F, EG\ aV, UE\ and KK' parallel 
respectively to 0\ Cfc, O'd, O'e, and 0/. Join H'K' ; and 
draw (Xg parallel to H'K\ meeting a/ in g. Then, upon the 
scale for forces,^ = Q, and ga == P. In the example,^ = 18 
tons, and ga ^= 24 tons ; so far this is a graphical solution for 
finding the supporting forces. The polygon RA^FCUEK' 
is a bending moment diagram ; but as it is inconvenient to 
have H'K sloping, we draw another polygon thus : — ^Choose 
a new pole on the horizontal line passing through gr, and 
such that the distance Og is some convenient integral num- 
ber upon the scale for dimensions, on the diagram Ogr = 10 ; 
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draw Oay Ob, Oc, Od, Oe, Of, and Og. From H any point on 
P, draw HA parallel to Oa, and meeting TTj at -4 ; similarly, 
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draw -4fi, BC, CD, DE, and ^-K' parallel respectively to 
06, Oc, Od, Oe, and 0/. 
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We have a new polygon, HABCDEK, which is the bend- 
ing moment diagram, and HK is horizontal as desired. The 
vertical ordinates give the bending moments at each point 
of the span, upon a scale for verticals obtained by sub- 
dividing the divisions on the scale for forces by the number 
which Og measures on the scale for dimensions ; thus on the 
figure this new scale is made by subdividing each division 
on the scale for forces into 10 equal parts, because we made 
Og = 10 on the scale for dimensions. We can now find the 
bending moment at z, any point of the span, by measuring 
the ordinate Z8 upon the proper scale; for instance, the 
ordinate at D measures 261, the bending moment in foot 
tons at that point. 

Produce the two sides HA and KE to meet at h, then Q 
the point below k is the centre of gravity of the loads 

f^if Y^f ^8> ^v ^^^ ^5 > 0° fig- 19, EG = 18 on the scale 
for dimensions ; see example 9, fig. 3. 

Proof, — Draw the vertical kn, and produce all the sides 
of the polygon to meet it ; at z, any point of span, draw the 
vertical zq^ and let the sides of the polygon that lie to the 
left, or those sides produced, meet it in the points r and s ; 
then sr is called the intercept on the vertical through z, 
made by the two sides of the polygon which meet at the 
angle B. Other intercepts on this vertical are zq and rq, 
made by the pairs of sides from the angles H and A respec- 
tively. Again, on the vertical through h we have the 
intercepts Gh, kh, mk, and nm made respectively by the 
pairs of sides from the angles Hy A, B, and C; and also the 
intercepts Gh, ph, and np made respectively by the pairs of 
sides from the angles K, E, and D. 

The triangle Bsr on the base sr, and of height zv, is similar 
to the triangle Ocb on the base cb, and of height gO, because 
their sides are respectively parallel ; the bases of these 
triangles measured on one scale will be in the same propor- 
tion to each other as the heights measured on any other 
Bcsle; hence 

on scale of forces on scale of dimensions 

sr : cb : : zv : gO, 
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-- on scale -7- on scale ^ — on scale of 

or 8T of forces _ CO of f orces ^ ZV dimensions 

r\OTi scale of 
9^ dimensions 

__ W^ tons X zv feet 
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Moment of TT. about z 



- 10 

But d7* measures 10 times as much upon the scale for 
verticals as it does upon the scale for forces, since we made 
the scale for verticals by subdividing each division on the 
scale for forces into ten parts ; therefore 

sr on vertical scale == Moment of TF, about z. 

That is, measuring on the vertical scale, the intercept on the 
vertical through any point s, made by the pair of sides from 
any angle of the polygon, equals the moment about z of 
W the force at that angle. 

To show that if P = gra, and Q = fg, they will balance 
Tr,4- Tr,+ W,+ W,+ W^ It is evident that P + Q = STT; 
and if you produce Hh to meet the vertical through K, the 
intercept by the pair of sides from H equals the moment of 
ga, that is of P, about K; the five intercepts made on the 
vertical through K by the pairs of sides from -4, £, C, D, 
and Ef are the moments about K of the weights W^, Tfj, TT,, 
W^ and TTg respectively, and it is evident that the first of 
these intercepts is identically equal to the sum of the other 
five. Hence the moment of P equals the sum of the 
moments of TTj, Tf^, TTj, F^, and W^ about K; that is, ga 
exactly represents the value of P. 

To show that 6r is the centre of gravity of the weights 
1^1, W^, TTg, W^t and Tfjj. The sum of the moments about 
of all the weights to the left of (?, that is of W^, TF^, and TT,, 
is hk + km + mn = hn ; again, the sum of the moments 
about of all the weights to the right of G, that is of W^ 
and TTg, is np+ph^hn; hence the sum of the moments 
about & of all the weights to the left equals the sum of the 
moments about Q of all the weights to the right ; and sinc^ 
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these moments tend to turn the beam in opposite directions, 
the one sum destroys the other, or the sum of the moments 
of all the weights TT about G is zero ; that is, G is the centre 
of gravity of the weights. 

To show that za, the ordinate of the polygon, measured on 
the vertical scale equals the bending moment at z, 

Z8 = zq-^-qr-ra, all measured on the scale for verticals 
z= Mom. of P - Mom. of W^ - Mom. of TTj, all about z 
= Bending Moment at z. 

Corollaries, — If there is only one concentrated load, the 
maximum bending moment occurs at the load, and the 
bending moment diagram is a triangle. As this is a very 
important case, we will give it special consideration after- 
wards. If the load is at the centre, the maximum bending 
moment is at the centre, and the bending moment diagram 
is an isosceles triangle. 

If the loads on the two halves of the span are similar and 
symmetrically placed about the centre, and if there be no 
weight at the centre, then P equals the sum of the loads on 
the left half; and when you subtract the weights from P 
according to the rule, there will be no remainder when you 
have subtracted that weight on the left half which is nearest 
the centre; in this case the maximum bending moment 
occurs equally at either of the weights nearest the centre, 
and at any point between them, so that the bending moment 
diagram is a polygon symmetrical about the vertical through 
the centre, and has the side above the centre horizontsd; 
the centre, then, is OTie of the points at which the maximum 
occurs. If, however, a weight be at the centre, then P 
equals the sum of the weights on the left half of span, and half 
the weight at the centre ; so that in subtracting the weights 
from P, according to the rule, the remainder is positive 
till we subtract the one at the centre, when the remainder 
is negative for the first time; in this case the maximum 
bending moment occurs at the centre, and the binding 
moment diagram is a polygon symmetrical about i;he vertical 
line through the centre, and having its highest apex on that 
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line. In these two, which are the only possible cases of 
loading with similar loads concentrated at points, and sym- 
metrically arranged about the centre, the bending moment 
at the centre is the value of the maximum bending moment. 
Taking the origin at the centre, as Rankine does, M^ equals 
the bending moment at the centre ; for loading symmetrical 
about the centre 

M^ =z Maximum Bending Moment. 

^ Eooamples, 

14. A beam 24 feet span is loaded with 20, 30, and 40 
ions at points dividing it into equal intervals. Find the 
maximum bending moment and the point where it occurs. 

As in example No. 2, we have P = 40 tons, deduct 20 and 
it leaves 20, deduct 30 and the remainder is negative for 
the first time ; hence the maximum occurs under the load 
30, that is at 12 feet from the left end, and 

max. M^^= P X 12 - F, x 6 ; 

=: 40x12-20x6= 360ft..tons. 

15. In example No. 14, find the bending moments at the 
other two weights. 

M^ =z:Px6 = 40x6= 240ft.-tons. 

3/^3 HZ Px 18 -F,xl2-F3x6; 

= 40 X 18 - 20 X 12 - 30 X 6 = 300 „ 
or Jtf^, = Q X 6= 50x6= 300 „ 

16. In example No. 14, find the bending moments at points 
midway between the weights. 

Jf J = an average of M^ and M^^ = 300 ft. -tons, 
Jlfjg= an average of J/^^ and M^^ = 330 „ 
or Jf,5= Pxl5-F,x9-F2x3; 

= 40x15-20x9-30x3 =330 „ 



42 APPLIED MECHANICS. 

17. In example No. S, find the bending moments at in- 
tervals of five feet. 

Jfj zrPxonr 11-6x5 - 58 ^^.-tons. 

Jl/,, = Px 10- >r,x 2 = 11-6x10-6x2== 104 „ 

M^, = Px 15 -W,x7 = 11-6 X 15 -6 X 7 =r 132 „ 
i/j, = Px 20- F, X 12- Tr,x 2 ; 

= 11-6x20-6x12-14x2- 132 „ 

M^= Px25 -Tf,xl7- W>7-F,xl; 

= 11-6 X 25 - 6 X 17 - 14 X 7 - 8 X 1= 82 .. 



18. Find the maximum bending moment in example No. 3. 

Atis. -Ifjg = 1488 ft-tons, maximum. 

19. Find the maximum bending moment in example No. 12. 

Atis. M^^ = 256 ft-tons, maximum. 

Or, taking the centre as origin, if, = 256 ft.-tons, maxi- 
mum, and is at the wheel transmitting TT, = 11 tons. 

Thus for the position of the locomotive given in No. 12, 
that is with its fore wheel 6 feet from the left end, the 
maximum bending moment 256 ft.-tons occurs at the wheel 
transmitting TT, = 11 tons; whereas for the position of the 
locomotive given in figs. 17 and 18, that is with its fore wheel 
one foot from the left end, the maximum bending moment 
261 ft.-tons occurred at the wheel transmitting TT^ = 12 
tons. In like manner, we may find the maximum bending 
moment for the locomotive in a variety of positions, in each 
case observing the wheel under which it occurs. For the 
two positions which we have investigated, observe that the 
maximum in the one case is greater than the maximum in 
the other, and occurs at a different place. It may be that 
the maximum for some third position is greater than either, 
and occurs at some other place ; so that we do not know that 
261 ft.-tons is the greatest possible bending moment that 
can be produced upon the beam by the locomotive, nor are 
we even sure that 261 ft. -tons is the greatest bending 
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moment that can possibly occur at the point two feet to the 
left of the centre of span, for it is possible that some new 
position of the locomotive may produce a greater bending 
moment there. 

20. A beam 40 feet span supports four weights TTj = 50, 
TT, = 10, Tf, = 20, and F, = 30 cwts. at points whose 
abscissae, measuring from the centre to left and right, are 
x^ = 10, a3j = 2, cc, =— 12, and a;^ = — 16 feet Find the 
supporting force at the left end, the maximum bending 
moment, and the place where that maximum occurs. 

Atis. P = 50 cwts. ; and since P -W =0, the maximum 
bending moment occurs at a?,, at x^ and at every inter- 
mediate point, and 

MiQ ^ 2 = 500 ft.-cwts. maximum. 

21. A beam 50 feet span has weights of 5, 8, 9, 12, 9, 8, 
and 5 cwts. placed at equal intervals of 5 feet, in order, 
upon the span, and with the load 12 cwts. at the centre. 
Find the maximum bending moment. 

Arts. M^ = 500 ft.-cwts. maximum. 

Cantilever loaded wltli unequal weights fixed at irregolar inter- 
vals. — ^A cantilever (fig. 20) 12 feet long supports three 
weights, TFj = 8, TF^ = 6, and TF, = 4 tons at points whose 
abscissse reckoned from the fixed end are a?, = 12, a?, = 10, 
and ajg = 4 feet. This loading is shown also on fig. 1 1, but 
on that figure the cantilever projects beyond W^, and so 
c is greater than x^ ; it is evident, however, that the part 
which so projects is not strained, so that although a canti- 
lever does so project, yet, for purposes of calculation, its length 
may be considered as the distance from the fixed end to 
the most remote load ; this is shown on fig. 20, where c =: x^. 

We will now calculate the bending moments at the fixed 
end, and at points where the weights stand, systematically 
from the forces upon the left hand portion. 

Mx^or c = ft.-tons. 

^x, = W^(x^ - x,) ; 

3f,, =: 8x2= 16 „ 
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M^ = 8x8 + 6x6 = 
=8x12 + 6x10+ 4x4 = 



100 ft.-tons. 



172 
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The Bending Moment at any point is the sum of the 

products got by multiplying 
each weight to the left of that 
point by its distance there- 
from; the above is an arith- 
metical sum, since all the weights 
tend to bend the left portion 
downwards. Having found the 
bending moment at one point, we 
may derive the bending moment 
at another point nearer the fixed 
end and such that no weight in- 
tervenes, by adding the product of 
the sum of all the weights to the 
left into the distance between 
the two points, since no new 
weights have to be considered, 
and all the leverages have in- 
creased by the distance between 
the two points. Hence the bend- 
ing moments increase uniformly 
in each interval as you move towards the fixed end. 

Bending Moment Diagram, — ^With a scale of feet for 
horizontals, lay off the length (fig. 20) and plot the positions 
of the loads ; at each of these points, and at the fixed end, 
draw a vertical ordinate downwards, equal to the bending 
moment thereat, upon a suitable scale of fb.-tons for verticals; 
join the ends of these ordinates by straight lines. The 
ordinates are drawn downwards to signify that the moments 
on a cantilever are of a different sign, as compared to 
those on a beam. In either case the moments are all of one 
sign, which will always be reckoned as positiva 
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Maximum Bending Moment — It is evident that the 
maximum bending moment is at the fixed end, and is 

if, = ^{Wx), 

Chraphical Solution, — Draw a vertical line through K, 
the fixed end, and draw the vertical lines W^, TT,, TT, at the 
given horizontal distances apart upon a scale for dimensions 
(fig. 21). Draw ab, bc^ cd equal respectively to the forces 
TTj, TTg, TFg upon a scale for forces ; that is, equal to 8, 6, 
and 4 tons in our example. Choose a pole on the horiz- 
ontal line passing through a, and such that the distance 
Oa is some convenient integral number upon the scale 
for dimensions; on the diagram Oa = 10; and draw 
Ob, Oc, and Od. From A any point on TT^ draw AB 
parallel to Ob, and meeting TF- at -B ; similarly, draw BC, 
OD, and AK parallel, respectively, to Oc, Od, and Oa. Then 
ABGDK is the bending moment diagram, its vertical 
ordinates give the bending moment at each point of the 
span upon a scale for verticals, obtained by subdividing 
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the divisions on the scale for forces by the number which 
Oa measures on the scale for dimensions ; thus, on the figure 
this new scale is made by subdividing each division on the 
scale for forces into 10 equal parts, since Oa = 10 on the 
scale for dimensions. 

Proof. — At any point e draw the ordinate eh, and produce 
those sides of the polygon that lie to the left till they meet 
it. On the figure, they meet it at e, f, g, h. As in the proof 
to fig. 19, the intercept on the vertical through e made by 
the pair of sides from any angle of the polygon, will, when 
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measured upon the scale for verticals, give the moment 
about e of the force at that angle. Now the ordinate at e is 
the sum of the intercepts made by the pairs of sides from 
each angle to the left, and so will give on the vertical scale 
the sum of the moments of the forces to the left of e\ that 
is, the bending moment at e. On fig. 21, ef the intercept by 
the pair of sides fiom A, gives the moment of W^ about e ; 
fg^ the intercept by the pair of sides from B, gives the 
moment of W^ about e, and gh gives the moment of IT, 
about e. Hence eh gives the sum of these three moments, 
that is the bending moment at e. 

Beam loaded at the oentre. — Fig. 22. Let W be the 

load at the centre. By symmetry P r=z Q =l \W. For a 
section distant from the centre x towards the left, consider 
the forces on the left hand portion. The only force is P, 
and its leverage is (c-x)\ hence 

W 

the equation to the bending moment. 

The value of Mx is zero at the end, that is where a; = c ; 
it increases uniformly as x decreases, that is, as you approach 
the centre, and it is greatest where x =^ 0, that is at the 
centre ; by symmetry for the other half of the span, the 
value will decrease uniformly till it is again zero at the 
right hand end ; hence the maximum bending moment 

In Rankine's " Applied Mechanics," the maximum bend- 
ing moment in each case is given in the above form, viz., 

maximum bending moment = constant x total load x span. 

or Mq =1 m. W.l 

Throughout a great portion of that work, m stands for 
this constant, which he calls the numerical co-efBcient of 
the maximum bending moment expressed in terms of the 
load and span. The value of m depends upon the manner'' 
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of loading and of support. In the case we have just solved, 
we specify the mode of support by calling the piece a beam, 
and the manner of loading when we say that TT is at the 
centre, and we find m = J. 

Bending Moment Diagram, — Upon a convenient scale of 
feet, lay oSBC, fig. 22, equal to the 
span ; construct a triangle with its 
apex above the centre 0. Draw a 
scale of foot-lbs. to measure verticals 
upon, such that OA shall measure 
upon it one-fourth of the product of 
the load in lbs. into the span in ft. 

Ghraphical Solution, — ^The sim- 
plest graphical solution is to draw Fig ». 
the bending moment diagram as 

above ; one which is purely graphical may be made as in fig. 
19, and it wiU not be necessary to use the first pole 0\ &c., 

W 
as we know that P = Q =: —, Draw ab vertical and equal 

to the load W; from its middle point draw a horizontal 
line, choose at a distance from a6 equal to some con- 
venient integral number on the scale for dimensions, and 
draw Oa and Ob, Then fig. 22 is constructed by drawing 
BA parallel to Oa, and] J.^ parallel to Ob; and a scale for 
verticals is obtained by subdividing the scale for forces by 
the number chosen for the distance of from ab. 

Cantilever loaded at tlie end. — Fig. 23. To find the bending 
moment at a section distant x from the fixed end K, consider 
the loads to the left of that section. The only force is W, and 
its leverage about the section at x is (c -ic), and we have 

Mx = F(c-aj), 

the equation to the bending moment. 

The value of Mx is zero when x equals c, that is at the 
free end; it uniformly increases as x decreases, and is a 
maximum when x = 0, that is at the filed end ; the maxi- 
mum bending moment is 

Mq=Wc=z W.l, 
and the value of the constant is m = 1, 
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Figr.28. 



Bendvng Moment Diagram. — Upon a convenient scale of 
feet, lay offKA, fig. 23, equal to the length; draw below KA 

the right angled triangle FAK, with 
yvv the right angle at the fixed end, and con- 

^ '' g struct a scale of ft.-lbs. for verticals, such 

that KF may measure upon it the pro- 
duct of the load in lbs. into the length 
in feet. 

Graphical Solution, — The simplest 
graphical solution is to draw the bending 
moment diagram as above : one which is 
purely graphical may be made as on fig. 21, Make ab equal 
to W, and from a draw a horizontal line ; choose a point 
such that Oa is a convenient integer on the scale for dimen- 
sions, and join Oh Draw AF, fig. 23, parallel to 06, and 
a scale for verticals is obtained by subdividing the scale for 
forces by the value of Oa, 

Beam nniformly loaded. — Fig. 24. Let W be the inten- 
sity of the uniform load in lbs. per foot of span. This is 
represented by a load area, consisting of a rectangle of 
height w feet standing on the span, and weighing one lb. 
per square foot. The total 
load W is the area of this ^. . 

rectangle, so that W = 2wc, >«»*o'* 

W 

To find the bending moment 
at a section distant x from 
the centre 0. — Consider the 
load area standing upon the 
portion of the span to the left 
of that section; it consists 
of a rectangle of length (c-x) 
ft., its area is w(C'-x) sq. ft., 
and its weight is tc;(c— a;)lbs. 
This weight may be considered to be concentrated at the 
centre of gravity of the area, — ^that is at its middle point ; 
this gives a bending moment about the section equal to that 
for the actual distribution. We have two forces to the left 
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of the section, P =zwc lbs., half the total load acting upwards 
with a leverage of (c—x) ft., and w{c-x) lbs. acting down- 
wards with a leverage of |(c - a?) ft. ; hence 

Mx = P(c - a?) - w(c - a?) X — „ ~ 

= ^vc(c-x) - -^(c - xY 

= -^{c-x){2c-c + x) = -^(c-xjic + x) 

W 
= j-{c^ - a?\ the equation to the bending moment. 

The value of Mx is zero where a? = ± c, that is at the two 
ends ; it increases as x decreases numerically from c and from 
- c, that is from both ends towards the centre ; and it is 
greatest where a; = 0, that is at the centre. By making 
a; = 0, we have M^^ \ Wc ; or by considering the section 
at 0, the maximum bending moment is 

MQ=i P.c-wc,-^ 

= wc.c — 2 ^^Y~' 

W 
= iWc, putting 'o; =— ; 

= JTTZ, putting c = il. 

In this case, the value of the constant is m = |. 

Bending Moment Diagra/m, — Examining the equation to thfe 
bending moment, we see that the ordinate Mx equals a constant 
term, minus a term in x^ ; hence we know that the locus is 
a parabola, with its axis vertical and with its apex A (fig. 25) 

Wc 
exactly above the origin at the height -r- ; and that the 

W 
modulus of the parabola is -7—, the co-efficient of x\ so that 
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the principal equation to the parabola, that is taking A as 



ongin, IS 



4c 



Oraphical Solution. — ^With a scjale of feet for horizontals, 
lay off the span BG, fig. 25, and draw a vertical OA upwards 

through 0; apply the paral- 
lel rollers to 5(7; place any 
parabolic segment cut upon 
pear - tree or card - board 
against the rollers (see fig. 
15), with its apex on the 
vertical through 0; shift 
the rollers till the curved 
edge passes through B and 
C, which it will do simul- 
taneously, and draw the 
curve BAG; construct a 
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scale of ft.-lbs. for verticals, such that 

OA = iW.l 



26. Consider a sec- 




Cantllever ^Utiformly loaded. — ^Fig, 
tion at the distance x from the 
fixed end. The load area stand- 
ing on the portion to the left 
of that section is a rectangle of 
length (c— a;)ft., and height te;ft.; 
its area represents a weight of 
t(;(c— a3)lbs., which may be con- 
sidered to be concentrated at the 
centre of gravity of the rectangle ; 
and so, to the left of the section, 
tliere is to be taken into account 
only one force 'm;(c— a;)lbs., having 
a leverage about the section of ^(c— cc) ft. ; hence 

the equation to the bending moment. 
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The value of Mx is zero where a; = c, that is at the free 
end ; it increases as x decreases ; and it is greatest where x 
= 0, that is at the fixed end. JPutting a; = we have the 
greatest value, or directly from the figure we find the maxi- 
mum bending moment 

In this case, the value of the constant is m = J. 

Bendvng Moment Diagram. — For the sake of comparison 
with the diagrams for beams, we may consider the bending 
moments on a cantilever to be negative, when the equation 
becomes 

Tr,_ , We 

the locus is a parabola with its axis vertical and to the 

left of 0, and with its apex on the axis of X, The value 

X = c makes (2c - x)x greatest, 

and therefore makes Mc = b, 

positive maximum; so that the 

apex lies to the left of at a 

distance c, — that is, the apex is 

at the free end. Since the co- 

W 
efficient of x^ is „-, the principal 

equation to the parabola is 

W 
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Graphical Solution, — ^With a 
convenient scale of feet, lay off 
KA, fig. 27, equal to the length ; 
place the parallel rollers to KA ; set any parabolic segment 
against the rollers, with its apex at A ; draw the curve AG, 
till it meets ^e vertical through K sA, G. Construct a scale 
of ft.-lbs. for verticals, such that KG may measure upon it 
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one-half the product of the total load in lbs. into the span 
in feet. 

Examples. 

22. A cantilever 12 feet long bears four loads W^ = 8, 
TTj = 6, TTj = 9, and TT^ = 12 tons at distances from the 
fixed end of x^ = 12, x^ = 8, a?, = 6, and aj^ = 2 feet. 

Find the bending moment at each weight, and also the 
maximum bending moment. 

Ans. M^ = 0. Jl/g = 32, if, = 60, M^ = 152, 

and M^ = 212 ft.-tons. 

23. In the previous example, find the bending moments 
at points midway between each pair of weights. 

Ana, They are averages of those at the weights on each 
side of such points, or they may be calculated independently. 

Jf ,, = 16, M, = 46, Jf, = 106 ft-tons. 

« 24. A cantilever is loaded with weights of 8, 6, and 4 tons 
at distances of 12, 10, and 4 feet from the fixed end. Find 
the bending moment at each weight, and draw a bending 
moment diagram upon a large scale ; see fig. 20. 

25. Draw also a bending moment diagram by the graphi- 
cal construction, fig. 21, to large scales. From either diagram, 
by measurement, find the bending moments at intervals of 
two feet. 

Am. Jf, = 172, M^ = 136, M^ = 100, Jf, = 72, Jf,= 44, 

M^^ = 16, M^ = ft.-tons. 

26. A cantilever 12 feet long is uniformly loaded with 
3 cwts. per foot run. Find the equation to the bending 
moment. 

3 
Ans. Mx = -Q- (12— aj)2 ft.-cwts. 

27. In the previous example, find the bending moments 
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at intervals of two feet by substituting for x into the 
equation. 

Ana. Mq = 1(12-0)2 = 216 ft.-cwts. 
Jfg = 1(12 - 2)2 = 150 ft.-cwts. 
Jlf, = 96, M^ = 54, M^ = 24, M^, = 6, M^ = 0. 

28. In example No. 26, find M^ directly, by taking a 
section at the point x = 4s. 

19 — 4 

Ana. M^ = 3(12-4) x — ^-^ = 96 ft-cwts, 

29. A cantilever 20 ft. long is uniformly loaded with. 2 
tons per foot run. Find the maximum bending moment. 

Am. Mq = m.TF.Z =i x 40 x 20 = 400 ft.-ton8. 

30. For the previous example, find the bending moment 
at the centre. 

The bending moment diagram is a parabola, with its apex 
at the free end; for the middle point, the horizontal ordinate is 
half that for the fixed end, measuring from the apex; and 
since the verticals vary as the squares of the horizontals, the 
bending moments at the centre and at the fixed end are in 
the proportion of one and four. 

Ana. M^Q = 100 ft.-tons. 

31. Find the principal equation to the parabola which, 
in each case, forms the bending moment diagram in ex- 
amples Nos. 26 and 29. 

Ana. 7= fZ^, and Y = X^ 

S2. A beam 20 ft. span supports a load of 20 tons at its 
centre* Find the maximum bending moment, and the 
bending moments at points midway between the centre and 
each end. 

Am. Mq = m.W.l = J x 20 x 20 = 100 ft-tons, 
and Jlfg = ikf -5 = \Mq == 50 ft.-tons. 
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33. A beam 20 ft span supports a load of 20 tons uni- 
formly distributed. Find Mq and M^. 

Ana. Mq = m.W,l = J x 20 x 20 = 50 ft.-tons ; 
and Jfg = I Jfo, 

as may readily be seen from a bending moment diagram. 

34. Find the equation to the bending moment in the previous 
example, and calculate M^ from that equation. Also find 
the principal equation to the parabola which forms the 
bending moment diagram. 

Ana. Mx = ^{(^-x^) = i(100-aO; M^ = 32ft.-tons. 

35. In example 33, find Mq, directly, by taking a section 
at the point x =z 6. 

M^ = P(10-6)-l X (10-6) X ^^ 
= 10 X 4-4 X 2 = 32 fl.-tons; 



Beam divided at a number of points into eqnal intervala, and 
loaded witb eqnal weights at these points. — Fig. 28. Let W^ 
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the total load, be distributed over the span I, in n parts 
each equal to w, and at equal intervals a apart; then 
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• 

nw = TT, (n + l)a = 2c = I, and P = inw. Take S, a 
point directly under one of the weights, and let £8 = ra^ 
then r will be a whole number ; and if a; be the distance of 
8 from the centre, then ra = (c-x). On the portion of 
the beam to the left of 8, there are in all r forces, viz., 
P = ^w acting upwards with a leverage about 8 of ra, and 
(r - 1) forces each equal to w and acting downwards ; the 
nearest to 8 has a leverage a, the next a leverage 2a, the 
next a leverage 3a, &c., and the last a leverage (r-l)a; 
hence 

Mx = P.ra-w.a-w.2a-w.Sa..,-w.(r-l)a 



nw 



= -g- . ra - 'M;a (1 + 2 + 3 . . . + r - 1 ) 

nw (r-l)r 

= >^.ra-wi ^ 2 

= -^.ra(n + l-r). 

T. X TT 2c . (n+l)(o-x) 

But w = — , ra = c-x, a = — - , /. r = ^ — ^ — - ; 

substituting, we have 

nr W^/ ^i t (n+l){c-x)\ 

W n + 1 



4c 71 



(c'-a?), 



which is the equation to the locus of T. 

This equation gives the bending moment only at points 
where weights are, that is for values of x whidh are mul- 
tiples of a, but not at intermediate points ; it only differs 
from the equation we had for an uniform load, by the 

constant fi&ctor . The locus of 3P, the tops of the 

n » r 

ordinates at the points where the weights are situated, is *" 
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parabola witb its axis vertical, and its apex above 0. 
Putting y instead of Mx for the ordinate to the curve at ainy 
point, we have 

SO that 2/ is a maximum where a; = 0, and 

^^ 4iO n ^ n 

a maximum, and the height of the apex A in every case. 

On fig. 28, it will be seen that if n be odd, a weight comes 
exactly at the centre ; so that y^, the ordinate of the parabola, 
is the maximum bending moment; hence the maximum 
bending moment 

M, = i'^^TTi, {n odd), 

and the value of the constant is m = i 

n 

When 71 18 even, the maximum bending moment ilf^is less than 
y^, and equals the ordinate of the parabola at the weight on 
either side of thie centre ; so that to find the value of M^, it is 
only necessary to substitute for x half of an interval, that 

is ia, or r-: hence the maximum bendinff moment 

^0-2/^^)- 4^ ^ |« W + lM 

= i r- W.l (n even.) 

71 + 2 
and the value of the constant is m = i =-. 

The chords of the parabola give the bending moments at 
points intermediate between the weights, since the be nding 
moment varies uniformly in these intervals. 
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Corollary. If the load be distributed in equal portions 
at equal intervals, the maximum bending moment exceeds 

that for the uniform distribution in the ratio or 1^, 

n n + 1 

according as n, the number of parts into which the load is 
divided, is odd or even. 

Thus suppose Mj; is the maximum for uniform distribution; 
then if the load be concentrated at the centre, that is, if 
n = ly — 

*l "I 

max. bending moment = -rj — M^^ = 2Mj;\ see figs. 22 & 25; 

if concentrated equally at two points dividing the span into 
three equal intervals, that is if ii = 2, — 

2 + 2 4 

maximum bending moment = ^ — ^Mj; =:-^Mj;\ 

if concentrated equally at three points dividing the span 
into four equal intervals, that is if -n. = 3, — 

3 + 1 4 

maximum bending moment = — „— Mj; = -^Mj^ ; &c. 

4 
The last two are each tzMj^, and are therefore equal to 

each other ; and for the same total load W placed on the 
span at equal intervals, the maximum bending moment M^ 
will be the same whether the load be divided into an even 
number of equal parts, or the next consecutive odd number 
of equal parts. 

The Bending Moment Diagram is the polygon formed 
by the chords of the parabola. 

Corollary. If ti be great, the polygon nearly coincides 

with the parabola, approaches unity, and the parabola 

is nearly the same as that for the load uniformly distributed ; 
that is, if the load be concentrated equally at a great number 
of points equally apart, as, for instance, when a girder sup- 
poits, at equal intervals, the ends of cross girders which carrv 
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equal loads, then the bending moments will be nearly the 
same as for the total load uniformly distributed. 

Oraphical Solution, — ^With a scale of feet for horizontals, 
lay off the span BC, fig. 28, and draw a vertical OA upwards 
through 0. Apply me parallel rollers to BC; place any 
parabolic segment cut on pear-tree against the rollers (see 
fig. 15) with its apex on the vertical through ; shift the 
rollers till the curved edge passes through B and C, which it 
will do simultaneously, and draw the dotted curve BAC, 
Draw up verticals to meet the parabola from the points 
at which the weights are, and draw the chords of the 
parabola. Construct a scale of ft.-lbs. for verticals such that 

OA = I W.l'y where W = total load in lbs., I = span 

in feet, and n = the number of equal parts into which the 
load is divided. 

* 
Examples. 

36. A beam 40 ft. span supports seven loads, each two 
tons, and placed symmetrically on the span at intervals of 
five feet. Calculate the maximum bending moment by 
substituting in the proper equation, and calculate at each 
load the height of the parabola which gives the bending 
moments. 

Here IT = 14 tons, c = 20ft,l = 40 ft., and ti = 7. 

The maximum bending moment is 

MQ = y^ = i ^?:±1 TTi = i X -5^ X 14 X 40 = 80 fi-tons. 

The equation to the parabola is 
y='^,V±}: (c2-aj2) ^ 14 ^ ^(400-aj«) = i(400-ai^. 

;. at the weights, 3fg ^^_g = ^(400-25) = 75 ft.-ton8. 
^10 OP -10 = 60> ^15 op-15 = 35 ft..tons. 
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37. In example No. 36, calculate M^ independently, by 
taking a section at the centre. 

Mq = P.c-2 X 6-2 X 10-2 X 15 

= 7 X 20- 10 - 20 - 30 = 80 fL-tons. 

38. A beam 39 ft. span supports twelve loads, each 10 
cwts., and placed symmetrically on the span at intervals of 
3 fb. Find the maximum bending moment, and the height of 
the parabola which gives the bending moments ; also, from 
the equation to the parabola find the bending moments 
3/^.5, 3^4.5, and M^, all measured from the centre. 

Here W = 120 cwts. ; c = 195 ft. ; 1 = 39 ft., and m= 12. 
Max. bending momi, Jlf^ = J . ^Wl = 630 ft-cwts. 

Height of parabola, y^ = J^^^TT.i = 633f. 

Equation to parabola, y = -j-- (c^-o*) = f (3801— sb^ 5 

hence ^^^1.5 = 4{380i - (f )«) = 630 = M^ ; 

Jlf^.5 = 600; i/y.5 = 540; 

and Mq = 570, an average of M^,^ and Mj.^ as 

it is the ordinate of the middle point of the chord joining 
the tops of 2/^.5 and yj.^. 

39. A beam 80 ft. span supports a load of 100 tons. Find 
the bending moments at the centre, and at twenty feet from 
the end of span ; first, if the load be uniformly distributed ; 
and, second, if it be distributed in equal amounts at inter- 
vals of two feet. 

For uniform load, AT^^ = iTT.Z = J x 100 x 80 = 1000 ft.-tons. 

and M^=:iMQ= 750 „ 
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For distributed load, n = 39, W = 100, i = 80, and c = 40 ; 
Mo = ^V±lw.l = i X 4* X 100 X 80 = 1026 ft-tons. 

M^=1^c^^20') = 769 „ 

In this case the bending moments exceed by ■^*^, that is 
hy s*^/of themselves, the bending moments for the uniform 
load. 



Beam uniformly loaded and witb a load at its centre. — ^Fig. 29» 

Let 27 be the amount of the uniform load, then the bend- 
ing moment at x due to it alone is ^ (c^— a:*); let TTbe the 

load at the centre, then the bending moment at x due to it 

W 
alone is -^ (c— a;) ; summing these, we have 

TJ , ./ 2Tf<5x 

= 4,(c-a')(c + a' + ^. 

the equation to the bending moment for positive values of 
^x, that is, for the left half of the span. Putting y instead 
of Mx, we have 

a curve, the ordinates of which are the bending moments 
for the left half of span ; this curve is a parabola with its 
axis vertical, and its apex above BG the span. To find the 
position of the apex A^^ it is only necessary to find that 
value of a; which makes y greatest ; now y is greatest when 

(c— aj)fc + aj + -pr-j 
is a maximum; and since the sum of these two factors is 
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constant^ their product is greatest when they are equal; 
putting then 

C T •*/ T jr-r — ■"" iX/f 

we have x = — yjC 

as the value of x which makes y greatest ; the negative sign 
denotes that A^ lies to the right of 0, so that OS^ is to be laid 

W 
off towards the right and equal to -jjC. The height of A^ is 

the value of y when we substitute this value for x ; that is, 

= I — jj — ) times the height of Aq, the 
• 
apex of the parabola for the uniform load alone. 

AJDG is the same parabola with its apex at the sym- 
metrical point A^ and the portion DC gives the bending 
moments for the right half of the span. Since the co-efficient 

of fic^ is 4(j| the principal equation to the parabolas A^DB 

and AJDG, each referred to its own apex as origin, is 

this is also the principal equation to the parabola BA^C for 
the uniform load alone, so that all three parabolas are 
identical. 

We might suppose the diagram for the uniform load alone 
to consist of two parabolas lying on the top of each other; 
and that upcfh the addition of the load W at the centre, 
they both move upwards, while the one moves towards the 
right and the other towards the lefb. 
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The Bending Moment Diagram is BDC. It can be shown 
that the tangent at D to the parabola AJOC cuts off CE 
equal to the height of A^ ODEG is an approximate bend- 
ing moment diagram maae with straight lines ; and it is safe^ 
since the ordinate of any point on DE is greater than iJie 
ordinate for the corresponding point on DC. 



1 



Wff/oad af c«/if r0 




Graphical Solvation. — ^With a scale of feet for horizontals, 
lay off BC equal to the span, fig. 29. From the centre O 

W 

lay off 08^ and 08^ to the right and left, each equal to yf^, 

and draw verticals upwards from 8^, 0, and fiL Apply the 
parallel rollers to the span BC; place any parabolic segment 
against the rollers, as in fig. 16, with its apex on the vertical 
through 8^; shift the rollers till the curved edge passes 
through B, the end of the span on the opposite side of the 
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centre from Si, and draw the curve BDA^, Again^ place the 
segment with its apex on the vertical through Oj; shift 
the rollers till the curved edge passes througn the end C, 
and draw the curve CDA^; then BDC is the bending 
moment diagram. The scale, of say fb.-lbs., for verticals is 
to be constructed such that OD measures i{U+ 2W)l, where 
U and W are in lbs. and I is in feet. The same sciede may 
be constructed as follows: — Place the parabolic segment 
with its apex on the vertical through ; shift the rollers 
till the curved edge passes through B and 0; draw the curve 
BAqC, and make a scale of ft.-lbs. for verticals, such that OAq 
measures upon it iUl, where U is in lbs. and 2 is in feet. 

Corollary. — For the same uniform load, although diflfer- 
ent loads be put at the centre, A^DB is always the same 
parabola ; as the load at the centre increases, the apex A^ 
moves from the centre, and the arc DB is a part of the wing 
of that parabola further from the apex. Now the wing of a 
parabola gets flatter as its distance from the apex increases; 
hence, if 27 be constant and W be increased, BD becomes 
flatter and flatter ; and if W be very great compared to U, 
BD is sensibly a straight line. 

Cantilever uniformly loaded and with a load at its free end* 

— ^Fig. 30, As in the previous case, add the bending 
moments at the section distant x from the fixed end, due 
to the loads separately ; thus 

-Jlfa:=^(c-a;)2+Tr(c-aj). 

We consider the bending moments on a cantilever negative 
as compared with those on a beam, and so they will be repre- 
sented by ordinates drawn down from the span instead ot up 
as in the case of beams. If we further put y instead of Mx for 
the ordinate at the point on the curve corresponding to any 
value of a?, then y will be Mx only for values of x from Q to c ; 
and 

^/ \a . TIT/ X ^/ n/ 2Fb\ 



or y = -(c-a;)(aj-c-.-5^). 
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This curve is a parabola with its axis vertical and its apex above 
the span. To find the position of the apex A, it is only neces- 
sary to find that value of x which makes y greatest ; now y 

is greatest when (c— a?)(a;— c— v^j is a maximum; and 

since the sum of these two factors is constant, their product 
is greatest when they are equal ; putting then 

2Wc _ 

we have x = (^l + jjjc 

W 
as the distance of A to the left of 0, or -jjC as the distance 

of J. to the left of E; that is, the apex of the parabola is 

W 
beyond the free end by the distance jfc, or the same fraction 

of the span that W the concentrated load is of U the 
distributed load. The height of A above OE is the value 
of y when we substitute the above value for x ; or — 

Heightof ^ = 2^(c jj^c) {-^^c-o^-^) 

= {I)' times the maximum bending mc 
ment for the uniform load alone. Since the co-efficient of 
a?2 is ^, the principal equation to the parabola AEF is 

and it is therefore the same parabola as that for the uniform 
load alone. 
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The Bending Moment Diagram is EFO^ formed by the 
parabola EG, whose apex is at E and which makes the 
diagram for the uniform load alone, shifted without turning 
till its apex is at il. 

Oraphical Sohition.-— ■With a scale of feet for horizontals, 
lay off OE (fig. 30) equal to the length, and produce it 

W 
to S, so that ES = jjC, or is the same fraction of the length 

as the load at the end is of the uniform load, and draw a 
vertical upwards through S\ apply the parallel rollers to 
the line OE) place any parabolic segment against the 
rollers with its apex on the vertical through S\ shift 



! 



V^^loud mt end 



\J s a/wt. of uniform loud 







hatghi of A la(^)a^8A, 
Fi?.80. 

the rollers till the curved edge passes through the free 
end E, and draw the curve AEF ; OEF is the bending 
moment diagram. The scale of say ft.-lbs. for verticals is to 

be constructed such that Oi'' measures l^+ W\L where TT 



{h ^y- 



and W are in lbs., and I is in feet. The same scale may be 
constructed as follows : — Place the parabolic segment with 
its apex on the vertical through the free end J&, and move 
the rollers till the apex comes to E\ draw the dotted 
cuive EG, and make a scale of ft.-lbs. for verticals such that 
OG measures upon it \ VT, where U is in lbs., and I is in feet. 

E 
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Corollary. If W be great compared to IT) then EF is 
sensibly a straight line ; because if TJ be constant AEF is 
the mrnie parabola, no matter what W may be ; as TF in- 
creases, A moves from j&, and the arc EF, part of the wing 
of that parabola further from the apex, becomes flatter and 
flatter. 

Beam uniformly loaded on a portion of ttao span. — ^Fig. 31. Let 

2c be the length of the span, and its centre ; let Gt be the 
centre of the load area, and 2^ the extent of the load. The 
intensity of the uniform load is if; lbs. per foot run; and, 
as in the previous case, we take w as the height of the load 
area in feet, so that every square foot of load area represents 
one lb. The total load area is a rectangle of height w ft., 
and length 2A; ft. ; its area is ^wk square feet, so that the 
total load on the span is %Jok lbs., which may be supposed 
to be concentrated at Gt the centre of gravity of the load 
area ; this gives the supporting forces P and Q as for the 
actual distribution. Let x = 00, the distance from the 
centre of span to the centre of gravity of the load ; then 

r, 2wk, _^ wk, -. 

For any section between the left end of the span and 
of the load area, the only force to the left of the section 
is P, and the bending moment may be calculated just as if 
the whole load were at Q; for such sections the bending 
moment increases uniformly from zero at the left end till we 
come to the section through the left end of the load area, 
and the bending moment diagram for that part of the span 
is a straight line sloping up from the left end of span till 
it meets the vertical through the left end of the loaji area. 
Similarly for the other end, the diagram is a straight line 
sloping up from the right end till it meets the vertical through 
the right end of the load area; the moments at the two 
ends of the load area are easily calculated from P and Q. 

For sections within the load area, it will be convenient 
to choose as origin ; and let x, which must be not greater 
than kf be the distance to the section which may be either 
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to the right or left of Q; iu our diagram it is to the right. 
We will consider x positive in the direction from the origin 
G towards the centre ; in the diagram x is positive to the 
right The load area standing upon the part of span to the 
left of our section consists of a rectangle of height w ft., 
and length Qc + x) ft. ; its area is wQc + ai) square feet, repre- 
senting a weight of w(Jc + x) lbs. which may be supposed to 

Y — ^c-«^ — )L«w?fc 

I k- at-—-- '-•i ^ 

w lb» Q^pT ft. J> 



■ 



\wik*x) |q 



P 



C^S2i""*P 6«cf/oi» af m<k on elthar 

- " ■ «/c/« of tho origin 0% 






Fig.81. 



be concentrated at the middle of the area. To the left of 
the section there are two forces, P acting upwards with a 
leverage of (c—x + x) feet, and w(k + x) lbs. acting down- 
wards with a leverage of ^{k + x) feet; hence at this section 

Mx = P{C'-x + x)'-w(k + x). — ^ 

=: — (c + x){c-'X + x)^-^{k + xy; 

arranging in powers of x, 

J, ( , wkx^ wk^\ w/2k^ \ 
M, = \wlcc-— -^^~[---xy 

This is the equation to a parabola with its axis vertical and 
its apex above the span ; it is the equation to the bending 
moment, for values of x from kio —k; for any other value of 
X we may put y for the corresponding ordinate, but y will 
no longer be Mx. To find the distance of the apex from G, 
it is only necessary to find that value of x which makes Mx 



greatest ; now Mx is greatest when the product f xj 



X 
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is greatest ; the sum of the two factors of this product 
is constant, so that the product is greatest when the factors 

are equal: putting a? = x 

we have ic =: a? or -^r-x. 

c zc 

thatis, Gfif=^?5gtbonoad(jO. 

span 

It is evident that always 

. k ^ , 
x< c . . -x < k: 
c 

k . , 

or — x, the horizontal distance that the apex is from G is 

less than k the half extent of load ; that is, the apex is always 
above a point which is within the load area. 

To find the height of the apex above the span ; substitute 
the above value of x into the equation^ the parabola, and 



,, / 7 wkx^ wk\ w/2J(^ kx\h^ 



/ , WKX" WiCX W/ZKX fCX\i 



The position of this maximum is easily remembered, but 
as the above expression for its value is complicated, it may 
be easier to calculate the bending moment at that point 
directly. 

Corollary 1. If the centre of load be over the centre 
of span, the maximum bending moment is at their common 
centre. 

Corollary 2. If k increases, x decreases ultimately, so 
that {c^-x^) is increasing; at the same time, the product 
k{2c^k) increases and becomes greatest when fc=:c; hence 
Mm&Ti, is greatest for the whole span loaded. 
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The Bending Moment Diagram BHEC (fig. 32), consists 
of the above parabola with its axis vertical and its apex 
A situated as described above, and drawn both ways till it 
meets the verticals through the ends of the load at H and E^ 
and of the straight lines HB and EC. In the above equation 

to the parabola, the coefficient of x^ is ^, and the principal 
equation to the curve is 

this is the principal equation to the curve on fig. 25, so that 
in the present case the parabola is the aa/me as that for an 
uniform load of intensity w over the whole span. BH and 
CE are the same as if the whole load were at Q, therefore 
they meet at jB, a point on the vertical through ; if the load 
were concentrated at (?, BRG would be the bending moment 
diagram. At any point as L, the ordinate to HR is greater 
than that to HA, because the former is the product of P 
into BLy while the latter is that same product minus the 



' ^^ • 



r 




-Z 



Q8 «^QO 



moment of the load area to the left of L; that is every 
point in HR is outside the curve. For such a point as Q, 
by substituting gQ for x in the equation to the parabola, 
its ordinate is again less than that of BH, so that BH is a 
tangent at IT to the parabola, and EG is a tangent at E; 
T and V are the middle points oi AU and AZ, therefore 



TV^\UZ=k 



the half extent of load. 
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Corollary. Since HAE is always the same parabola 
for the same value of w, it is evident that A will be higher 
when the parabola passes through B and G\ that is, when 
the whole span is loaded. This is the same result as cor- 
ollary 2, page 68, derived in this case by geometry. 

Graphical Solution. — ^With a scale of feet forhorizontals,lay 
oSR& (fig. 32) equal to the span, and K'F' equal to the extent 
of load in its proper position. From Q the centre of the load, 
lay oflF GS towards the centre of the span, and equal to 
the same fraction of 00, as the extent of load is of the span. 
Apply the parallel rollers to -B'C" ; place any parabolic seg- 
ment against the rollers with its apex at any point A on the 
vertical through S, and draw the curve HAE between the 
verticals through K' and F; draw UAZ with the rollers ; 
bisect AU in T, and AZ in F; produce TH to meet the 
vertical through B' in B, and VE to meet the vertical 
through (7 in &, and join BC. The accuracy of the drawing 
will be tested by observing that BG should be horizontal, and 
that the slopes should meet the vertical through G in one point 
R, A scale of say ft.-lbs. for verticals is constructed as fol- 
lows: — Place the segment with its apex on the vertical 
through the centre 0, shift the rollers till the curved edge 
passes through B and (7, and draw the curve BAqG (not 
shown on fig. 32); then the height of the apex Aq should 
measure ^wl^, where w is the intensity in lbs. per foot, and 
I is the span in feet. 

Another method. — If the extent of the load be small, it 
will generally happen that BG will not be quite horizontal 
on account of the shortness of VE the line to be produced) 
and the following construction may be more satisfactory. 
Lay oflf the span BG, construct any triangle BEG with its 
apex It on the vertical through G ; lay off Gf equal to half 
the extent of load, draw fT parallel to Git, and TV 
horizontal; TV is then equal to fG half the extent of 
load; make TA equal to TU, and DA is the maximum 
bending moment. This may be sufficient, but as many 
points on the parabolic arcs HA and EA as may be required 
can be plotted as on fig. 14. The scale for verticals is to be 
such that the height of R may measure upon it what the 
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bending moment at would be if the load were concen- 
trated there. 

Oraphical Solution for Particular Case, — Fig. 33. When 
the load extends to one end, say 5, of the span, the first 
graphical solution given above may be made shorter and more 
direct thus : — Lay oflF BG equal to the span ; from lay off 

k 
OS towards 0, so that OS = — 00 ; apply the rollers to 

BC ; place any parabolic segment against the rollers with 




its apex on the vertical through /S», and shift the rollers till 
the curved edge passes through B ; draw the curve BAE, 
and join EC. Construct a scale as described above. 

Cantilever uniformly loaded on a portion of its lengtb. — ^Fig. S4. 

Let w lbs. per ft. run be the intensity of the load, 
and let kft. be its extent. The loaded part AD may be 
considered to be a cantilever of length k uniformly loaded, 
so that the bending moment diagram is the paraWa AE, 
as in fig. 27, for the whole length loaded. Suppose now the 
whole load concentrated at B the centre of gravity of the 
load, then BEF would be the bending moment diagram, as 
in fig. 23 ; and for points between 1) and K, the moment 
is the same as for the actual distribution of the load, because 
for sections at such points, the whole load is to the left 
whether we consider it concentrated at B or spread over 
AD, It is evident that for sections betw;een B and D, the 
concentrated load would be all to the left, while only part 
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of the actual distributed load is so situated. EF is a 
tangent at £ to AE^ since B is the middle point of AD, 

The Bending Moment Diagram AEFK consists of the 
above parabola, with its axis vertical and its apex at the 
free end, drawn till it meets the vertical through the end 
of the load at E, and of EF the tangent at j& to the curve. 

Oraphical Solution. — With a scale of feet for horizontals, 
lay off AK (fig. 34) equal to the length, and from the firee 

end A lay off AD the extent of 
the load. Apply the parallel 
rollers to AK; place any para- 
bolic segment against the rollers 
with its apex at the free end A, 
and draw the curve AEO to meet 
the verticals through the right 
end of the load and the fixed end, 
at E and G respectively ; EG may 
only be dotted. Bisect AD in B ; 
join BE with a dotted line, and 
produce it with a full line to 
meet the vertical through the 
fixed end at F, then KAEF is the 
bending moment diagram. Construct a scale of say foot 

lbs. for verticals such that KF may measure Wye — ^), 

where W = total load in lbs. ; c = length, and k = extent of 
load, both in feet. 








Flff.84. 



Exaw,jple8, 

40. A beam 64 feet span is loaded uniformly for two 
thirds of its length from the left end with 10 cwt. per foot 
run. Find the position and magnitude of the maximum 
bending moment. See fig. 33. 

In this cajse c = 27 ft., and 0(r = 9 ft., measured to the 
left of 0. 

From G lay off GS = 6 ft. = ^GO, since the load extends 
over two thirds of the span, and the maximum moment 
occurs at 8, that is at 3 ft. to the left of the centre. Suppose 
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the whole load TT = 360 cwt is concentrated at ; then 

P = -^ X 36 = 240 cwt. 

Taking a section at 8, the portion of the span to the left 
is 24 ft., so that the load upon it is 240 cwt. acting down- 
wards, and if supposed to be concentrated at its centre, its 
leverage about the section is 12 ft. ; at the same time P acts 
upwards with a leverage of 24 ft., and 

ifg = 240 X 24- 240.x 12 = 2880 ft.-cwts. max. 

41. The left half of a beam 32 feet span is uniformly 
loaded with one ton per foot run. Find the position and 
magnitude of the maximum bending moment. 

Ans. The maximum occurs at the section four feet to the 
left of the centre, and its value is M. = 72 ft.-tons. 

42. A beam 50 ft. span is uniformly loaded from the right 
end for an extent of 10 feet, with two tons per foot run. 
Find the position and magnitude of the maximum bending 
moment. 

Ans, The maximum occurs at the section 16 feet to the 
right of the centre, and its value is M ^^ = 81 ft. -tons. 

43. A beam 36 feet span is loaded uniformly from the 
middle point towards the left to an extent of 12 feet, with 
2 tons per foot run. Find the position and magnitude of 
the maximum bending moment. See fig. 32. 

In this case OG =z 6 ft., and 08 = iOO = 2 feet, since 
the extent of load is one third of span ; the maximum bending 
moment is at S, four feet to the left of the centre. Suppose 
the whole load W, 24 tons, concentrated at 0, we have 

24 
P = A* X 24 = 16 tons. 

Taking a section at 8, the extent of the load to the left is 
S ft., and is equivalent to 16 tons acting downwards with a 
leverage of 4 feet, while P acts upwards with a leverage of 
14 feet ; hence 

Jf^ = 16 X 14-16 X 4 = 160 ft.-tons. 
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44. A beam 40 feet span is loaded uniformly with 2 tons 
per foot run, beginning at one foot from the left end, and 
ending at nine feet from the right end. Find the position 
and magnitude of the maximum bending moment. 

An8. At one foot to the left of centre, M^ = 360 ft.-tons. 

45. In example No. 40, find the bending moments at 
intervals of six feet. 

Substitute into the formula, which when reduced becomes 
Mx = 2700 + 5(12— aj)aj; remembering that is the origin,, 
and that measurements towards C are positive, the values 
of X are - 12, - 6, 0, +6, + 12, and + 18 ; for the other two 
points required, calculate Q and find the moments from the 
left end, or by proportion (see fig. 33) one of them is one 
third, and the other is two thirds, of FE the value cal- 
culated from tlie formula when we substitute +18. 

A graphical solution is obtained by drawing fig. 33 upon 
a large scale, and measuring the ordi nates at the above points. 

Ana, 1260, 2160, 2700, 2880max:. 2700, 2160; 

1440, 720 ft.-cwts. 

46. A cantilever 18 feet long is loaded uniformly for 
two-thirds of its length from the free end, with 10 cwt. per 
foot run. Find the bending moments at intervals of twa 
feet. See fig. 34. 

Look upon the loaded part as a cantilever uniformly 
loaded, then 

Mx=^(c^xy 

= 5(18-a;)2; 
Jlfi8 = 0, and Mq = 720 = DE. 

Now consider BK a cantilever loaded at B with 120 cwts. ; 

k 
then Mx = W{c — «— a;) 

= 120(12-0;) ; 
so that M^ = 720 = DE, and Mq = 1440 ft.-cwts. 

Arts. 0, 20, 80, 180, 320, 500, 720 ; 960, 1200, 1440 ft.-cwts. 
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A graphical solution is obtained by drawing fig. 34 upon 
a large scale, and measuring the ordinates at intervals of 
two feet. 

Theorem. 

Fig. 35. The quadrant of a parabola and a right-angled 
triangle stand on a common horizontal base, with the 
right angle of each at one end (the right end in the figure) ; 
let a be the height of the apex of the parabola, and h 
the height of the vertex of the triangle, above that end. 
If at each point of the base, the ordinate of the parabola be 
added to that of the hypotenuse of the triangle, and a new 
curve be plotted ; it will be the same parabola with its axis still 
vertical, and having its apex shifted beyond that end (the 
right in the figure) of the base above which the apex was, and 
the curve will still pass through the other end of the base. 






of ^ Ord, 
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In like manner, if the ordinate of the parabola be deducted 
from that of the hypotenuse, a similar result Ls obtained ; 
the apex of the new figure, however, is shifted to the other 
side. The horizontal distance through which the apex 
shifts is the same fraction of the base, that the height of the 
vertex of the triangle is of twice the height of the apex of 
the parabola ; or if a be the lateral distance through which 
the apex shifts, then 

a = y — X base of the quadrant. 
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The proof for the case of addition is already given in the 
text to fig. 29, and that for subtraction readily foUows. 

Beam nnlfomily loaded on its two aegments wltli loada of 

durerent intenaity. — Fig. 36. Let w^ and w^ be the inten- 
sities of the loads (say in lbs. per foot run) on the left and 
right segments respectively. Considering the bending 
moments on the left segment alone, we have the diagram 
B'ae due to the load on that segment ; and it is the same 
parabola as if the whole span were loaded with the intensity 
w^ (see fig. 33), with the apex a shifted so that G^S^ is the 
same fraction of 0^0 that the left segment is of the span : 
next we have the straight line B^K for the bending moments 
on the left segment due to the load on the right. BK(J 
is drawn as if TTg the total load on the right segment were 
concentrated at G^ the diagram being the same as far as 
the left segment is concerned. The total bending moment 
at any point on the left segment is the sum of the ordinates 
of Bae and B'K at that point ; this gives BA^E the same 
parabola as before, with its apex shifted hoiizontally through 
Sil\ towards the centre, the direction in which BK slopes 
upwards, the curve still passing through B, The distance 
through which the apex a shifts laterally to -4 ^ is 

Now if the load on the left segment be constant while that 

on the right segment varies, then D^b is the only quantity 
in the above expression which varies ; hence 

/Si2\ is proportional to D^b ; 

But when w^ = w^, the apex must shift through 8^0 so 
as to be at the centre, for the beam would then be uniformly 
loaded throughout ; therefore 

8^0 Wi ' 
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In like manner for the right segment, the bending 
moment diagram is the same parabola as if the whole span 
were loaded with the intensity w^ but with its apex A^ 
shifted so that 

Let 2c = the span, 2Jei = the left and longer segment, 
and 2k2 = the right segment ; then 

OZ = 2k^^c, and k-^ + k^=z c. 
0^0=ic^k^l 0^0 = {c-k^, 

c c 

c c ' c c' 

Now S,Z = 8,0 + 0Z=^^^^^ + ^-c=^- 
^ ^ c ^ c 

= 8,0; 
hence also 8^ = 8^0. 

w 
The quantity -^ is either equal to, greater than, or less 

**'"'° ki' " w^-i^- 8^0' 

then 8^T^ = ^8fi = ^.8^0 =i 8^0 = 8^Z, 

and 2\ would coincide with Z; similarly 

S,T, =^8,0 = §^ . 8,0 = 8,0 = 8^, 
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and Tg would also coincide with Z\ both the apexes -i^ and A^ 
would be on the vertical through Z the junction of the two 

segments. If :^>B. 

then S^T^ > S^Z, and S^T^ <8^, 

that is, I\ and T^ lie to the right of Z, If 

2\ and T^ lie to the left of Z, When the two apexes are 
over Z, their common height is the maximum bending 
moment for the whole span ; when both are over segment 




....^ 



--r.5-4i- 



1 ' 

k. 




number one, as in fig. 36, the maximum is at T^ smce A^ 
is the highest point on BA^E, and E is the highest point 
on EC ; when both are over segment number two, the maxi- 
mum is at ^2* 
Maximum Bending Moment— Ymdi the products w^k^ 
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and wj^ ; if they are equal, the maximum bending moment 
is at the junction of the segments; if they are unequal, 
choose the segment for which the product is greater ; from 

its middle point lay oflF towards the centre of span GS = - 00 ; 

c 

from S lay off ST towards the centre, the same fraction or 
number of times 80 that the intensity of the load on the 
other segment is of the intensity upon this. At the point 
T the maximum bending moment occurs, the amount of 
which may be readily calculated by taking a section there. 
OraphicaZ Solution. — With a scale of feet for horizon- 
tals, lay oflf the span BG, fig. 36, and mark F, 0^, and 6^, 
the junction and middle points of the segments. Make 

G^S^ = ^ (?iO, and S^T^ = -^ S^O ; similarly make G^S^ 

= ^ G^O, and S^T^ = ^ ,%0. Draw verticals through 

Tp Tgj 0, and F; apply the parallel rollers to BC; place any 
parabolic segment against the rollers with its apex on the 
vertical through T^ ; shift the rollers till the curved edge 
passes through B, and draw BA^E, stopping at E where the 
curve meets the vertical through F; then BA^E is the 
bending moment diagram for the segment BF, Construct 
a scale for verticals thus : — Shift the parabolic segment till 
its apex is on the vertical through ; move the rollers till 
the curved edge passes through B and (7, and draw BAqG; 
make a scale of ft. -lbs. such that OA^ = ^w-^ P, where w^ is 
the intensity in lbs. of the load on segment number one, and 
I is the span in feet. For the other segment the figure may 
be drawn with the same parabolic segment, but it will be 
to a diflTerent vertical scale, viz., that one upon which 
OAq = iw2P' If necessary, it may readily be reduced to 
the same vertical scale as the other, by means of a pair of 
proportional compasses, reducing the point A^ and a sufficient 
number of points between E and C; or having reduced the 
point -4-2, the quadrant A^EC may be constructed as on figure 
14. In drawing the curves for the two segments with the same 
parabolic segment, ^will be defined at different heights by the 
two curves; and the fact that they ought to coincide furnishes 
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a ready means of setting the proportional compasses, so as to 
reduce one half of the figure to the vertical scale of the other. 

Beam nnifomily loaded and rapported on tliree props. — Fig. 37. 

Let BC be a beam with 
a load U uniformly dis- 
tributed on it and sup- 
ported on three props, one 
at each end and one at 
the centre ; let P, TT, and 
Q be the forces with which 
they press upwards, so 
that P+TT+Qzz: J7 al- 
ways, and P = Q by 
symmetry. If TT = 0, 
the central prop bears 

no share, P = Q = ^, and 

the bending moment 
diagram is the parabola 
HAK, as on fig. 25. K 
the central prop bears a 
share, then the beam is 
loaded with a uniform load 
J7, and a negative load W 
at the centre ; and the 
bending moment diagram 
is two parabolas, each the 
same as HAK, but with 
its apex away from the 
centre, and in a direc- 
tion opposite to that on 
fig. 29. The horizontal 
distance through which 
each apex moves is 
given by the equation 

^«'^' a = ^c. Suppose HAK 

to be two parabolas lying one on the top of the other, 
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and let the prop press up with a greater and greater 
force, then the two parabolas shift away from each other. 

When W =-^, A^ is over S-^, and A^ is over S^ the middle 

points of OH and OK respectively, and the bending 
moment at is zero ; this is the best value of TT, if the 
beam may only be bent so that its convex side shall be 
down. It is evident that S^A^ = i OA ; and that the beam 
might be sawn through at 0, when it would be two beams 
of span c, each uniformly loaded and supported at the 
two ends 

If the beam may be bent both upwards and downwards, 

let the central prop press upwards till W> ^, then 08-^ is 

greater than — ^, or in symbols a > ^5 ^^^ it can be seen 

from the figure that the ordinates from JBT' to K' are Tiegativej 
from H' to H positive, and from K' to K positive, while 
at JET, H', Kf and K' the bending moments are zero. Hence 
the beam will be bent with the convex side downwards 
from H to IT, and from K' to K, and upwards from H' to K\ 
A hinge might be put on the beam at H' and K\ since there 
is no tendency to bend at these points, which are called 
points of contrary fleocure. There are three maxima 
bending moments, two equal positive ones at 8^ and S^, and 
a negative one at 0. If the material of the beam may be 
bent upwards and downwards equally well, then the best 
value of W is that which makes the positive and negative 
maxima equal, as their common value in this case is less 
than the greatest value would be in any other; for, sup- 
pose them equal, then if W be increased the parabolas move 
outwards, and the ordinate at will increase ; while, if W 
be made smaller, the parabolas will approach and the 
ordinates at Sj and 8^ will increase. Let the three maxima 
be equal to each other, then ON = S^A^, or 

A^8^ : A^R :: 1 : 2; 
hence S,H' : RN :: 1 ; ^/2 

F 
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since the curve is a parabola ; or in symbols 



P : a 



>/2. 



Practically this could be accomplished by causing the prop 
to press upwards till 



OH 



a + /3 



^^ U='oSGU; 



^/2 + l 



or by fixing hinges at the two points H' and K' at the 
proper distances from 0, the central prop may be made to 
bear the above share of U, 

If the prop at the centre press upwards so that W ^= U, 
then P = Q = 0, and OS^ = OH; A^ coincides with H, and 
J.J with K; the bending moment is everywhere negative, 
and its maximum value OJV equals OA. OH and OK are 
cantilevers, as on fig. 27. 

Beam nnlfonnly loaded and sapported on many props. — Fig. 38. 

Let BE be a beam bearing an uniform load and supported on 
many (5 in the figure) props ; this is only an extension of 
the previous case. The end G, fig. 37, instead of resting on 
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Fig.38. 



a prop, might be hinged to the end of a cantilever, which in 
turn might have its other end hinged to a beam, &c. ; 
.see fig. 38. Here a double cantilever, as B'C, over each 
intermediate prop is hinged on each side to the end of a 
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beam ; each cantilever bears an uniform load over itself, as 
well as half the load on the beam concentrated at its end, 
and is therefore in the condition of the cantilever shown on 
fig. 30. Each intermediate beam as C'G is uniformly loaded, 
and is supported by a hinge at each end; the two end 
beams SB and E'E are supported at one end by a hinge, 
and at the other by one of the extreme props ; each central 
span L consists of a beam and two cantilevers ; the end 
spans Z of a beam and a cantilever. 

If the hinges be put in the positions indicated by W and 
K' on fig. 37> then the negative maxima bending moments 
over the props at 0, T, &c., are equal to the positive maxima 
bending moments at S^yS^, &c., the centres of the beams; 
the common value of all these maxima will be leas than the 
greatest for the hinges in any other position, and 

I : L :: a + ^ : 2a 

: : 1 + ^/2 : 2 v'2. 
:: -854 : l. 



Beam loaded t>otli nnlformly and witb nneqiial weights fixed at 
irregular intervals. — Fig. 39. Let U be the amount of the 
uniform load ; the parabola BAjO is the bending moment 
dia^am due to it, and a is the height of its apex A^. Let 
Oejgh..,K be the bending moment diagram due to the loads 
^i» ^o> ^8» ^4» &c. ; from one end draw lines parallel to 
the siaes, and meeting the vertical through 6 the centre 
of the span at the points 6^, 6 , &c. ; let 6^, Ojj, &c., stand for 
the distances of these points from 6, those which are below 
being considered negative. If to the ordinates of the 
parabola BA^ we add those of the straight line 06,, the 
locus is the saTYie parabola with its apex to the right of h 
at a distance given by the equation 

and the curve still passes through B\ let A^EB be the 
parabola so placed, then BE, the portion of this parabola 
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from the end of span to the vertical through the first 
weight, is the bending moment diagram for that portion 
of the span. If to the ordinates of the parabola BA^ we 
add those of the straight line Ofeg, the locus is the swme 
parabola with its apex to the right of 6 at a distance given 
by the equation 

K = Ac, 

and the curve still passes through the point B\ if we 
now raise the parabola through the vertical distance 
between the two parallels 0\ and e/, which is accom- 
plished by drawing the curve through E instead of jB, we 
have the curve in the position A^E\ and j&jFthe portion 
between the verticals through the first and second weights 
is the bending moment diagram for that portion of the span. 
Similarly FAfi is the parabola with A^ to the right of 

6 at a distance hd^ =: ^-c, and drawn through F; A fin 

is the parabola with A^ to the left of b (since 6^ is negative) 

at a distance bd^ = ^*Cy and drawn through Q; lastly, 

A^HC is the parabola with A^ to the left of 6 at a distance 

6c?5 = ^^, the curve being drawn through H and passing 

through C the other end of the span. The bending moment 
diagram thus completed is BEFGG. 

It is convenient to call the portions of the span "fields"; 
thus, from the left end to the first weight is the first field, 
from the first weight to the second the second field, &c. ; 
we may also say that the parabola A^EB bounds the 1st 
field, A^FE the 2nd field, &c. 

The equations given above for the horizontal distances 
of the apexes from the centre of span may be simplified 
as follows : — 

Let dn = the horizontal distance from to An, 

bn = the height of the point b corresponding 
to that apex. 
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8n = slope of boundary of n^^ field = ^- — ', 
u = intensity of uniform load ; 
the general expression then becomes 

now bn = slope of boundary of n^^ field multiplied 

bye 

a == iv/c\ and therefore 

■J ^n e £« 

Mdximurri BeTiding Moment — Of the ordinates to the 
five apexes on the figure, it will be seen that only that of 
J.3 is really a bending moment ; and the apex A^ is said to 
lie in its own field, that is the third. In the figure OefghK, 
such a side as efy which slopes up to the right, shifts A^ the 
apex for that field to the right of the centre; the field itself, 
however, lies wholly to the left of the centre, so that the 
apex cannot lie in its own field ; hence, for any side sloping 
up to the right and wholly to the left of the centre, the apex 
cannot lie in its own field. For such a side as fg sloping up 
to the right the apex shifts to the right ; but since part or 
whole of fg also lies to the right of the centre, the apex 
may lie in its own field. If there be two sides lying to the 
right of the centre and sloping up to the right, then the 
apex of one, but not of both, may lie in its own field. Sup- 
pose that gh also sloped up towards the right, then fg is 
necessarily steeper than gh^ and the apex for gh would be 
closer to the centre than that for fg ; if that for fg lies in its 
own field, that for gh cannot lie in its own. Further, if a 
number of the sides of the polygon lie to one side of the centre 
and slope down towards it, the apex for any one, but for 
one only, may lie in its own field. Suppose the apex for 
one such to lie in its own field, then, since each of the sides 
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further from the centre is necessarily less steep, its apex is 
closer to the centre, and so cannot lie in its own field ; on 
the other hand, each of the sides closer to the centre is 
steeper, its apex is farther from the centre, and so cannot 
lie in its own field. 

If one apex lies in its own field, the height of that apex is 
the maximum bending moment ; if no apex lies in its own 
field, the maximum is at the weight at which is the maxi- 
mum for the weights alone. On fig. 39, the maximum bend- 
ing moment is the height of A^ ; but if A^ had Tiot been 
between F and 0, the maximum would have been the 
height of 0. 

Graphical Solution, — With a scale of feet for horizontals, 
lay off BG equal to the span, fig. 39, and draw BAfi with 
any parabolic segment. Construct a scale for verticals and 
bending moments such that a the height of A^ shall measure 
upon it iU,l, where U = amount of uniform load, and I 
= span ; draw the bending moment diagram OefghK, as on 
fig. 18, by calculating the bending moments at the weights 
and plotting e,f,g,h to the same vertical scale as BAjO; 
from one end draw parallels to each side, and so deter- 
mine the points 6^, fe^, &;c. ; or, as on fig. 19, lay off on the 

vertical through the centre bfi^ = W., bjb^ = W^ &c., on a 
scale for loads c times larger than the scale for verticals already 
constructed ; determine the point b and through it draw a 
horizontal. Make the horizontal L8 equal to c, and the 

vertical LN equal to 2a; draw parallels to N8 as b^d^ 

from 6j, bjjrfg from b^, &c., and so determine the points d^, d^, 
&c. Apply the parallel rollers to BG; place the parabolic 
segment against them with its apex on the vertical through 
D^, move the rollers till the curved edge passes through 5, 
and draw BE meeting the vertical through W in E, Shift 
the segment till the apex is on the vertical through D^ ; 
move the rollers till the curved edge passes through E, and 
draw EF. Shift the segment till the apex is on the vertical 
through 2)3 ; move the rollers till the curved edge passes 
through F, and draw FO meeting the vertical through W^ in 
G, &c. The accuracy of the drawing is checked by observ- 
ing whether the last curve passes through G the other end 
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of the span. Fig. 29 is a particular case of this. The con- 
struction is simplified when the Shearing Force Diagram 
is drawn first, as on fig. 86 ; and to this diagi*am the student 
is referred. 

Examples, 

4iJ. A beam 72 feet span is loaded in two segments ; the 
left segment is two thirds of the span, and is loaded uni- 
formly at the rate of two tons per foot ; the right segment is 
uniformly loaded at the rate of one ton per foot. Find the 
position and amount of the maximum bending moment. 

Fig. 36 is this example drawn to scale. 

The data in symbols are 

2c = 72, 2A;j = 48, 2\ = 24, w^ = 2, and w^ = 1. 

Now 2 X 48^ > 1 X 24^, hence the maximum is in the left 
segment. 

Ofi = c -k,= SQ - 2i = 12 ft. 

Since this segment is % of span, 

Q,8^ = %Gfi = f X 12 = 8 ft. ; 
hence 08, = 4 ft. 

Since w^ is half of w^, 

8X = iSfi - J X 4 = 2 ft. ; 

hence OT, = 2 feet; that is, the maximum occurs 

at 2 feet to the left of the centre. 

To find P ; suppose TT, = iv, x 2k, = 96 tons to be con- 
centrated at 0, the middle of the left segment, and W^ 
= w^x 2A;„ = 24 tons to be concentrated at 0^ the middle 
of the rignt segment, and take moments about the right 
end, thus ; — 

P X 2c = W,{2k^ + k,) + WJc^ ; 
Px72 1=96x48 + 24x12. 
P = 68 tons. 
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And if 2 = P{c - 2) - wj^c - 2) x (-^— ) = 1 1 56 ft.-tons max. 

48. A beam 50 ft. span is loaded with 4 cwts. per foot for 
a distance of 30 feet beginning at the left end, and the 
remainder is loaded with 9 cwts. per foot. Find the 
maximum bending moment. 

Intensity on left seg. x sq. of its length = 4 x 30^ = 3600 ; 
Intensity on right seg. x sq. of its length = 9 x 20' = 3600 ; 

since these are equal, the maximum bending moment is 
at the junction of the segments, that is 5 ft. to the right of 
the centre. 

To find P, we have 

P x 50 = 120 X 35 + 180 x 10. .'. P = 120. 
Taking a section at the junction of the segments 

M_^ = P X 30 - 4 X 30 X ^ 
= 1800 ft.-cwts. maximum. 

49. A beam is 49 feet span ; its left segment, 28 feet long, 
is uniformly loaded with one ton per foot ; and its right seg- 
ment, 21 feet long, is loaded with two tons per foot. Find 
the maximum bending moment. 

Intensity on left seg. x sq. of its length — 1 x 28' = 784 ; 
Intensity on right seg. x sq. of its length =: 2 x 21^ = 882 ; 

since 882 > 784, the maximum occurs in the right segment. 
In this case 

Qfi = 14; and Q^S^ = f x 14 = 6 ft., 
because the right segment is ^ of the span ; hence 

Sfi = 8 ft; 
^2^2 = ^x8 = 4 ft.. 
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since the intensity of the load on the other segment is half 
of the intensity on this ; and 

ihsJb is, the niAYimnni occurs at 4 feet to right of centre. 

It may be convenient to calculate the bending moment 
from the right end, thos ; — 

Q X 2c = TTj X 14 + F, X 385; 

Qx49=::28xl4 + 42x 385. :. Q = 41 tons; 

20-5 
and M_^= Q x 20-5 —w, x 20-5 x -5-=420J ft-tons. max. 

z 

50. A beam 30 feet span has two thirds of its length from 
its left end loaded with 5 cwts. per foot, and the remainder 
with 20 cwts. per foot. Find the maximom bending moment. 

Ans. At the junction Jf _, = 1000 fL-cwts. max. 

51. A beam is 64 feet span ; its left segment, 40 feet long, 
is loaded with 3 cwts. per foot, the right segment with 5 cwts. 
per foot. Find the maximum bendmg moment 

Ans. At 3 feet to right of centre, Jlf ,=1837*5 ft.-cwts. max. 

52. The beam of example No. 51 has its left segment 
loaded with 1 ton per foot, and its right with 5 tons per 
foot. Find the maximum bending moment. 

Arts. It occurs in the right segment at 10 ft. to the right 
of the centre, and 

if_,, = 1210 ft.-tons max. 

63. In example No. 47, find the position and height of A^, 
fig. 36. 

Gffi=: (fi-^k^ =24; 

0^,= ixQfi = S, :. 08, = 16 ft 

Then 8,T, = iSfi =32. /. Or, = 16 ft. 

To find the height T^A^ ; substitute into the equation 
which gives the ordinates of GE, thus ; — 
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rim 

= 1352 on vertical scale. 

Note that the ordinate of the other parabola BA^ is the 
bending moment at T,. 

64. A beam is uniformly loaded, and a prop in the centre 
bears one-third of the load. Find the maximum bending 
moment. Fig. 37. 

Let U = the amount of the uniform load, 

W = the upward thrust of central prop = }U. 

Here a = ic; and since a < |c, the two parabolas intersect 
above the span, and there are no negative bending moments ; 
there is a positive minimum at the centre, and a positive 
maximum at a on each side of the centre. 

The base of the segment HA^H' = 2/3 = ic = f i. 

Height S,A^ : Height 0^ i: (f)^ : 1^. 

8,A^ = iOA, 
or Ma = i ^\U,l = ^^U.l, maximum. 

55. In the previous example, if the central prop bear two 
thirds of the load, find the position and magnitude of the 
maxima bending moments positive and negative, and the 
position of the points of contrary flexure. 

a = ic; 2/3 = §c = Ji. 
M^^ = i^^U.l, max. positive. 
M^=z - ^ifU.l, max. negative. 

The points of contrary flexure are at ± Jc. 

56. A beam 72 feet span is loaded with 8 and 10 tons at 
points 18 and 6 feet to the left of the centre, and with 18 
and 13 tons at points 12 and 24 feet to the right of the 
centre ; there is also an uniform load of half a ton per foot of 
span. Find the position and value of the maximum bend- 
ing moment. Fig. 39. 
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Data: — 

W^=8, TF,=10, Tr3=:18, W,= lS,n=l and U=36 tons; 
x^:=lS,x^=6, aj3=-12, ic^=--24, and c = 36 feet. 

For the loads W^y W^, &c., alone, we find, as in examples 
14, 19, 20, &c., that the maximum is under the load 1^; 
hence only the boundary of the polygon from W^ to Ir g, 
that is, the boundary of field 3, lies (in part) to one side of 
the centre and slopes down towards the centre. Taking the 
total load then, it is possible only for A^ to lie in its own 
field. To find the position of A^, we have 

Slope of fg = P - Tf, - Tf, = 20 ~ 8 - 10 

= 2 vortical to 1 horizontal. 

This also is the slope of O63, and • 

bb^=: 2x Ob = 2c = 72 on vertical scale. 
Again, the height of A^ for the uniform load alone is 
a =: ^U,l =^ 324 on vertical scale. 

Now A3 lies to the right of the centre at a distance given 
hy the equation 

8 2 

or otherwise, 6i« = — = -;, =4 ft. ; 

And since field 3 extends 12 ft. to the right of the centre, 
it is evident that -^3 lies in field 3. The position of the 
maximum bending moment is at 4 ft. to the right of the 
<jentre. 

To find the value of the max. bending moment, we have 

for loads W alone, Jf _ , = P x 40 - TF, x 22 - F, x 10 == 524 ; 

for uniform load, M_, = ^(c^ - 4^) = 320 ; 

and for the total load, M_^ = 844 ft.-tons maximum. 
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57. In the previous example, suppose the uniform load to- 
be 1*^ of a ton per foot of span, and find the maximum 
bending moment. 

Here u = i, U=9; a = 81, 

72 



and bd. = ^r^ x 36 := 16 ft., 
' 2 X 81 



8„ 



or otherwise, bd^= — = -. =16 ft. to the right 

of the centre ; hence A^ is not in field 3, and the maximum 
is at TTg as for the loads TF^, W^ &c., alone. 

For loads W alone, M_^ = 540 ; 
for uniform load, M_^^= ;^ (c^ - 122) = 72 ; 

for total load, M _^^= 612 ft.-tons max. 

58. Suppose the beam shown on figs. 17 and 18 to bear an 
additional uniform load of one ton per ft. of span, and find 
the maximum bending moment. 

On fig 18, we see that only the side CD of the polygon 
lies (in part) to one side of, and slopes down towards, 
the centre ; it is therefore possible only for A^, the apex 
of the parabola which bounds field 4, to lie in its own field. 

To find the position of A^j we have 

Slope of GD = P- W^- W^" W, = 24-5-5-11 

= 3 vertical to 1 horizontal ; 

hence, if a line is drawn from the left extremity at this 
slope, that is parallel to CDj it cuts off an intercept on the 
vertical through the centre of height 

b^ = 3c = 63 on vertical scale ; 
again, for the uniform load alone the height of ^ ^ is 

a = iU,l = 220-5 ; 
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the distance of A^ to the right of the centre is 

d, = ^x=^ X 21 = 3 feet ; 

8 3 

or otherwise, d.= -^=:~ =3 feet, 

* u 1 

which is exactly at W^ the right extremity of field 4. 
Hence the maximum is at W^, and 

For loads F alone, M_^ = 261, (see fig. 18.) 

for uniform load, M_^ = ~ (c'-S^) == 216, 

for total load, M_^ =. 477 ft.-tons max. 

59. Suppose the beam shown on figs. 17 and 18 to bear an 
additional uniform load of 3 tons per foot of span, and find 
the maximum bending moment. 

Here a is three times as great as in the previous example; 
d^ is only one third of its former value, that is, cZ^ = 1 ft. ; 
and the maximum bending moment occurs at one foot to 
the riffht of the centre. 



'O' 



For loads Tf alone, M_^ = 255, 

for uniform load, itf _, = ^ (c' - 12) - 660, 

for total load, M_^=: 915 ft.-tons max. 

60. Find by analysis the positions of the apexes in the 
example solved graphically on fig. 39. 

Vert. Horiz. 

Slope upwards of Oe = 8j = P, =: 20 to 1 

ef =s^ = P-W, rzl2 „ 1 

fg = s, = P -W,-^W^ = 2 „ 1 

gh = 8, =^P-W,-W,-W,.... =^16,, 1 
hK=8, = P-W,-W,-W,-W,.=^29,, 1 



f* >» 



>» i) 



n >» 



» J» 
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Intercepts on the vertical through the centre by the 
parallels to the sides of the polygon drawn from the left end 
O ; heights positive ; 

6^ = 20c = 720. 63= 2(3= 72. 

\ = 12c = 432. 6^ = - 16c = - 576. 

6„= ~29c= - 1044. 

Considering distances to left of centre as positive, and 
reckoning the sign from the figure, the abscissae of the 
apexes are — 

ci, = -i=-40; d^=:i9=: - 24; d^^^^^.-\\ 

Height of A^ : ht. of ^, : : (c + d,)' : c^ 

.-. Ht. of A, = (^'/ ^=C^)^ "" 324=1444 vert, scale. 

Had the other parabolas been drawn through the end B 
or C, we would have had the heights of their apexes as 
follows : — 

Height of A, = (^'fa = {^f x 324 = 900, 
^. = (^/« = (re/ ^ 324 = 2209. 



I> 



» 



For the second parabola, however, we add the vertical 
distance between ef and the parallel Oftg, that is, the differ- 
ence of the slopes of Oe and ef multiplied by the distance 
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of IFj from the left end; similarly for the 3rd and 4th 
parabolas; thus — 

Additional for A^ = (20 - 12) x 18 = 144, 

„ ^3 = (20 - 2) 30 - (20 - 12) X 12 = 444, 

„ ^,= (29 - 16) X 12 = 156; 

and the height of apex 

Aj^ = 1444 on vert, scale. 

A^ = 900 + 144 = 1044 „ 

A^= 400 + 444= 844 „ 

A^ = 1156 + 156 = 1312 „ 



A^= 2209 „ 

61. A beam has a span of 64 feet ; W^ = 9, W^ = 10, 
F3 = 50, TT, = 42 tons; and x^ = 8, x^= -- S, x^= - 14, 
aj. = - 22 ft. Find P and Q, and the slopes of the boundar- 
ies of the bending moment diagram. 

A718. P = 30, and Q = 81 tons. 

Vert. Horiz. 

Slope, 1st field=:8,=P = 30 to 1 ^^^^ 

„ 2nd „ =8,=P-Tr,= 21 „ 1 „ 

„ 3rd „ =8,=zP-W,-W,= 11 „ 1 „ 

„ 4th „ =8,=P-W,-W,-W,^ ....-39 „ llTri^f 

„ 5th „ =8,=P-W,-W,-W,-W,= -81 „ 1 „ 

The boundary of field 2 lies in part, and the boundary 
of field 3 lies altogether to the right of the centre, and 
both slope down towai'ds the centre. Hence, if an uniform 
load be combined with these loads, the maximum bending 
moment may be in field 2, or in field 3, or at TT,, depending on 
the intensity of the uniform load ; since it is possible that A^ 
or -4j, but not both, may lie in its own field, or that neither 
may so lie. 
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62. An uniform load of 3 tons per foot of span is com- 
bined with the loads on the beam in No. 61. Find the 
maximum bending moment. 

Here U = 192, and a = iU.l = 1536. 

Find first the horizontal position o{ A^; a line drawn 
from the left end, parallel to the boundary of field 2, inter- 
cepts above the span, on the vertical through the centre an 
amount 

63 = slope of boundary x c = 21 x 32 1= 672 ; 

hence the horizontal distance of A^ to the right of the 
centre is 

^-2^ = 2-^36 '^^^^^^^^^^ 

or, otherwise, d=z-^=-^ =z 7 „ ; 

2 u 3 

field 2 extends 8 ft. to the right, so that the apex A is, 
and no other apex can be, in its own field ; the height of A^ 
is, therefore, the maximum bending moment. 

For the loads W alone, M_^=SO x 39 -9 x 15=1035, 
for the uniform load, M_^z=^{c^-7^)=U62'5y 

for the total load, JIf _7=2497'5 ft.-tons max.. 

63. With the data in No. 61 combine an uniform load of 
1 ton per foot of span, and find the max. bending moment. 

Here U = 64, and a = 512. 

To find first the horizontal position of -4^ ; a line drawn 
from the left end, parallel to the boundary of field 2, inter- 
cepts above the span upon the vertical through the centre 

63 = slope of boundary x c = 21 x 32 = 672 ; 

o 
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the distance of A^ to the right of the centre is 

<^-T;^ = 2S2 '^ 32 = 21 feet. 

or, otherwise, cZ^ = -* = — == 21 „ ; 

but since field 2 only extends 8 feet to right of centre, A^ is 
not in its own field. 

To find next the horizontal position of -4, ; a line drawn 
from the left end, parallel to the boundary of field 3, inter- 
cepts above the span upon the vertical through the centre 

63 = slope of boundary x c = 11 x 32 = 352 ; 

the distance of A^ to the right of the centre is 

^8 = o^^ = o ^KTo ^ 32 = 11 feet, 
' 2a 2 X 512 

or, otherwise, d^z=: ^ z=~— = 11 „ ; 

* u 1 

« 

field 3 extends from 8 feet to the right, to 14 feet to the 
right, of the centre; hence A^ lies in its own field, and its 
height is found as follows ; — 

For loads W alone, M^ ^=30 x 43- 9 x 19 - 10 x 3= 1089, 
for the uniform load, ilf_,j=:T-(c2— 11^=451*5, 

for total load, if _jj= 1540-5 ft.-tons max. 

64. With the data in No. 61 combine an uniform load of 
half a ton per foot of span, and find the maximum bending 
moment. 

From No. 61 it is possible only for A^ or A^ to be in its 
own field. For A^ we have 

(7, = ^=^ = 42 feet. 
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which is far beyond field 2 ; for J., we have 

^3 = ^5 = ^ = 22feet, 

which is beyond field 3. Hence no apex lies in its own 
field, and the maximum bending moment is at the weight 
at which it occurs for the loads W alone, in this example 
at TTj ; for, in subtracting TT,, the remainder changed sign, 
that is, beginning at the left hand, the boundary of field 4 
is the first which slopes down towards the right. 

For loads TT, J/_,4=30 x 46-9 x 22-10 x 6=1122, 

for uniform load, M_^^=:^{c^-U^) = 207, 

for total load, JIf _j^=:1329 ft.-tons max. 

65. In example No. 61, find when the max. bending moment 
lies in field 2, when in field 3, and when at Tf,, for different 
intensities of the unifoiin load. 

Let u be the intensity of the uniform load, then 

d. = — , and cZ- = — . 
Suppose that A^ is at the right extremity of field 2, then 

A = I' = «. 



or u = ~ =: 2^ tons ; 



21 

8 



that is, A^ is within, at the right extremity of, or beyond its 
own field, according as u is greater than, equal to, or less 
than 2| tons per foot. 

Suppose that A^ is at the right extremity of field 3, then 

d^ 1= — := 14, 

or tt = -- tons ; 

1'* 
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again, suppose that A^ is at the left extremity of field 3 then 

^3 = - z= 8, 

11 

or '^ — 8" ' 

that is, A^ is within its own field if u has any value 
between ^- and iJ, and is nearer the centre the larger u 
becomes. 

Hence the maximum bending moment is at W^ if u is less 
than or equal to U, between W^ and W^ if u is between \\ 
and V", ^'t TTg if u is between V- ^'^^^i 2|, and between W^ and 
the centre of the span if u is greater than 2f tons per foot. 

66. The span of a beam is 40 feet, and at a distance of 12 
feet to the right of the centre there is a load of 20 tons; 
there is also an uniform load of half a ton per foot of span. 
Find the maximum bending moment. 

For the concentrated load, the bending moment diagram 
is a triangle with its apex over the weight; part of the left 
side of this triangle lies to the right of, and slopes down 
towards, the centre ; so that the apex for field No. 1 wxiy lie 
in its own field, and the maximum bending moment is either 
between the centre and the weight or at the weight. 

The apex A^ is situated to the right of the centre at a 
distance 

^ u 

For TT alone, P = f ^ x 8 — 4 tons ; therefore 8^, the slope 
of the left side of the triangle, is 4 vert, to 1 horiz. ; 

4 
hence dj^=z-- = S feet ; 

2 

and this being within field No. 1, is the point where the 
maximum occurs. 

For W alone, M^^ = P x 28 = 112, 

for uniform load, M_^ = -^<? — 8^) = 84, 
for both loads, M g = 196 ft.-tons max. 
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67. Find the maximum bending moment in No. 66 if the 
uniform load is a quarter of a ton per foot of span. 

4 
d^ = Y = ^6 feet; 

this is beyond field No. 1 ; hence the maximum is at the 
weight, that is, at 12 feet to right of centre. 

Ans. M_^^ = 160 ft.-tons maximum. 



Bending Moments and Bending Moment Diagrams for 
Moving Loads and for Travelling Load Systems. 

In Part First, page 15, the action of a live load when applied 
to a tie or strut is described ; the action is somewhat similar 
when a live load is applied to a beam. Thus for a beam 
loaded at the centre, the load W may at one instant be in 
contact with the central point of the beam, and yet not be 
resting any of its weight on the beam ; the next instant 
its whole weight may be resting on the beam. It does not 
follow directly from Hooke's Law but is a matter for 
demonstration, that for an instant, the strain thus produced 
is double that which the dead load produces, provided the 
greatest strain does not exceed the proof strain. 

One way of applying the actual weight W to the centre 
as a dead load is, as in the case of a tie, to put it on bit by 
bit ; another way is to put the whole weight W on the end 
of the beam, when the strain is zero, and then push it very 
slowly towards the centra, when the strain gradually increases 
to the full intensity due to TT as a dead load. If TF, on 
the other hand, be pushed from the end to the centre in an 
indefinitely short time, it will be the same as if it had been 
applied suddenly at the centre ; in this case, then, W is 
applied as a live load. 

Definition. A load which passes along a beam, and 
which thus occupies at different instants every possible 
position upon the span, is called a moving or travelling load. 
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A moving load may be dead or live or of intermediate 
importance, but not of greater importance than a live load. 
A travelling crane, which moves veiy slowly, and so as not 
to set the suspended weight swinging, is practically a dead 
moving load. The action of a moving load on a railway 
bridge is of intermediate importance ; when the span of 
the bridge is short, say less than 20 feet, this importance 
is about equal to that of a live load ; and when the span 
is long, say more than 40 or 50 feet, it is only a little 
greater than that of a dead load. 

The Commissioners on the Application of Iron to Railway 
Structures at p. xviii. of their report say, — "That as it 
has appeared that the effect of velocity communicated to a 
load is to increase the deflection that it would produce if 
set at rest upon the bridge; also that the dynamical in- 
crease in bridges of less than 40 feet in length is of sufficient 
importance to demand attention, and may even for lengths 
of 20 feet become more than one-half of the statical 
deflection at high velocities, but can be diminished by in- 
creasing the stiffness of the bridge ; it is advisable that for 
short bridges especially, the increased deflection should be 
calculated from the greatest load and highest velocity to 
which the bridge may be liable ; and that a weight which 
would statically produce the same deflection should, in 
estimating the strength of the structure, be considered as 
the greatest load to which the bridge is subject." 

Classes of moving loads. An uniform load coming 
on at one end of the span, covering an increasing seg- 
ment till it is all on, then moving to a central position 
on the span, and passing off at the other end, is called an 
advancing load. A train of trucks, shorter than the span 
of a bridge, coming on at one end, travelling across and 
going off at the other end of the bridge, is an approximate 
example of, and is generally to be reckoned as, an advancing 
load. The reason that it is called approximate, is that 
although the weight of the trucks may be uniform per 
foot of length, yet they are not continuously in contact 
with the bridge but transmit the load thereto by means 
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of wheels at a number of points. An advancing load may 
be equal in length to the span ; in which case, in passing 
across, it covers the whole span for an instant. If the 
load be longer than the span, it will continue to cover 
it for a definite time while passing, but as time does not 
come into our consideration, it will be included in the 
advancing load equal in length to the span. 

A load concentrated at a point, and which moves back- 
wards and forwards on the span, is called a rollA/ag load ; a 
wheel which rolls along a beam is a practical example of 
this. In reality the load is distributed over a small area, 
and if now the load be taken to be uniformly distributed over 
this small area, it may be considered as an advancing: load 
of 8maU extent; on the diagmms it is repiesentedl by a 
wheel or circle. 

A Travelling Load System is a load transmitted to the 
beam in definite amounts at points fixed relatively to each 
other, the whole load moving into all possible positions on 
the span ; a locomotive engine is a practical example of such 
a system, and a rolling load is its simplest form. On the 
diagrams, the load is represented by a 'number of circles or 
wheels with their centres fixed on a frame (see fig. 3), or 
for ease in drawing by a number of vertical arrows con- 
nected by a thick horizontal line (see fig. 43). 

It will not be necessary to consider moving loads upon 
cantilevers as in practice there is seldom such a thing. It 
is only necessary to suppose the load fixed in the position 
most remote from the fixed end ; this, it is evident, gives the 
greatest bending moment at each point, the maximum being 
at the fixed end. 



Beam under an advancing load eqnal in lengtb to tbe span. — 

Suppose the load to come on from the left end and cover a 
segment of the span, the bending moment diagram is shown 
on fig. 33 ; when the whole span is covered, on fig. 25 ; and 
when the load is passing off, by fig. 33 reversed. Since the 
parabolas in these two figures are the same, it is evident 
that the apex A is higher on fig. 25 than upon fig. 33, be- 
cause on the former the base of the parabolic segment is th 
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whole span ; the ordinate, not only for A but for every 
point on fig. 25, is greater than the corresponding ordinate 
upon fig. 33. Hence the maximum bending moment at each 
point of the span occurs when the whole span is loaded ; of 
tnese maxima, the maximum is at the centre, and this case 
resolves into that of a beam uniformly loaded. 



Beam under an advancing load less in length tban tlie span. — 

Fig. 40. Let 2c = span ; 2k = extent of load ; w = intensity 
of load ; G the origin, and centre of span ; the centre of 
load ; and let the load be upon the span in any position. 

Here i < c, and W = 2wk = total load. 

To find P, we may suppose the whole load concentrated at 
G, and we have 

75 2wk , . 

where x is the abscissa of any point of the span reckoned 
positive to the left of C, and y is the distance of the same 
point reckoned positive to the left of 0. Taking a section 
at the point x, we have two forces acting on the portion of 
the span to the left of the section, viz., P acting upwards 
with a leverage (c - x), and a load area equivalent to a force 
w(k - y) acting downwards with a leverage i(k — y) ; hence 
the bending moment at this section is 

Mx = P{c-x)-w(k-y)x-^ 

Wk , \/ \ 'M^/7 NO 

,wk, ^ 2\ wk^\,w/2kx \ 

As the load moves about, y varies and the bending 
moment Mx at the section x depends upon the position of 
the load, that is, upon the value of y. To find the position of 
the load which gives the greatest bending moment at the 
point X, it is only necessary to find the value ojf y which 
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makes Mx a maximum; now, Mx is greatest when the 

y)y is greatest; and as the sum of the two 

factors of this product is constant, the product is greatest 
when the factors are equal to each other, that is when 

2kx 



so that we have 



y 



lex 



or 



y 



(c-z-ty) 



k 



X 



,(2.) 
(3.) 



WkL2a1c 



1 



•(c+x-yj 



I 



Moving Uniform load of Intensity to and extent 2lc. 



..^fc-W_^"_--£^--i_ 1(7 



(Span»2c) 



Q 



I 




Section at x 
FigAO. 

This proportion expressed in words gives the following 

Rule. The greatest bending moment at any point of the 
span occurs when there is directly over it, that point in the 
load which is situated in the extent of the load in a position 
similar to that in which the point is situated in the extent 
of the span. 

Substituting in (1) the value of y in (2), we have 



^.M. = (^C"' -«'')- -2-) +2(t) 



wlc. 



2wk. 



jfe' 



= 5«^-X2-') •••• 



(4.) 
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This is the equation to the maxima bending moments, 
and may be written thus — 

m^^Mx = Co (c2-aj2) 

where Co is a constant quantity ; the locus is therefore a 
parabola with its apex above the centre of span^ and the 
maximum of these maxima — ^that is, the maximum for the 
whole span — is at the centre, or where x = 0\ 

= lW(l^k) (5.) 

For the maximum bending moment, the coefficient 

m = ^(2 ) (see page 46) ; 

and the principal equation to the parabola is 

F= —(2 — -\X^ 
4c\ c/ 

Compare the above with the result of investigation to 

fig. 31, from which this might have been deduced. 

By the preceding rule the maximum bending moment at 

the centre of the span occurs when the centre of the load is 

over the centre of the span. 

Orapkical Solution. — ^Fig. 41. With a scale of feet lay 

off the span and dmw a 
vertical upwards through 
the centre ; apply the rollers 
to the span ; place any para- 
bolic segment against the 
rollers with its apex on the 
vertical through 0, shift the 
rollers till the curved edge 
passes through the ends of the 
span, which it will do simul- 
taneously, and draw the curve. 
Construct a scale of ft.-lbs. for 

verticals such that OA = J W(l — k), where TT is in lbs., and 

I and k are in feci 



Wrsvfk 
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Note that to give the masimum bending moment at any 
point, the load assumes a different position for each point 
according to the above rule, and that it is possible to fulfil 
the condition of the rule for every point wiUiout any of the 
load going ofi^ the span. 

C!oBOLLABY I. Suppose the extent of load equal to the 

(#C \ 
2 ) — ^> ^^^ ^® have 

W 

the same as for the span uniformly loaded (fig. 25), and as 
shown in the preceding case. Note further, that the rule for 
fixing the position of the load so aa to give the maximum 
bending moment at any point is fulfilled simultaneously for 
all points of the span; as it is evident that when the 
centre of load is over the centre of span, eveiy point of the 
load is over the corresponding point of the span. 

Corollary II. Suppose the extent of load to be zero ; 

then A; = 0, (2 ) = 2, and the load is a rolling load 

for which 

W 

When the rule for finding the position of the load which 
gives the maximum bending moment at any point is applied 
to this case, it is found that the maximum occurs at any 
point of span when the rolling load is at that point. 

As this is an important case, and leads to cases still more 
important, we will give a separate investigation. 



under a roUing load. — Fig. 42. Consider any point of 
the span at the distance x from the centre, distances to the 
left being reckoned positive. Let jR be the amount of the 
rolling load, and suppose it over the point in consideration. 
We may calculate the bending moment M^ from either of 
the two equations 

or Mx = Q(c + a?). 
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If the load moves to the right, then the upward supporting 
force F is less than P, and 

i/; = P'(c-a;) 

if now the load moves^to the left, the supporting force Q' is 
less than Q, and 

< Mx; 

thus Mx decreases whether R moves to the right or left, 
that is, Mx, the bending moment at any point x, is greatest 
when R the rolling load, is over the point. 




Let R be over the point x, then 

R 

max A = P(C-X) = ^(C + X)(C 



-«), 



(1) 



This is5 the equation to the maxima bending moments ; 
the bending moment diagram is a parabola, with its axis 
vertical and its apex above the centre of span ; and the 
maximum of these maxima, that is the maximum bending 
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momeDt for the whole span occurs at the centre when the 
load is over the centre ; putting a; = 0, we have 

m^M,^^c^iR.l (2.) 

the value of the constant m = J, and the principal equation 
to the parabola is 

Y = — Z2 

2c • 

Graphical Solution. — ^Fig. 42. With a scale of feet for 
horizontals lay off the span, and draw a vertical upwards 
through the centre; apply the rollers to the span, place 
any parabolic segment against the rollers with its apex on 
the vertical through 0, shift the rollers till the curved edge 
passes through the ends of the span, which it will do 
simultaneously, and draw the curve. Construct a scale of 
ft.-lbs. for verticals, such that OA = J Rl. 



Eaximples. 

68. An advancing load as long as or longer than the span, 
and of intensity 2 tons per foot, comes upon a beam 32 
feet long. 

Find the maximum bending moment for the whole span 
for all positions of the load. 

Ans. max.-8fo = iTFi = I X 64 X 32 = 256 ft.-tons. 

69. For the previous example find the maxima bending 
moments at intervals of four feet. 

= 256-0!*. 
.-. M^„ = 256 - 162 _ 0, M^^ = 256 - 122= 112, JIf^ = 192, 

M^^ = 240, and M^ = 256 ft.-tons, all maxima. 
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70. In example 68, if the advancing load be 20 feet long, 
find the maximum bending moment for the whole span. 

Am. jmxMo=iW-^)-i ^ 4jO x (32-10)=220 ft-tons. 

71. In the previous example, find the maxima at intervals 
of 4 feet. 

Substitute into equation (4) page 105, thus — 



max. -L" X 



M.= 



I(^-")(2-!> 



= 11(256-0^0; and 

Jf,,=0, i/,2=96-25, if3=165, Jf,zr206-25, and Jlf,=220 ft.- 

tons, all maxima. 

72. In example 70, find max.-Mg by placing the load in its 
proper position upon the span, and taking a section at a; = 8. 

Eight feet to the left of the centre is a fourth of the span 
to the left of the centre; to give the maximum bending 
moment, the load is to be placed so that the point which is a 
fourth of the extent of the load to the left of its centre shall 
be over the point. That is, the point of the load 5 ft. to the 
left of ff is to be over the point of the span 8 feet to the left 
of C; hence G is 3 feet to the left of C, and 

^~32 ^~ 4- 

Taking a section at a? = 8, we have upon its left a load area 
extending for 5 feet and equivalent to 10 tons ; hence 

95 5 

max-ilfg =-;f X 8-10X2, 

= 165 ft. -tons. 

73. A beam 42 feet span is subject to an advancing load 
of 3 tons per foot and 12 feet long. Find the maximum 
bending moment at 7 feet on either side of the centre. 
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Wherl9 is the centre of the load situated when this maximum 
is produced ? 

-4718. niax.^+7=288 ft.-ton8. Five feet from centre of span. 

74. In the previous example, find the maximum bending 
moment for the whole span, for all positions of the above 
load. 

Arts. max.-3fo = 324} ft.-tons. 

75. Find the principal equation to the parabola which is 
the curve of maxima bending moments in example 71. 

Ans. Y=^(2^^)X^ = ^X^ 

4c\ c^ 64 

76. A beam 80 feet span is subject to a rolling load of 40 
tons ; find the maximum bending moment for whole span. 
At what point does it occur, and how is the load then 
situated ? 

Ans. jd&x,Mq = IKl = 300 ft.-tons. It is at centre. 

77. In the previous example, find the maxima bending 
moments at intervals of 5 feet. How must the load be 
situated in each case ? 

m^xM^ = i(^'-«^') = K225-aj2) ; 

.-. ilf^„=0, if^,,=I66§, if^5 = 266§, and ilf,=:300 ft.-tons, 

all maxima. The load R in each case is over the point. 

78. If the load in the examples 76 and 77 be spread uni- 
formly over 3 inches, instead of being concentrated at a 
point, how much are the above results in error ? 

M - ^(c^ x^')(fl extent of load \ 
m^M^-^^{c x)\^Z extent of span/' 

this differs from the above expression by the factor 

n^ ZV - H^~ 30^ - 240' 

hence the results above would be in excess by a ^J^th 
part, or by xVths per cent. 
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Beam under a travelling load system of two equal weigbts at a 
fixed interval apart. — Fig. 43. Let R be the total load, 
and W, = TTj the weights numbered from the left end ; let 
48 be their distance apart, so that if be the origin for 
loads, the abscissae of W^ and W^ are 2s and - 2s respectively ; 
the origin for the span is the centre, and x is the distance 
from to (?. 

To find the maximum bending moment at any point x. 

First let W^ be over the point x, the whole load being on 
the span ; then P may be calculated as if the whole load R 
were at G, that is, 

P = s-(c— ^), and 
2c . ^ 

,M^ = P(e-x)^^(e-x)(c-x) (1.) 

This is the equation to the bending moment at any point a), 
when TTj is over the point, the whole load being on the span. 






iR> 



-Tr,)-~?f-4-''^^ -'--jw^^iR ^w; 






» Fiff.43. ^ Fiff.44. 

If the load travels a little to the right, P diminishes, and 
therefore the bending moment at x diminishes ; if the load 
travels until W^ is at a small distance a to the left of the 
section, then fig. 44 

and W^ = P'(c-x)-W^a 

Rjr - V, \ R 

= 2^(c - « + a)(c-x) - 2 a 
= ^(c-x)(c-x)-^^a^ 
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< ^Mx, if X 13 positive. 

Hence Jd^ is the maximum bending moment for values 
of X from to c ; that ia, for any point in the left half of the 
span the maximum occurs when W^ is over it, provided the 
whole load he then on the span. By symmetiy the maximum 
for any point iu the right half of the span occurs when W^ 
the right weight, is over it. 

B&ading Moment Diagram. — Fig. 45. Substituting for 
X its value (SJs— a:), we have 

,M^ = ^(c - 2e + ^Xc - X) (2.) 

the equation to the maxima bending moments for first half 
of span. The locus is a parabola with its axis vertical, and 



the principal equation ibY= =--^ ! it is therefore the emtie 

parabola as for a rolling load R. To find the horizontal 
distance to the apex A^, 6nd that value of x which makes 
the product (c - 28 + x){c — x) greatest; since the sum of 
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the factors is constant, this occurs when they are equal; 
thus — 

c-28 + aj = c—x 

or X = 8 (3.) 

That is, the apex -4^ lies to the left of at a distance 8, one 
quarter of the distance between the two weights. To find 
the height of -4^, put x=8, and 

,M, = ^(c-8)^ (4.) 

the maximum of maxima for first half of span. 

It is evident that A^ will lie to the right at a distance s, 
and that the two parabolas will intersect at D on the 
vertical through the centre. It is convenient to call the 
first half of the span field 1, and to say that this field is 
governed by TTj ; and we observe that the maximum in field 
1 occurs when W^, being in its own field, lies as far to one 
side of the centre, as G lies to the other. 

If it be possible for W^ to occupy every point in its field 
without TTg going off the span, we say that W^ can overtake 
its field. In the present problem it is necessary that 4s, the 
distance between the weights, be not greater than c the 
half-span, in order that each weight may be able to overtake 
its field. The problem divides into two cases. 

Case I. — 48 =: or <c. 

On fig. 45, 48 =: c ; and it is evident that one weight Ji2 
may be at any point of the half-span, while the other weight 
is not on the span. Hence the locus of the maximum bending 
moment at each point when only one weight is on the span 
is the parabola BEC, due to a rolling load ^R as in fig. 42. 

The apex E of this parabola coincides with Z), the inter- 
section of the pair of parabolas. This may be seen thus : — 
Shift the load until W^ is over the centre ; then, since W^ is 
over jB the extremity of the span, we may either consider it 
not yet on the span when OE is the bending moment, or we 
may consider that TF, is just on the span when OD is the 
bending moment. Also note that OE=^OA^y as BEC is the 
parabola due to the rolling load ^iZ, while BAfI is the 
parabola which would be due to a rolling load R, 
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The apex A^ia higher than the apex E; the two parabolic 
arcs BAj and BE intersect at B, and every point on the arc 
£AJ) ia outside of BEO. Hence the locus BAfiAfi is 
everywhere outside of BEC, and gives the mELximnm bending 
moment for each point of span. 

Again, on fig. 46, is < c ; that is, -d, and A ai-e closer 
together than ou fig. 46, hence D is higher tnan E and 
BAfiAfi ia again outside of BEG. SFand HC, parts of 
the parabola BEG, are shown by heavy dotted lines, and 
they indicate the bending moments, when one weight only 
is on the span. 

Graphical Solution; 48 %c. — Figs. 45 and 46. With a 
scale of feet lay off BG equal to the span, and upon each 



side of the centre lay off OS, — OS^ — s ; apply the rollers 
to BC, place any parabolic segment i^inst the rollers with 
its apex on the vertical through S , shift the rollers till the 
curved edge passes through B and draw BA^D ; similarly 
draw DAJJ. Then BAJiAJJ is the diagram of maximum 
bending moment at each point, the common height of .4, 
and Aj being maximum for the whole span. 

Place the segment with its apex on the vertical through 
the centre, and move the rollers till the curved edge passes 
through B and C; mark A^ and construct a scale of ft,-lbs. 
for verticals such that OA^ ■= \Sl. 
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Case II. — is > c ; fig. 47. 

In this case the apexes A^ and J. are farther apart than on 
fig. 45, hence D is below E\ hEf, the central portion of the 
parabola BEC due to only one weight on the span, lies out- 
side of BAJiAJJ and gives the maximum at each point for 
that portion. It will be seen that 

for, suppose W^ at F, then W^ is at B, and i^ representing the 
bending moment at F is the ordinate of BEC or of DAJd, 
according as we consider that W^ is not yet on, or is just 
on, the span. In this case, W^ cannot overtake the portion 
HOy neither can W^ overtake the portion OF^ of their 
respective fields. There are two equal maxima at A^ and 

A^, and a third maximum at E-y 
XT' ^48 >c) t^»*c/.«j^ and the greatest of these is 



the maximum for the whole 
span. The point E may thus 



J jf-s-Y-s-)| 1 ]^Q ^jig same height as, or higher 

4s«(2V2).2c A 48*(2W2).2c^ or lowcr than, J... 
""•""•/"* ^..ir,/,.a. Suppose that \b is of the 

same height as A^, then A^ 
will be twice as high as A^^ ; 
and we will have 




OB 



S,B 



B 



OH ' 0Fs(48'C) 

Flfir.47. 



^ : ^/2: 1; 

s, II OF J, ^ c that is c : (c—s) :: aJ2 :l 

hence 4s = (2 - J2).2c, 
or the distance between the weights = (2 - ^ 2) times the 
span. 

Thus if the distance between the weights equals or exceeds 
the quantity (2 - ^2).2c, or about r\^^^ of the span, the 
maximum bending moment for the whole span is at the 
centre. 

Graphical Solution; 4« > c. — Fig. 47. Lay oflT BC 
equal to the span; on each side of the centre lay off 
08^ = 08^=8, and 0H= OF=z^ - c ; draw verticals through 
S^y Hy 0, F, 8^ ; apply the rollers to BC, place any parabolic 
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segment tigainst the rollers with its apex on the vertical 
through S^, shift the rollers till the curved edge passes 
through B, and draw BAJi, stopping at the vertical through 
H; similarly draw OAJ', Shift the segment till the apex is 
on the vertical through the centre, move the rollers till 
the curved edge passes through B and C, and draw BAG, 
Bisect OA, in E) and plot a« many points in AiYasmay be 
necessary/by bisecting the ordinit^ of Ka/ or in any 
manner construct the parabola BEG. Then BAJiEfAJJ is 
the diagram of maximum bending moment at each point. 

Construct a scale for verticals such that OA^ ■=. \R.l. 

The complete interpretation of the locus BAJiAXJ is 
shown in fig. 48. Suppose the beam to extend beyond the 
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supports at B and G, and to be fixed at these supports so 
that P and Q may act upwards or downwards. In the 
figure the travelling load is standing with over B, so that 
P = R^ and Q is zero ; hence at i^, the point under TTj, the 
bending moment is zero, and this is the point at which 
GA^D meets BG. Let the load move towards the left until 
Wn is over any point as K; Q now acts downwards ; at the 
point K, the beam is bent upwards and the bending moment 
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is n^ative ; the value of ihis negative moment is QJi^C^ and 
it is given by the downward ordinate Kb, When TT, arrives 
over B, the bending moment at £ is n^ative; and its value^ 

QSC = TTj.fe, is given by the ordinate Bd. 

As the load moves fsirther to the left, the bending moment 
at each point, as TT, comes over it, is of the constant valae 
Bd ; BC is now a cantilever nnder the downward load Q, 
and the bending moment at each point of BG is now nega- 
tive, increasing indefinitely as the load moves towards the 
left. For all positions of the load, with no restriction on the 
value of 4«, BA^DA/J gives the maximum positive bending 
moment at each point ; and the height of J. ^ is the greatest 
positive bending moment that can possibly be produced by 
the load system. 



Beam under a traveUlns load system of two imeqiial weigbts at 
a fixed Interval apart. — Fig. 49. Let It be the total load ; W^ 

and TTj the weights numbered &om the left end; let G 
their centre of gravity be the origin for loiads, 2Aj and — 2h^ 
being the abscissae of W^ and W^ so that the distance between 
the weights is 2h^ + 2h^, Let IF^ be over any point of the 
span whose abscissa is x measured (positive to left) from the 
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centre as origin, and let it be understood all through that 
the whole load is on the span. 
As in the previous case, 

H 

is the equation to the bending moment at any point x when 
TTj is over it. 
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K the load travels a little to the right, P diminishes and 
therefore Mx diminishes ; if the load travels until W^ is at a 
small distance a to the left of the section, then (fig. 50), 

p 
M'x = 2^(c - ^ + a){c - aj) - TT.a 

W 
< jMa;, if ic> (c - 7r.2c). 

That is, the bending moment at x any point of the span, 
when TTj is over it, is greater than when the load is in any 
other position, provided that the point itself is situated 
between B the left end, and F a point whose distance from 
the centre is 



OFzzzc- ^,2Cy 



or from the left end is 



W. 



BF= -^.2c, 

jf 

Further, GF= p-^c, and the bending moment is greatest 

at any point of OF when W^ is over it. BF and CF are 
fields 1 and 2, and they are commanded by W^ and IF, 
respectively. 

Bending Moment Diagram, — Fig. 51. For x substitute 
2Aj— ic in equation 1, and we have 

,Mx = ^Jic - 2h, + x){c - X) (2.) 

the equation to the maxima bending moments for field 1. 

The locus is a parabola whose axis is vertical, and principal 

R 
equation is T= ^X^; it is therefore the same parabola as 

for a rolling load jB. 
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The abscissa of the apex A^y that is Oflf^, is found as before 
by equating the factors of equation 2, thus : — 

c — 2fej + ic = c—x, 

or X = \. 

That is, the apex A^ lies to the left of at a distance 
OS, = \ ] similarly A^ lies to the right of at a distance 
OS^ = Aj, each being half the distance between W and G^ 
Putting X = \y we have 

£fA= -^(fi-\)^-- (3-) 

Similarly S,A,= ^{c-h^^ (4) 

If the point S^ does not lie in field 1, the ordinates which 
are the bending moments for field 1 continually increase 
frofii zero at B the left end to their greatest value at F the 
other end of the Seld ; if S^ lies in field 1, then 

,Mk, = SA^ = -^(o-h,r (5.) 

the maximum of maxima for field 1. 

Similarly, if 8^ be situated in field 2, the height of A^ will 

be the maximum bending moment for field 2. 

Suppose TTj > TTj ; theti since both parabolas are the sa/me 
as that for the rolling load R, and are therefore the same as 
each other, A^ is higher than A^ because the quadrant CA^^ 
stands on a longer base than BA^Sj^; and 

,M.^ = S,A^ = ^(c-h;}' (6.) 

the max. of maxima for field 2, and max. for whole span. 

Now F is both in field 1 and field 2 ; and when TT^ arrives 
at F, the ordinate of the first parabola gives the maximum 
bending moment at F; again, when IF arrives at F, the 
ordinate of the second parabola also gives the maximum 
bending moment at F; that is, the ordinates at F are equal, 
or the two parabolas intersect at D a point on the vertical 
through F. 
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It is well to observe that the maximum in either field 
occurs when the weight commanding the field, while lying 
in its own field, is as far from the centre of the span upon 
one side as G is upon the other. If it be impossible in one 
of the fields for the weight so to lie, then for that field the 
bending moment continuously increases towards the end of 
the field not coinciding with the end of the span. 

i-t T «r or — smaller weight 

Case I. 2h, + 2K ^ , . . . ?^ x span, 

^ * _total weight ^ 

between the weights ^ shorter field. In this case it is 

evident that each weight can overtake its field. 

Suppose now that the distance between the weights is 

eqiial to the smaller field, and that the load stands with the 



or distance 







Pi8r.51. 



C 



greater weight just over F the junction of the fields, then 
the smaller weight is directly over the support. We may 
consider that the whole load is on the span, so that FD, the 
ordinate of the intersection of the parabolas, gives the bend- 
ing moment at J^; or we may consider that the greater load 
alone is on the span, so that the ordinate at F to the para- 
bola for the greater load alone as a rolling load also gives 
the bending moment at F; that is, the last-named parabola 
passes through D. The parabola BDC for the greater load 
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alone can be derived from BAfi by taking the same frac- 
tion of its ordinates as the greater load is of the total load ; 
it is therefore everywhere flatter than BAjO] and since 
BAJ) and BAjJ are the swme parabola as BAfi, it follows 
that the locus BAJOA^G is everywhere outside of the para- 
bola for either load alone. 

Again, suppose the distance between the weights to 
be decreased, then the apexes A^ and A^ approach, and D 
their point of intersection rises; here again the locus 
BA^DA^G is outside of the parabola for either load alone. 
Therefore, for Case I., the locus BA^DAC gives the maximum 
bending moment at each point of span due to the load coming 
on at either end, passing across, and going off at the other 
end. 

Graphical Solution, — Fig. 51. Find G the centre of 
gravity of the loads, by dividing the total distance between 
the loads inversely as the loads by arithmetic or by the 
construction on fig. 19. Divide the span BG in F, so that 

W 

BF = -^2c; or draw parallels in opposite directions from 

B and G, and of lengths equal to the loads respectively, 

when the line joining their extremities will cut BG in F; 
and observe that the distance between the weights is not 
greater than BF, From the centre of the span lay off 
08^ = h^ towards the left, and 08^ = \ towards the right; 
draw verticals through 0, Fy 8,, and 8^ ; on the diagram, the 
vertical through Fis drawn with dash and dot, to indicate that 
it separates two fields ; those through 8^ and 8^ shown by fine 
continuous lines give maxima bending moments, and that 
through shown by a dotted line is only constructive. Apply 
the rollers to BG; place any parabolic segment against the 
rollers with its apex on the vertical through 8^ ; shift the 
rollers till the curved edge passes through B, and draw 
BAJ) ; similarly, draw GAJ), and the segment should now 
pass through G and D simultaneously if the drawing has 
been accurately constructed. The figure BA^DAJJ is the 
diagram of maximum bending moment at each point of the 
span. Shift the segment till its apex is on the vertical 
through the centre ; move the rollers till the curved edge 
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passes through B and G, and mark A^ ; construct a scale for 
verticals such that OA^ = {R.L 

Case II. 2/tj + 2\ > . . , . f, x span, or distance 

between the weights > shorter field. Fig. 52. The two 
apexes A^ and A^ are further apart than in the previous 
case ; D occupies a lower position and is no longer on BEC^ of 
which a portion kEh is above BAJ)A^C; ana the diagram 
showing the maximum bending moment at each point is 
now BkEhA^a 

To find the points h and k; let W^ be over B, then W^is 
at Hj where BH is the distance between the weights. We 
may either consider that TTj is not yet on the span, when 
the ordinate at H to BEG gives the bending moment there ; 
or that TTj is just on the span, when the ordinate at -ff to 
DAG gives the same moment ; that is, the parabolas intersect 
at n. Again, equating the value of the ordinate of the 
parabola BAJ) to that of BEG, we find the abscissse of the 
points of intersection ; thus 

'(c-a;){i2(c + aj-2fcJ-F,(c + a;)} =0 (7.) 

putting c - aj = 0, then a? = c, or the parabolas intersect at 
By which we already know ; putting 

ii(c + a;-2A,)- Fa(c + aj) = 0, 
then W^{c + x) = R,2\, 

R 
and X — ^.Vi^-^c = OK (8.) 

which gives K the point on OB under the other point of 
intersection of the parabolas. 

Now GK=GO + OK= ^. 2h, 

It, ^ 

but R : W^ : TTg :: h^ + h^ : h^ : h^; 
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ho ^ 



■^(2h, + 2h^ 



.W, 



= (2h, + 2h^yf^ (9.) 

= The distance between the weights 
increased in the ratio of the weights. 

It may happen that E and A^ are of the same height, in 
which case there are two equal maxima for the whole span, 
one at the centre, the other at 8^ ; again, E may be higher 
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than A 2 when the maximum for whole span is at the centre. 
To investigate this, we have (equation 4) — 

and OE=lW,l = iW,c; 

equating these quantities, we have 



or 



or 
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w ^W 

or (c—h^^ = -iT^c^; or c—h^ = V~S^*^* 

K = (l- \l^)o (10.) 

Also h^ = y^% = y(l - y-2j»)c ....(11.) 

c ~ F, JR ' 

or, distance between weights — ^^ — r^. 2c (12.) 

That is, if the height of -4^ be equal to the height of E the 
apex of the parabola due to the rolling load TTg, the distanco 
between the weights W^ and W^ is equal to the fraction 

in 

^ — -Tjjjr multiplied by the span ; TT, being the greater 

weight, and R the total load. This fraction is always greater 
than \y and therefore it is possible for W^ to be at the centre 
without TTj being on the span. If the weights are fixed at 
this fraction of the span apart, then during their transit 
there are two equal maxima for the whole span, one at 
when TTj is over the centre, and another at S^ when W^ is 
over S , 

K tne distance between the weights is increased, the 
apexes A^ and J-g are lowered, and A^ becomes lower than 
E the apex of the parabola for W^ alone ; so that during the 
transit of the load, the maximum for the whole span would 
occur at the centre while W^ is over it. 

It is thus shown that, when the distance between the 
weights equals or exceeds the. above fraction of the span. 
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the maximum bending moment for the whole span occurs 
at the centre when the greater weight is over it, and equals 
the maximum due to the greater load alone as a rolling load, 
viz., 

m^^M^ = iWJ (13.) 

By taking W^ small enough, the fraction .^"^ — j^ may 

be made to diflFer from one-half by a quantity as small as 
we please ; on the other hand, this fraction is greatest when 
TTg takes its smallest possible value. Since W^ is the 
greater weight, it is always greater than \R\ putting W^ 
equal to Jii, we find that the greatest value of the fraction 
is equal to (2— ^2) or '586, and we have the following: — 

If the distance between the unequal weights exceeds the 
half span by ^gg^ ths of the span, or about -^{h part, then 
during the transit of the load, the maximum bending moment 
for the whole span occurs at the centre when the gi*eater 
weight is over it ; should the weights be very unequal, the 
maximum will occur at the centre if the distance between 
the weights be only a little (less than a twelfth of the 
span) greater than the half span. 

Graphical Solution, — Fig. 52. Construct BAJDAJJ as in 

Case I., and observe that the distance between the weights 

is greater than BF; this determines that it belongs to Case 

W 
II. Lay off BH = 2h^ + 2A„ and GK = {2h^ + 2A,)^^ Draw 

verticals through H and K ; ink in the portions Bk and Ch 

of the locus BAJ)A^Gy and construct a number of points on 

W 
kEIb by cutting the ordinates of BA^G in the ratio -^. If if 

does not lie on GB, the arc Bk is inadmissible, and the locus 
is BEhAJJ, Construct the scale for verticals such that 
OA, = ik,l 

Note. — During the transit W^ really commands from C 
toK. 

Corollary 1. — If GK equals GB, the points k and B 
coincide, and the parabolas touch at ^ ; if GK exceeds CB 
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then k is beyond B, In either case BEG is outside of BAJD, 
and W^ commands the whole span. 

Corollary 2. — If the beam extends past the supports as in 
fig. 48, and if P and Q are able to act upwards and down- 
wards, then the locus BAJ)A^G ^ve^ the maximum positive 
bending moment at each point for all cases; each curve 
drawn as on that figure gives the bending moment at each 
point when the corresponding weight comes over it. 

Corollary 3. — Let both weights (fig. 52) be confined to 
the span, then 

1°. l{FC^(2}i^-{-2h^yi\iQ\oc\x^ for maximum bending 
moment at each point is the arc BD, chord Dh, and 
arc hA^C; 

2°. If FG ^ (2h, + 2^2), ^^^ locus is arc Bh\ chord KD, 
chord Dh, and arc hA^G. The point K is above H' 
and on the arc BA^D, and GH' = (2h^ + Vi^. H ' 
and h' are not shown on the figure. 

The maximum will be at 82 or H. 

Eooamples, 

79. A beam, 20 feet span, bears a travelling load of 10 
tons concentrated in equal portions on two wheels 8 feet 
apart. Find the maximum bending moment. 

In this case, W^ = TTg, and 4s ■< c, so that (fig 46), 
OS^ = OS2 = 8, The maximum occurs at 2 feet on either 
side of the centre, whether the load is confined to the span 
like a travelling crane or makes a transit like a truck; its 
amount is found by assuming the load to be standing with 
the left wheel two feet to left of centre. 

Ans. P=z4i tons; ^ilfj^ 2-^- 2^32 ft.-tons, max. for 
whole span. 

80. In the preceding example, find the greatest bending 
moment that occurs at the point midway between the left 
end and the centre of the span. 

Since the point is in the left half of span, the maximum 
at the point occurs when the left wheel is over it. 

Ans. P = 5*5 tons ; ^M^ = 27o ft.-tons max. at that point. 
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81. Find, for example 79, the equation to the maximum 
bending moment at each point of left half of span, and give 
its value at intervals of two feet. 

R 

— \{Q + x){\Q-x)\ max. for values of x from 

to 10. 

Hence JI^ = 30 ft-tons ; ^M^ = 32, max. ; ^M^ = 30 ; 

82. In example 79, if the wheels are 4 feet apart, find the 
maximum bending moment for the whole span. 

^M^ = |?(10- 1)2 = 40o ft.-tons. 

83. In example 79 find the bending moment at the centre* 
when the load is in any position such that one wheel is on 
each side of the centre. 

Arts, Mq = 30 ft.-tons. 

Note, — The bending moment at the centre is the same for 
either wheel over it, and for the wheels in any position one on 
each side of the centre ; this will be proved in the general 
case. 

84. A beam 20 feet span bears a travelling load of 10 tons 
concentrated in equal portions on two wheels which are 12 
feet apart and confined to the span. Find the maximum 
bending moment for whole span. 

In this case OS^ = 3, and TT, may occupy the position S^ 
Calculate M^ with the load in its proper position, or find 
Mg the maximum from the formula, and 

1-M3 =z ^ _^ = 24*5 ft.-tons max. 

Note. — The maximum may readily be derived from the 
diagram thus : — The apex is above the point a; — 3, so that, 
base of quadrant = (10 — 3) = 7 ; the modulus = load 
—span = J ; hence, height of apex, or modulus into base 
squared, is 24*5. 
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85. Find the maximum if the load in the previous example 
makes a transit. 

In this case 4d :> 'oSGl, so that the max. for whole span 
occurs at the centre when either wheel is there situated, the 
other not being then on the span; its value i3M\=: 25 ft.-tons 
maximum for whole span during transit, as we see by com- 
paring with jM^, 

86. If the wheels in example 84 are 16 feet apart, and the 
load is confined to the span^ find the maximum for the whole 
span. 

The left wheel cannot come to the point x=4s; bring it as 
near as possible to that point, viz., to the point ic = 6, and 
the maximum occurs here. Its value is to be found by 
calculating M^ when the load is in the position a; = 6, or by 
substituting x = 6 into the equation to the left parabola. 

Ans, ^Mq — ^M _^ — 16 ft.-tons. 

87. Find the equations to the maximum bending moment 
at each point in the preceding example, and the amounts at 
intervals of 2 feet. 

^Mx = K^ + x)(lO—x), for values of x from 6 to 10 ; 
and 2^x = i(2— aj)(10 + a5), for values of a; from —6 to —10. 

For the central portion, the chords Dh and Df (fig. 47) give 
the maxima bending moments. The height of D is 
Mq = 10, and of h is ^ifg = 16 ; the difference of these 
Heights is 6, and the upward slope of Dh is one vertical to 
one horizontal. 

Ans. ^M^ = 10, if'g = 12, M\ = 14, ^M^ = 16, ^M^ = 10, 
^M^Q = 0, all maxima ; the right half is symmetrical. 

88. Find, for example 86, the equations to the maximum 
bending moment at each point of span when the load makes 
a transit ; and give the values at intervals of two feet. 

The equations are the same as in the previous example 
for the values of x from 6 to 10 and from —6 to —10; for 
the central portion, the locus is now the parabola for one 
wheel alone rolling, viz. : — 

M'x = i(100— a;^), for values otx from 6 to —6. 

I 
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M\ = 25, ATg = 24, M\ = 21, M', = ,M, = 16, ,M, = 10, 
jilf ,^ = ft.-tons, all maxima for the transit. 

89, A beam 40 feet span, bears a travelling load of 5 tons * 
concentrated on two wheels 10 feet apart, there being 2 tons 
on the left and 3 tons on the right wheel. Find the maxi- 
mum bending moment; the equations to, and amounts at 
intervals of 2 feet of, the maxima bending moments. 

Data: — Tf, - 2, W^=:S, R = b tons; c = 20, 2h^ = 6, 
2A,o = —4 feet. 

Dividing 40 directly as 2 and 3, we have BF and FC, 
fields 1 and 2, equal respectively to 16 and 24. Since 
the distance between the wheels is less than the shorter 
field, the example comes under Case I. (see fig. 51), and the 
maximum bending moment at each point is the locus BDG, 
whether the load is confined to the span or makes a transit. 

The maximum bending moment for whole span occurs at 
a; = Ag = — 2; its value is to be found by supposing the load 
standing with the right wheel two feet to tne right of the 
centre, and then calculating the moment at that point. 

P =z ^ tons, and Jif_ ^ = 40*5 ft.-tons max. 

The equations to the maximum bending moment at each 
point are. 

For field 1, ^Mx =- J(14+a;)(20— a;), for valuesof aj from 
20 to 4. 

For field 2, ^Mx = ^(16— a;)(20 + x), for values of x from 
4 to - 20. 

And evaluating at intervals of two feet, we have 

ilfgo = 0, i»fi8 = 8, &c., to M^ = 36; J/^ = 38 J, M^ =: 40, 
M_ 2 = 40-5 max., M_^ = 40 ft.-tons, &c. 

Note, — The height of -4 2 may be calculated from fig. 51 
thus : — 0^2 = 2, the base of quadrant then is 18 ; the 
modulus is the load divided by span, that is J ; hence the 
height of apex, or modulus into base squared, is 40*5. 

To make the graphical solution, lay ofi* OS^^ = 3, OS^ = 2, 
and draw BDC as previously described; make a vertical 
scale upon which OAq = J x 5 x 40 = 50. 
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90. Find the maximum bending moment in the previous 
example if the wheels are 15 ft. apart. 

The distance apart is still less than the shorter field, and 
2^2 now equals 6 feet 

Atis. gilf _3 = 36 J ft.-tons, max. for transit. 

91. Give the equations to the maximum bending moment 
at each point of span, an<^ the amounts of the maxima in 
example 89, if the wheels are 20 ft. apart 

The distance apart is greater than the shorter field ; the 
equations to the maxima bending moments for the transit 
are (fig. 52) — 

^M^ = i{S + x){2{)-x) 

for values of x between B and K, that is from 20 to 10, since 
CK= 20 xi-:=i 30 feet 

,i^i X = tV(4oo - x^ 

for values of x between K and H, that is from 10 to ; 
since BH equals the distance between the weights, H coin- 
cides with 0. 

^M^ = U'^2-x){20 + x) 

for values of x between JS and G, that is from i^o - 20. 

The two maxima are ^M\ = 30, and ^M_^ = 32 ft-tons, 
the heights of E and of A^ respectively. We could have 
anticipated that the height of A^ would exceed that of E, 
since the distance between the loads does not exceed xV*^* 
of the span. 

92. In the previous example, suppose the load confined to 
the span, and show how the locus of maxima bending 
moments is afiected. 

For the central portion from F to H, the maxima are the 
ordinates of the chord DE or Dh since the points E and h 
coincide, and the height of A^ is still the maximum for the 
whole span. The ordinates to the chord Dh may be found 
by supposing the right wheel fixed at H, the other wheel 
being then over the point of support may be neglected. 
Otherwise, the height of D is found by substituting aj = 4, 
into either ^Mx or ^x ; and the height of h by substitute 
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ing X = 0, into ^Mx ; thus, height of J) or M^=: 24, height 
of h or Mq =: 30, and by proportion the intermediate 
ordinates of the chord Bh are easily found. 

93. A beam 56 feet span bears a travelling load of 16 tons 
concentrated on two wheels 32 feet apart, 7 tons being on 
the left wheel and 9 tons on the right. Find the maximum 
bending moment during the transit. 

The right hand side of equation 12 on page 125 may be 
written thus, — 

R - JRTW . 
W, ^""^ 

in our example, this quantity equals 32 feet, which 
happens to be the distance between the weights; hence 
there will be two equal maxima, one at 7 feet to the right 
of the centre when the greater load is over it ; the other, 
at the centre also when the greater load is over it, the smaller 
load not being then on the span. Place the load in those 
positions respectively, and calculate the moments. 

An8, ^M_j = ^M\ = 126 ft.-tons. 

94. A travelling load of 5 tons concentrated on two 
wheels 10 feet apart, 1 ton being on the left wheel and 4 
tons on the right, passes over a beam of 40 feet span. Find 
the maxima bending moments at intervals of 4 feet, and the 
maximum for the whole span. 

Distance between weights x ratio of weights = 40 feet 
= span, so that k coincides with B (fig. 52), and therefore 
arc BhE lies everywhere above arc BB; that is, the maximum 
at each point of span occurs when the greater weight is 
over it. Further, the height of A^ is greater than that of 
E, since the distance between the weights does not exceed 
^tha of the span. Placing the greater load over points at 
intervals of 4 feet and calculating the bending moments, or 
substituting into the equations to the loci Bh and hAJ), we 
have 

,M'„=0, ^„=14-4, ^'„=25-6 ; ^,=35, A=*2, J^,=i5, 

,ilf_,=H^_.=39,^_„=30,^_„=17,,M_^=0fl.-tona. 

Since the greater weight lies 2 feet to the right of tiie 
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centre of gravity of the load, the maximum lies at 1 foot to 
the right of the centre of span, and 

^M_^ =45^ ft.-tons max. for whole span during transit. 

The equations to the loci from which these may be cal- 
culated are 

for Bh, J^r^ = Mc^ - x^) = xV(400 - x") 

for values of x from 20 to 10 ; 

and for hAjO, ^Mx = tV(<5 + 2h^ -x)(c + x) 

=:J(18-a;)(20 + aj) 
for values of x from 10 to - 20. 

95. A beam 30 feet span supports a load of 5 tons con- 
centrated on two wheels 20 feet apart, 1 ton being on the left 
wheel and 4 tons on the right. The load being confined to 
the span, find the maximum bending moment. 

In this example, S.^ lies 2 feet to the right of the centre, 
or 17 feet from the left end, while H lies 20 feet from the 
left end; hence H lies to the right of A^ (fig. 52.) The 
highest ordinate of the locus, arc BD, chord Dh, arc hC, is 
the ordinate of h. 

Am, ^M^ = 26§ ft.-tons. 



The Parabola. 

Theorem, If to the ordinates of a parabola, axis vei'tical 
and apex to left or right of origin, the ordinates of another 
parabola, with axis vertical and passing through the origin, be 
added ; then the new locus is a parabola, its modulus is the 
sum of their moduli, and its axis is vertical ; its apex lies on 
the same side of the origin as the apex of the first parabola ; 
and the abscissa of its apex is the same fraction of the 
abscissa of the first parabola's apex, that the modulus of 
the first parabola is of the sum of the moduli. Fig. 53. 
See also figs. 15 and 16. 

For the parabolas whose apexes are A^ and A^ respec- 
tively,— 
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-ra^oi?. 



Adding, 2/\ = {H^ + J?i - mK\) + 27nKjX - (m^ + 7n)x\ 

or y\ = {H^ + H,-mK',)^m,+m)(J'^^-x)x....{h) 

which is a parabola of modulus (m^ + m), its axis is vertical, 
its apex lies on the same side of origin as the apex of the 




I 

Pigr.53. 

first parabola; and if K^^ is the value of x which makes 
(— ^ — x^x greatest, then 



K'.^ 



m 



Ttl^ + lYl 



K, 



Q. E, D, 



(2.) 



Theorem. If to the ordinates of a locus consisting of two 
parabolas, with axes vertical, with a common modulus m. 
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and intersecting at F^ there be added the ordinates of a 
parabola^ axis vertical, apex above origin, and modulus m^ ; 
then the new locus consists of a pair of parabolas with axes 
vertical, having the common modulus (m. + m), and inter- 
secting at F^ on the same vertical as F. Fig, 53. 

For the parabolas whose apexes are A^ and A^ respec- 
tively, — 

y^ = {ff^- mK\) + 2mK^x - mu^. 

y^ = {H^-mKl) + 2mKjc-mo(?. 

If /be the abscissa of the point of intersection, then where 
Vi — ^2* ^ =/j subtracting, we have 

which gives the value of/. 

Again, by the previous theorem, equation (1) — 

y\ = {H^ + H^-mK\) + 2m^,a^-(m, + m)x\ 

si milarly, y\ = {H^ + ^a - '^^l ) + ^rnK^{m^ + m)x\ 

Let f be the abscissa of the point of intersection, then 
where 2/\ = y\, aj =/*; subtracting, we have 

= (F, - H^) - m{K\ -Kl)-^- 2m{K,-Ky (4.) 

hence f =f. (5,) 

Q. E. jD. 

Theorem, If two parabolas with axes vertical and a com- 
mon modulus m intersect at a point, then the horizontal 
projection of any double chord drawn through that point is 
constant and is equal to the double horizontal chord drawn 
through it. And conversely, if a line whose horizontal 
projection is equal to the double horizontal chord through 
the point of intersection be placed with one extremity on 
each parabola, either the line or the line produced passes 
through the point of intersection. Fig. 54. 

The equation to the parabola (fig. 16) is 

y =z (H-mK^) + 2mKx — 7nx^; 
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choosing the origin at the point of intersection, then 
ir^=mKl€indff^=mKl; hence {H^-mKl)=z(H^-mKl)=zO; 
and considering K^ and K^ positive, we have 

y^ = 27nK^x-mx^ (6.) 

y^=z -2mK^x-ma? (7.) 

The equation to any straight line through (see page 21) 
may be written 

y =/^ (8.) 

equating (6) and (8), we find for V the point of intersec- 
tion X = 2K, - — : similariy for JV, x = -2K^ - — . 

1 ^7 J ^ m 



Hence 



vn = 2(K^ + K,) = ST 

A, 



(9.) 




cona 



Piff.64. 



Further, if VN be such that vn = 2(K^ + K^), and V moves 
on parabola No. 1 while N moves on parabola No. 2, it is 
evident that KflT always passes through 0. When F arrives 

at 0, then VN is a tangent at to parabola No. 1 ; and if V 
moves to V\ then N' V produced passes through 0. Q, E. D. 

Theorem, While the double chord VON turns, if for each 
position there be taken on it a point B whose horizontal pro- 
jection b divides ti^ in a constant ratio; then this point 
traces out a parabola whose axis is vertical, which has the 
same modulus m as the parabolas Nos. 1 and 2, and which 
passes through the point of intersection 0. Fig. 54. 

X, y being the coordinates of F; let X, F, be the coordin- 
ates of B ; and vb =^ G a constant ; then 

x = X + G, and F=-^Z. 

X 
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Now y = 2mK^x - mx\ or ^ = m(2^j - x) ; 

Y=:m{2K^^C-X)X (10.) 

the locus of B; and it is a parabola with axis vertical, of 
modulus m, and passing through 0, The abscissa of the apex 
J-, is equal to -ff^ - ^(7. Q. E. D. 



Travelling load oonoentrated on two wheels together wltli fixed 

.—Let the travelling load be such as is described in 
Case I., page 121. With any parabolic segment draw the 
diagram as on fig. 51 ; on this, to the same scales, draw the 
diagram for fixed loads as on fig. 39. Through S^ draw a 
vertical, and find the points d^, d^, &c., as described for and 
shown on fig. 39 ; in this case 28^A = LN, and BS^^ = LS. 
With the same parabolic segment, placing its apex succes- 
sively on the verticals through cZ , d^, &c., draw the arcs 
BE, EFy &c., as on fig. 39, until the vertical dividing the 
two fields is reached. Again, draw a vertical through S^ 
and find the points d^, d^, &c. ; in this case 2S^^ = Llf, 
and GS^ = L8 ; with the same parabolic segment draw the 
arcs CH, HG, &c., until the point formerly fixed is reached. 

For Case II., page 123, the method to be employed is 
somewhat similar : — Draw the diagrams as on figs. 52 and 
39. Draw the arcs BE, EF, fcc, of fig. 39 until the vertical 
through K is reached, and the arcs CR, HO, &c., also of fig. 
39, until the vertical through IT is reached, all with the 
parabolic segment used for drawing BAJ)A^C of fig. 52, 
as for C^e I. Complete the figure hy drawing the arcs 
between the verticals through K and H with the same 
parabolic segment as BEG (tig. 52) is drawn with; here, 
20E = LN, and c = LS, where c equals the half-span. 

One case is of special interest, viz., that of case fig. 51, 
together with a fixed load W 2^i F the junction of the fields. 
The eflTect of adding this weight is to make the apexes A^ 
and -4 2 move horizontally toward each other. Some par- 
ticular value of TT will make them come on the same vertical 
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when it is evident that they must coincide ; any value of 
IT greater still will cause them to pass each other as on 
fig. 29; and it can easily be shown that the value of W 
which makes them coincide is 

c 

Hence, if on fig. 51, besides the load shown on the beam, there 
be added at F the junction of the fields, a weight which is the 
same fraction of R that the distance between the wheels is 
of the span, then BAjC is the bending moment diagram, 
just as if ^ were concentrated on one wheel as a rolling 
load. And conversely, if R be concentrated as a rolling- 
load, and at the same time the weight above-mentioned act 
upwards at F, then BAJ)Aj3 is the bending moment 
diagram for the combined load ; that is, we may construct 
a bending moment diagram for case fig. 51 by drawing the 
parabola BAfi, and above the same base a triangle corres* 
ponding to the upward weight at F; the distances between 
the triangle and parabola give the bending moments, but 
there is the disadvantage of having a figure which consists 
of two irregular outlines, and which fails to show the posi- 
tions of the maxima A^ and A^, 

Bwuii Qnder a travelling load ssrstem of nneqnal welglite fixed at: 
irregular intervals, tlie load l>eing oonflned to tlie sfian so tbat no 

weight iMisses off. — Fig. 55. Let R be the total load ; TT^, 
W ... Wr ... Wn, the weights numbered in order from the 
leu end ; G the centre of gravity and origin for the weights ; 
2Aj, 2h^ ... 2hr ... 2hn, the abscissae of the weights, those to 
the rignt of G including their negative sign; the origin 
for, and 2c the length of, the span, distances towards the 
left being positive ; and let x be the abscissa of any section. 
First. Let the load be in a position such that the r*^ 
weight is over the section; ar^, x^ ... x^^i, the abscissse of the 
(r-1) weights, measured from 0; x the abscissa of G^,and c 
that of the left end of span ; then 
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and r^a 



2c 



{c + x){c-x)-W^(x^-'x)-W^(x^'-x)- 



... -Wr^iix^.i-x)- Fr(av -aj)...(l.) 

the last term is zero, since Xr = x, and it may either be 
expressed as above or omitted. 

Second. Let the load be situated at a short distance a 
to the right of its former position ; then 

and M'x = -a-{c + x-a){c-x)-Wjl(pej-a-x)-Wj[Xj-a-x)-... 



2e 



E 



... -Wr.liXr.i-tt-X) 



- ♦■^* " -ir(«-«)a+(^i+^.+-- + ^r-i)a---(2.) 



2c 



or 



if c L- ft ■'.zc > x; 



fp 



i; 



25"' i^i''' ^'^ >< ^"^^ 



V V V 



^\ \*- K'i f^l 



G ^ 



•C4-? ^ •{ 






Wf^t^C 






w: f ^' 



t 



Xu; 









<v<*' f,% ^i> 



w<n 



W,{ \ { Wr 



17^ 



t 



o 



} 



c* i-»-ot 14 



G 
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that iS; the bending moment for the first position is the 
greater, if the distance of the section to the left of the centre 

less than c — -~4 — \ 2c ; or what is the same thing, if the 



IS 



140 APPLIED MECHANIC& 

distance of the section from the left end is greater than 

Third. Let the load be situated at a short distance a to 
the left of the first position ; then 

T> _ 

P'= ^(o + x + a); and 

- Wrix ^-a-x), 

= rMx +^{c-x)a-{W,-\-W^^ + ... + W)a (3.) 

<,i/^, if ^(c-a5)<2r(F); 

or, if c -^j^ ,2c < x: 

that is, the bending moment for the first position is greater 
than for the third, if the distance of the section to the left 

of the centre is greater than c ^ • 2c ; or, what is the 

same thing, if the distance of the section from the left end 

is less than — p— ^ • 2c. 

Hence there is a portion of the span, lying between the 

point whose distance from the left end is ^. .2c, and the 

point whose distance from the left end is —^—k — - . 2c, such 

that the bending moment at any section in that portion is 
greater when the r*^ weight is over it than for any other 
position of the load, if for each position all the weights are 
on the span as premised. This portion of the span we call 
the r^^ field, and we say it is commanded by the r*^ weight. 
The extent of this 7'*^ field is 

^.2c-^-^^l2c = ^.2c (4.) 
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the same fraction of the span as the r*^ weight is of the 
total load ; hence, in order to mark the fields^ the span is to 
be divided into as many portions as there are weights, these 
portions being proportional to the weights and in the 
same order. The maximum bending moment at any point 
occurs when the weight, which commands the field in which 
the point lies, comes over that point. Since no weight is 
to go off the span, sometimes there is a part of a field which 
the commanding weight cannot occupy, and then the weight 
is said not to be able to overtake that part of its field ; as 
will be proved when we come to the graphical solution, the 
maximum bending moment for such points occurs when 
the commanding weight is as close thereto as it can be 
brought. 

Into the expression for rMx the maximum at any point 
of the r*^ field, substitute as follows : — 

X = {x-'2hr), (x^-x) =z {2\-2hr\ (a?2-a;)=(2A-2A'0,&c. ... 
{Xr^ 1 - ^) = (2^r-i - 2A,.) ; and we have 

...-Tr,.i(2A,.,-2A0 
= -^(c + a;-2;i,)(c-aj) + 2A, 2j-XTr)-2rXTr.2;i)...(5.) 

this is the equation to the maxima bending moments for the 
^ih. field. The locus is a parabola, its axis is vertical, its apex 
is above the span and may lie to either side of the centre 

of span ; its modulus is -^-, a quantity which is the same 

for all fields and is the same as the modulus of the parabola 
due to ^ as a rolling load. The abscissa of Ar, the apex 
of the r^^ parabola, is that value of x which makes 
rMx or (c + cc— 2Ar)(c— i») greatest, that is where 

X = hr (6.) 

hence the apex of each parabola lies on the same side 
of, and horizontally half as far from, the centre of the 
span as the commanding weight is from the centre of 
gravity of the load. The apexes for some of the fields 
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may lie in their own fields, and in such fields the max. of 
the maxima is given by the ordinate of the apex; for 
other fields, the apexes may lie outside of their own 
fields, and in these there is no max. of maxima, but the 
maxima increase continuously from one end of the field to 
the other. 

Bending Moment Diagram. — ^Fig. 56. The locus is the 
polygon BDJ)^, &c., formed with parabolic arcs BD^, 
Djb^, &c. ; each parabola being the same as BAfi that for 
the rolling load Ji, but lying with their apexes at the 
distances OS^ = h^, 08^ = h^c, where h^, h^, &c., are half 
the respective distances of TT^, W^, &c., from the centre 
of gravity of the load. The parabolas intersect in pairs on 
the verticals through the junctions of the fields; that is, 
through F^y F^, &c., points such that 

BF^ : F^F,, &c. : BG :: W, : W,, &c. : R; 

for, if Fr be the junction between the r*^ field and the 
(r + 1)*^ field, then Fr is the last point in the r*^ field ; the 
maximum at Fr occurs when Wr is over it and is given by 
the ordinate at Fr to the r*^ parabola. Again, Fr is the 
first point in the (r + 1)*^^ field ; the maximum at Fr occurs 
when JTr + i is over it and is given by the ordinate at Fr to 
the (r+1)*^ parabola. But the maximum at Fr is. some 
one definite quantity, hence the two parabolas have a com- 
mon ordinate at Fr. 

Maximum Bending Moment for whole span, — In fig. 5C), 
A^ and A^ lie respectively in their own fields ; and the one 
which has the greater ordinate gives the maximum for 
whole span. In the general case one or more apexes will 
lie in their own fields ; one at least, as we cannot conceive 
of such a series of curves lying so that every apex is inside 
of another of the curves. The ordinate of the apex that 
lies in its own field, if only one is so situated, is maximum 
for the whole span; the ordinate of the highest apex, if more 
than one be so situated. 

Suppose the first curve continued to the right, past 
D^; the second past Dg, &c. ; then each parabola is the 
locus of the bending moment at each point as the corres- 
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ponding weight comes over it, the whole load being on 
the span. If the load stands still in any position, as for 
instance that in which the load is drawn in fig. 56, the 
bending moment at the point where W^ stands is the 
ordinate there of the 1st parabola, at the point where TT, 
stands the ordinate of the 2nd parabola, &c. If then the 
ordinates at these points be drawn each to the proper para- 
bola, and the tops of the ordinates be joined, we will have 
the bending moment diagram for that set of fixed loads ; we 
will have in fact the diagram shown in fig. 18, because the 
load is now the fixed load shown in fig. 3. 

Further, for the position of the load shown in fig. 56, tlve 
straight line joining the tops of the two ordinates, one 
drawn to parabola 2 from the point where W^ stands, 
and the other to parabola 3 from the point where TT, 
stands, will pass through D^ the intersection of these 
parabolas, because the horizontal projection of that joining 
line is constant, being equal to the distance between W^ 
and W^; and wo know that one end of this joining line 
coincides with D^ when either of the weights W^ or W^ is 
over F^; hence by the preceding theorem (fig. 54) it will 
always pass through D^. Now, for the position of the load 
shown, the joining line gives the bending moments at all 
intermediate points, so that the ordinate of D^ is the bending 
moment at F^ for that position of the load ; and similarly for 
any other position for which F^ lies between the weights 
TFg and W^, In other words, the bending moment at F the 
junction of two fields is the same, whether the weight com- 
manding the field on either side is over it, or whether the 
load stands in any position for which F lies between those 
weights. When the load stands in a position where those 
two weights are both to one side of F, then the joining line 
produced still passes through D,. but the ordinates of the 
produced line are not bending moments. For instance, the 
line joining the tops of the ordinates on fig. 56, one drawn 
to parabola 4 from the point where W^ stands, and the 
other to parabola 5 from the point where W^ stands, will 
when produced pass through D^ the junction of those para- 
bolas; however, not the ordinate at F^ to that produc 
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line, but the ordinate to the line which terminates at G, 
gives the bending moment there. 
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On fig. 56, observe that if the load moves more than one 
foot to the left, W^ goes off the span ; and there is a portion 
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of field 3 at its left end, which TT, cannot overtake, and 
for which the corresponding portion of parabola 3 is dotted, 
being inadmissible. For the position of the load shown, we 
saw that the bending moment at each point of that portion 
of field 3 is given by the ordinate to a straight line from 
D^ to the top of the ordinate of parabola 3, at the point 
where TFg is standing ; that is, by the chord of parabola 3, 
from Dg to the top of that ordinate. Now, the closer TT, 
comes to F^ the steeper will that chord be, and consequently 
the greater the bending moments at all these points. Hence 
the chord of the dotted or inadmissible part of parabola 3 
gives the maximum bending moment at each point of the 
portion of field 3 which W^ cannot overtake. Similarly 
for any portion of any field which the commanding weight 
cannot overtake, the chord of the parabola, instead of the arc, 
gives the maxima bending moments for the whole load on 
the span. Fig. 52 has already been quoted as an example 
of this, when we assumed the arc Bk^ chord kD, chord Dh, 
and arc hC to be the diagram of maxima bending moments 
for load confined to the span. 

Oraphical Solution. — Fig. 56. Lay off the wheel base 
and find G the centre of gi'avity of the load either by 
analysis as at fig. 3, or graphically as in fig. 19 and indi- 
cated in fig. 56. Lay off BC equal to the span ; divide it 
at the points F into fields proportional to the weights, either 
by arithmetic or as indicated on the diagi'am, and draw verti- 
cal lines through them to separate the fields. Lay off OflL 
equal to half the distance of W^ from G, OS^ equal to half 
the distance of W^ from G, &c., — each point S being on that 
side of the centre on which the corresponding weight lies 
with respect to G; draw verticals through the points S; 
apply the parallel rollers to BC; place any parabolic seg- 
ment against the rollers with its apex on the vertical 
through S^; shift the rollers till the curved edge passes 
through B, and draw the arc BD^y stopping at the vertical 
through -Fj ; shift the segment till the apex is on the vertical 
through Sg, move the rollers till the curved edge passes 
through Dj, and draw the arc D^D^y stopping at the vertical 
through -Fj. Similarly draw arc after arc in succession {r- 
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• 

each field, and if the arc for the last field passes through C 
the extremity of the span, it checks the accuracy of the 
drawing. Lastly, shift the segment till the apex is on the 
vertical through the centre ; move the rollers till the curved 
edge passes through the two extremities, mark A^ and con- 
struct a scale for verticals and bending moments such that 

OAq =: \R.l, Find by inspection the portions of the fields 
which the commanding weights cannot overtake, and over 
such portions replace the arcs by chords. Then the locus 
gives the maximum bending moment at each point for all 
possible positions of the load, the load being confined to 
the span. 

To find the locns of the bending moment at each point of spaa 
for a particular point of the wheel base over it. — Let h be any 

point on the wheel base, or that base produced, and sup- 
pose the load standing as on fig. 56 ; let ordinates be drawn 
from the points where W^ and W^ (the weights on each side 
of 6) stand to the corresponding parabolas 2 and 3, and let 
V and N the tops of those ordinates be joined by a straight 
line, which, as we have already seen, passes through D^ the 
intersection of those parabolas. Let B be the point on that 
joining line on the same vertical with 6, then the ordinate 
of B is the bending moment at the point over which 6 
stands. Now by theorem, fig. 54, when the load moves, the 
joining line, or double chord of the two parabolas, turns 

about Dj ; and since vb the horizontal projection of VB is 
constant, the point B traces out a parabola. This parabola 
passes through D^, and is the same parabola as the others 
of the series ; also by comparing figures 54 and 56, it can 
be shown that its apex A lies to the left or right of the 
centre, according as h lies to the left or right of Q the centre 
of gravity, and at a distance given by the equation 

OS = \Gh. 

Qraphically. — Construct as much of the preceding solu- 
tion as determines D the junction of the parabolas corres- 
ponding to TTg and W^ the weights on the two sides of 6. 

Lay ofi* OS equal to half of Oh, and draw a vertical through 
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8; shift the parabolic segment till its apex is on that 
vertical, move the rollers till the curved edge passes 
through Dg, and draw the parabola whose apex is A. If b 
lies between the two end weights W^ and TF",, the curved 
edge passes through D^ ; if 6 is on the wheel base produced 
to the left, the curved edge passes through the extremity B. 
If the beam extends beyond the supports, as on fig. 48, the 
props being fixed and able to act upwards and downwards ; 
then for the load in any position on the beam whatsoever, 
the locus BDJ)^, &c., of fig. 56 gives the positive maxima 
bending moments, and the negative ordinates have the 
interpretation given at fig. 46. 

« 

Examples. 

96. A beam 42 feet span supports the five wheels of the 
locomotive shown on fig. 3 ; find the locus of the maximum 
bending moment at each point for all positions of the load, 
it being understood that no wheel moves off the span. 
Fig. 56. 

Loads 5, 5, 11, 12, 9 tons = 42 tons. 

Intervals 5, 8, 10, 7 feet = 30 feet. 

Distances from (?, 17, 12, 4, -6,-13 feet. 

Dividing the span in the ratio of the weights, we have 
the extent of the fields as follows : — 

1st field from 21 to 16 ; 2nd field from 16 to 11 ; 
3rd field from 11 to ; 4th field from to -12 ; 

5th field from -12 to -21. 



Substituting in the general equation 
2c 



Mx = '^{c-\-x-2KXc-x) + 2hrir,-\W)'-i;^-\W.2h\ 



-we have 

^M^ =-^^(c + x-2hXc-x) = (4 + a:)(21-rr), 
for values of x from 21 to 16 ; 
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= (9 + a;)(21-a;)-25, 
for values of x from 16 to 11 ; 

,Mx =^^c + x-2h,)(c-x)+2h,(W,+ W,y(W,.2h,+W,.2h;) 

= (17 + a;)(21-a;)-105, 
admissible for values of x from 8 to 0. 

JMx = ^(c + x-2hXc-«>)-i-2h^{W,+ W,+ F.) 

- (W,.2h,+W,.2h,+ W,.2h;) 

= (27 + x)(21-a;)-315, 
admissible for values of x from -2 to -12; 



I 



-(Tr,.2A,+ W^.2h^+ W^.2h^-\' W^.2h;) 



= (34 + iK)(21-a;)-546, 
for values of x from - 12 to - 21. 

To find the ordinates of the apexes ; substitute x = h^ 
= 8*5 in the first equation, x = h^=: Q in the second, and 
80 on, and we have — 

,2/3., = 156-25, ,y, = 200, ,M^ = 256, 
,ilf.3 = 261, ^.,., = 210-25. 

Only two are expressed by the letter M, as they alone of the 
five are bending moments ; the others do not lie in their 
own fields. Hence the maximum bending moment for the 
whole span is 

^if_3 = 261 ft.-tons. 

97. Find the equation to the maxima bending moments 
in the 3rd field directly, and without using the general 
formula. 
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Choose any point whose abscissa is x, such that when the 
load is placed with the 3rd weight over it, the whole load 
will be on the span. The distance of Q the centre of gravity 
from the right end will be (c + x-2h^, or (17 + a?), and 

P=:|.fx(17 + aj) = (l7 + aj). 

Taking a section at x and considering the forces on the 
left side of it, we have 

=:(17 + a;)(21-ic)-105. 

98. Find the maximum bending moment at any given 
points, say x = S, and cc = 10, in No. 96 ; and find the 
maximum for the whole span without using the general 
equations. Fig. 56. 

l^ To find the maximum bending moment at any given 
point, divide the span into fields proportional to the weights; 
consider which field the point lies in, and place the load so 
that the corresponding weight is over the point. Then if 
the whole load be on the span, the bending moment cal- 
culated at the point for the load fixed in this position is a 
maximum. If when the load is so placed, some weights are 
off the span, move the load the least distance which will 
bring them all on the span, and calculate the bending 
moment at the point for the load fixed in that position. 

2°. To find the maximum bending moment for the 
whole span. — By inspection, place the load so that any 
particular weight and the centre of gravity may be upon 
different sides of the centre of span and at equal distances 
therefrom ; then if the whole load be on the span and the 
weight be in its own field, calculate the bending moment 
at the point where the weight stands for the load fixed 
in this position, and it will be the maximum at the point. 
For each weight which can be placed so as to fulfil these 
conditions, there is a maximum, and having calculated 
these maxima, the greatest is the maximum for the whole 
span. 

In No. 96, the point x = S lies in the 3rd field ; place the 
load so that W^ is over it, and it will be found that all the 
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wheels are on the span ; calculating the bending moment at 
03 = 8 with the load in this position, we have 

^M^ = 220 ft.-tons maximum at point. 

The same result may be obtained by substituting cc = 8 
into J^x. 

Again, the point 10 lies in field 3, but when W^ is placed 
over it, W^ is not on the span ; moving the load two feet to 
the right brings W^ just on the span, while W^ is at 8 ; that 
is, the load is in the very same position as previously. Cal- 
culating the bending moment at aj = 10, with the load in 
this position, we have — 

M\^ =190 ft.-tons max. at point. 

• 

The same result may be obtained by substituting aj = 8, 
and X = 11, into J^x, and then adding one-third of their 
difierence to the smaller. 

In No. 96, we find that by placing W^ at the point a; = 2, it 
is in its own field while G is at the point a;= -2, and the whole 
load is on the span ; calculating the bending moment at 2 
for the load in that position we have ^M^ = 256. Again, 
by placing W^ at the point a? = —3, it is in its own field while 
G is at a; =3, and the whole load is on the span ; calculating 
the bending moment at — 3 for the load in that position, we 
have (see example at fig. 17) ^M_^ = 261. Now since no 
other weight can be placed according to the rule, it follows 
that 4^ _3 = 261 ft. -tons, is the maximum for span not only 
for the position shown on fig. 17, but for all possible 
positions of the load on the span. 

99. A beam 76 feet span is subjected to a moving load 
i2 = 19 tons confined to the span, and concentrated on 
three wheels as under : — 

Loads 7 4 8 tons = 19 tons. 

Intervals 30 12 feet = 42 feet. 

Distances from ff . . . 24 - 6 -18 feet. 

The 1st field extends from 38 to 10 ; 2nd field from 10 to 
-6; 3rd field from - 6 to -38. 
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Substituting in the general equation, we have 

rMx = i(38 + x- 2hXc - aj) + 2hrIi-\ W) - 2r'( W. 2h). 
^Mx = l(14i + x){SS - x), for values of x from 38 to 10. 
^Mh^ = ^-¥^3 = 169, max. for field 1, 

Jfx - i(44 + aj)(38-a;)- 210, for values of x from 8 to 
- 6 ; the chord to be taken from 8 to 10. 

Jfj^ =z^M_^= 210 J, max. for field 2. 
^Mx = i(56+ aj)(38-a;)-342, for values of a? from -6 to -38. 
^Mh, = ^M_^= 210i, max. for field 3. 
The maximum for whole span is equally jikT _8 or ^M_^. 

100. For example No. 96, find the equation to the bending 
moment at each point of span as 6, a point of the load 8 feet 
to the left of (?, comes over it. Fig. 56. 

To find Dg the point of intersection on the junction of the 
fields commanded by W^ and W^ the weights on either side 
of b, suppose the load fixed with either of these weights 
over the point F^, where OF^ =11, and calculate the bend- 
ing moment there; or, substitute a? = 11 into ^Mx or ^Mx of 
No. 96, and we find the height of D^ to be 175 ; hence the 
co-ordinates of D^ are ; — x = 11, y = 175. The locus for the 
point b is the parabola whose apex A is on the vertical 
through S, where OS = h = ^Gb = 4; this parabola passes 
through Dj, has its axis vertical, and its modulus is the 
load divided by the span ; hence 

iMx =:Yc^c + x-2h)(c-x) + C=^{U + x)(21-x) + C; 

since it passes through D^, we have iM^^ = 175. 

I75 = (13 + ll)(21-ll) + a, or a =-65; 

and iMx = (13 + ic)(21 -x)- 65, 

for values of x from 12 to 0, since part of the load goes off 
the span when b occupies any position not comprised be- 
tween these two limits. 
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101. In example 89, find the locus of the bending 
moment at each point, as the centre of gravity of the load 
comes over it. Fig. 51. 

Put aj = 4 in either equation, and we find the height of 
D to be 36 ; so that the co-ordinates of D are x =^ 4f,y = 36. 
The parabola for Q has its apex on the vertical through the 
centre ; its axis is vertical and it passes through D ; the 
modulus is the load divided by the span ; hence 

but gM^ = 36, therefore 

36 = 1(4^00-16) + a, or a = - 12 ; 

^ilfa, = K400-aj^)-12, 

for values of x from 14 to —16, that is for the whole load 
confined to the span. 

If the load makes a transit, the above is still the locus for 
the central portion. For the left end portion, W^ alone is 
on the span as comes over each point ; and for that portion 
the locus is the parabola for W^ rolling ; the apex is on the 
vertical through the point a? = 2, since G is no longer the 
centre of gravity, but only a point lying 4 feet to left of W^ 
which is its own centre of gravity; the parabola passes 
through the left end, and its equation is 

gMx = /T7(20 + a;-4)(20--a;), for values of a; from 20 to 14. 

Similarly gM''x = t*c(20 - a? - 6)(20 + a:), for values of x 
from -16 to -20. 



Beam under both a rolling load and an uniform dead load. 

Let R be the dead load equivalent to the actual rolling load 
(see page 102), and U the uniform load. For each load 
separately the bending moment diagram is a parabola with 
its apex over the centre. For the combined load, the dia- 
gram is a parabola whose apex is also over the centre, and 
whose modulus is the sum of their moduli ; hence 

Mx = [^ + -^)(c'-a;0 =: — ^-— (c^-a;2), maxima;.. .(1) 
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and if = T ( f^+ 2iJ) = J( J7+ 2R) . I, max. of maxima,. . .(2) 

the bending moments being in terms of a dead load 
throughout. 

Chraphical Solution. — With any parabolic segment draw 
a parabola with its apex over the centre and passing through 
the two ends, and make a scale for verticals upon which the 
middle ordinate OA = \{U+2R).l. 

Beam under a travellliig lead eonoentrated on two wlieel% to- 
setber wltb an uniform dead load. — This divides into the same 
cases as for the travelling load alone, figs. 51 and 52. 

The locus BDC still has D on the vertical through F^ but 
the modulus of the curves is the sum of the moduli for the 
loads separately, that is, for the uniform load and the 
rolling load ; the abscissa of each apex is the same fraction 
of the abscissa of the corresponding apex for the rolling load 
alone, 08^ and OS^, figs. 51 and 52, that the modulus is of 
the sum of the moduli ; see theorem, fig. 53. 

Sum of moduli =2 ^ , 

4c 

and the fraction mentioned above is 

V2c>' • ^2c "*■ 4c>' "■ U+2R' 
hence the equations to the maxima bending moments are 

^Mx = — 7 (c + a;- yj-- od- 2iti)(c — ic) for first field ;...(!) 

Ji^x = — 7 — (c-x+ TfTap • ^KY^ + ^) f^r second field..(2) 

Such portions of the fields as were bounded by the chord 
instead of the arc are still so bounded. In the case where for 
the transit kEh superseded BDC\ fig. 52, the same central 
portion is now bounded by the locus 

^-=^^^V-a^) (3) 
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Graphical Solution. — For an uniform load U combined 

with any of the cases, figs. 45, 46, 47, 51, and 52, the 

graphical solution is the same in all particulars, case for 

case, except that OS^ and OS^ are now to be laid off a 

9 7? 
jY — opth part of what they were laid off for the travelling 

load alone ; the vertical scale is to be constructed so that 

where iJ, as previously stated, is the dead load equivalent 
to the actual rolling load. 



Beam under a travelling load system oonfined to tbe span. 
together with an nniform dead load. — In the bending moment 
diagram, the locus consists of the same number of parabolas 
as for the travelling load alone, and the fields are the same ; 
any portion of a field bounded by the chord instead of the 
arc is still bounded by the chord of the new parabola. The 
modulus of each parabola is the sum of the moduli for It 
the dead load equivalent to the actual travelling load, and 
for the uniform load, namely, 

R U _ U+2R 

2c 4c ~" 4c 

The distance 08 of any apex from the centre of the span 
is now only a fraction of what it was for the travelling load 
alone; the fraction being the modulus for i2 rolling divided by 
the sum of the moduli, that is 

( i )^(^ + ^ ) = fSr- CTheorems at fig. 53.) 

For the travelling load alone, we had as the equation to the 
maxima bending moments for the r*^ field, — 

rMx = -^(c+x- 2hXc-x) + 2h;z,vKwyir,-\w,2h) ; 
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altering the modulus and putting in the fraction, we have, 
for the combined load for the r^^ field, 

-I,^~'{W.2h) (1) 

Graphical Solutimi. — Exactly the same as that for the 
travelling load alone, fig. 56, excepting that 

and the scale for verticals is such that OAq = ^(Z7+ 2R).l. 



Examples. 

102. Suppose the weights in example 96 and shown at fig. 
56, to be the equivalent dead loads for the actual weights ; 
combine with these an uniform load of f^ds of a ton per foot 
of span, that is, a total load 17—28 tons, and find the equa- 
tions to the maxima bending moments for the various fields. 

Summing the moduli for R rolling and for (7 spread 
uniformlv, we have 

R U _ U+2R _ 2S + 84* __4! 
2c'^ 4iC~ 4ic ~ 84j "" 3 ' 

the modulus of the parabolas for combined load. 

The modulus for R rolling, divided by the sum of the 
moduli, is — 

(?L\^(?: U^_ 2R 84 3 



\2cf ' \2c 4c / "" »'+ 2ii "" 28 + 84 "" 4 ' 

Substituting into the general equation, 

^Mx = i(21 +aj- I X 17)(21-a;) = ^(8-25 + i»)(21 -a;), for 
values of x from 21 to 16. 
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JH^ = -|.(21 +x-ix 12)(21 -a;) + 12x5-5x17 

= ^(12 + a;)(21 -a;) - 25, for values of x from 16 to 11. 

^Ma, = ^(21 +ic-f X 4)(21 -cc) +4(5 + 5) - (5 x 17 + 5 x 12) 

= ^(18 + aj)(21 -x) - 105, for values of x from 8 to 0, 
the chord being taken for values from 11 to 8. 

J^x = t(21 + aj + f X 6)(21 - a;) - 6 (5 + 5 + 11) 

-(5x17 + 5x12 + 11x4) 

= ^(25-5 + a;)(21 -x)- 315, for values of x from - 2 
to - 12, the chord being taken for values from to - 2. 

^Mx = i(21 + a; + I X 13)(21 - a;) - 13(5 + 5 + 11 + 12) 

-(5x17 + 5x12 + 11x4-12x6) 

= 1(30-75 + aj)(21 - a;) - 546, for values of x from - 12 
to - 21. 

The abscissae of the apexes are — 



I X 8-5 = 6-375 ; 1x6 = 4-5; fx2 = 15, Hes in field 3 ; 
f X (-3) =-2-25, lies in field 4 ; f x (-6-5) =-4-875. 

Here only two apexes lie in the corresponding fields; 
substituting for these, we have 

jilfj.g =: 402 max. in field 3 ; and 

^M_^,^ = 40575 max. in field 4; and max. for span; 

that is, for the load confined to the span, the greatest 
bending moment occurs at 2 J ft. to the right of the centre, 
when the fourth weight is over it. 

103. Suppose the weights in example 99 to be the 
equivalent dead loads for the actual weights, and combine an 
uniform load of J a ton per foot of span with the travelling 
load. Find the maximum bending moment at each point 
of span, for the load confined to the span. 
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f 

The sum of the moduli of the parabolas for U and for R 
rolling is 

— -J = —y^ — = i, the modulus for the combined load. 

The modulus of the parabola for -B, divided by the sum 
of the moduli, is 

\2c/ '• \2c "^ 4c/"" f/^+2E"" 38 + 38""*' 



In the general equation given for No. 99 replace \ by |, 
and in the trinomial factor replace 2hr by K) otherwise 
the expression remains the same ; thus 

^Mx = i(38 + cc-12)(38-aj) = J(26 + a;)(38-aj), 
for values of x from 38 to 10. 

iVi — K32)^ = 512, height of apex of parabola 1, not in 
field 1. 

gj/x = J(41 + aj)(38-a;) — 210, for values of x from 8 to 
- 6 ; the chord to be taken from 8 to 10. 

gilf.,., = K39-5)2-210 = 570J, max. in field 2. 

jilf^ = J(47 + a;)(38-a;)-342, for values of x from -6 
to -38. 

32/-4.6 — \{^^'^T ~" 34}2 = 561 J, height of apex of pdrabola 
3, not in field 3. 

Hence the max. for whole span is 570| ft.-tons, and it 
occurs at 1| feet to the right of the centre when the second 
weight is over it. 

104. Supposing the weights in example 81 to be the 
equivalent dead loads for the actual weights, and taking 
into account the weight of the beam which is 5 tons uni- 
formly distributed ; find the general equation to the bending 
moments, and find the maximum bending moment for whole 
span. 

Am. ^Mx = |(10 + a;-|^x 4)(10-cc) = |(6'8 + iK)(10-a;). 
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The maximum for whole span occurs at |^*^ of 2 feet on 
either side of the centre, and is 

105. In example 91, we had a beam of 40 ft. span bear- 
ing a travelling load W^ = 2, and W^ = S tons fixed 
20 feet apart. For the transit of the load, we found a 
maximum of 30 ft.-tons at the centre, and a maximum of 
32 ft.-tons, four feet to the right of the centre. Supposing 
these weights to be the equivalent dead loads for the actual 
weights, and taking the weight of the beam, six tons uni- 
formly distributed, into account, make the appropriate 
alteration upon the equations given at example 91. 

For the first and third equations, R = 5, and U = 6 tons ; 
hence the new modulus is 

U+2R 6+10 1 



and the fraction 



4c ""80 5' 

2R 10 5 



i7+2/e~6 + 10 8* 



For centre equation W^ = 3, and U =^ 6 tons ; hence the 
new modulus is 



U + 2W^ _ 6 + 6 __ 3 



4c ~ 80 W 

Ana. ^Mx = i{20 + x — 7'd)(20 - x), for values of x from 
20 to 10. 

^M'x = /tj(400 - sb^l for values of x from 10 to 0. 

^Mx = i(20 -X- 5)(20 + x), forvalues of a; from to - 20. 
i2/8.76 = -5-(16-25)2 = 52-81, height of apex, not in field. 

^M\ = 60, a maximum, at centre. 

gif.g.g = i{l7'5y = 6125, maximum in 2^^ field, and 
for span. 

In this example, where the distance between the wheels 
exactly equals the half-span, E coincides with A, fig. 52 ; 
hence A^ will always be higher than A' though an uniform 
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load indefinitely great be compounded with it. When, 
however, the distance between the wheels is greater than 
the half-span, the diagram is as shown upon fig. 52 ; and if 
JE be higher than A^, much more will it be higher when we 
add the ordinates of the parabola due to any uniform load ; 
if E be lower than A^, there is some uniform load which 
being added will make them equal in height; an uniform 
load greater than this being added will cause E to be higher 
than A^ 



2* 



Beam under a travelling load system oonflned to the span, 
together with fixed loads at points. 

Graphical Solution, — Construct the diagram for moving 
load, as on fig. 56, and above it construct the polygon for 
the fixed loads, as on fig. 39, to the same scales. Draw a 
vertical through the first apex A^ up through the polygon, 
and produce those sides of the polygon that lie wholly or 
in part over field 1, to make intercepts on that vertical 
as on fig. 39 ; make L8 equal to the semi-base, and LN 
equal to twice the height of the apex of the parabolic 
segment whose apex is A^ ; and otherwise proceed exactly 
as on fig. 39, till the locus for the combined load over field 1 
is completed ; next draw a vertical through -4 up through 
the polygon, and produce such sides of the polygon as lie 
wholly or in part over field 2 to make intercepts on that 
vertical; complete the construction of the locus for the 
combined load over field 2 exactly as on fig. 39, except that 
LS is now to be the semi-base, and LN the height of the 
apex of the parabolic segment whose apex is A^, In like 
manner draw for each field till the locus for the combined 
load is completed for the whole span. 

One particular case is of interest. — BAfi, fig. 56, is the 
diagram for a rolling load R. Suppose combined with this 
load a system of fixed loads, one at each junction between 
two fields — on fig. b^, four loads, one at each of the points 
F^, jPj, jPg, jP^ ; — then to obtain the diagram for the combined 
load, we add to the ordinates of the parabola BAfi those 
of the polygon for the fixed loads ; and, as on fig. 39, the 
result will be five parabolas like BAqC, and the apex of 
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each will move from the centre away frora the correspond- 
ing point F. 

Suppose, on the other hand, that the fixed weights at I\, 
F^y &c., act upwards ; then subtracting the ordinates of the 
polygon from those of BAqG, the result will be five para- 
bolas like BAqG, but each apex will now have moved from 
the centre towards the corresponding point i^. 

For a certain set of values of these negative forces at F^, 
jPj, &c., the five parabolas will assume the exact position of 
the parabolas on fig. 56, and it can easily be shown, that the 
set of weights which will produce this effect is such that the 
weight at each junction is the same fraction of ii, that the 
distance between the weights commanding the fields of 
which the point is the junction is of the span. Hence we 
have the following 

ALTERNATIVE METHOD OF DRAWING A BENDING MOMENT 

DIAGRAM for a travelling load system confined to the span : — 
On a base equal to the span, construct a parabolic segment for 
the bending moment diagram due to the total load i2 as a 
rolling load; upon the same base, and on the same side of 
it, construct the polygon which is the bending moment dia- 
gram due to a set of fixed loads TT^.g, TT^.g, &c., one at the 
junction of each pair of fields (the suffixes denoting the pair 
of fields between which the load is applied), and of magni- 
tudes given by the following equations : — 

Then the ordinate between the parabola and the polygon 
is the maximum bending moment at any point ; the maxi- 
mum for the whole span is found by drawing a tangent to 
the parabola parallel to that side of the polygon which 
slopes least, and taking the ordinate at the point of contact. 
The following are objections to this alternative solution: — 
There are two irregular boundaries, and therefore it fails to 
suggest the proper form for practical designs; it fails to 
give all the maxima; it fails to give the maxima at the 
parts of the fields which the commanding weights cannot 
overtake ; and it fails to show what portion of the span is 
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commanded by any weight, — that is what position the load 
should occupy in order to produce the maximum at any 
point. 



Beam nnder a travelling load ttymtem. oonflned to tbe span, 
togetber with an uniform load, together with loada at fixed points. 

Graphical Solution. — Draw the diagram for the first two 
combined, and construct the vertical scale as already de- 
scribed ; above it draw the polygon which is the diagram for 
the fixed loads to the same scales. From apex A^ draw a 
vertical up through' the polygon, and produce such sides as 
lie over field 1 to make intercepts on it ; proceed as on fig. 
39, but having LS equal to the semi-base, and LN equal to 
twice the height of the apex of the parabolic segment whose 
apex is -4^, and complete the locus for field 1 ; proceed 
similarly for apex A^ and field 2, for apex -4, and field 3, 
&c., and so draw the locus field after field till the whole 
span is completed. The height of the highest apex gives 
the maximum. 

Only one parabolic segment, cut on wood or cardboard, 
is required for the complete construction. 



Beam sahjeet to the transit of a travelling load system. 

Oraphical Solution, — ^We already solved this problem 
for the transit of two weights, and saw that it then had two 
cases. The general problem will have many cases, and we 
shall illustrate the solution by solving a particular problem, 
viz., for the data shown on fig. 56, where the solution for 
the load confined to the span is already given. Suppose 
the load to come on at the left end and pass off at the right. 
First, the weight TTg alone is on the span ; then Tf^ and W^; 
&c. ; then the whole load ; then W^ passes off; and so on, 
till W^ alone is on ; this finally passes off and a transit has 
been made. Figures 58, 59, 60, 61 give the maxima at each 
point, while one only, two only, three only, four weights 
only are on the span; fig. 56 gives the maximum at each 
point, while all five are on ; and figures 62, 63, 64, 65 give 
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the maximum after one, two, three, and four weights re- 
spectively have passed off. 

The manner of constructing those figures is as follows : — 
Prepare a number of parabolic segments (fig. 57), one cor- 
responding to each of the manners of loading, the highest 
one being drawn with the parabolic segment that was used 
in the construction of fig. 56 ; divide its height so that the 
heights of the various apexes will be in the ratio of the 
loads, viz., — 

9; 21; 32; 37; 42; 33; 21; 10; 5. 

Draw a number of ordinates to the curve; divide these 
similarly with proportional compasses, and draw curves 



5^5+11^12*9^42 



5i-1H12±9':3l 
11^12+3*^2/.,^.... 



^5*5*11+12 



12+Rt21 



2ti5+5+77 




Fifir.67, 

through the points thus found. Separate pieces of card- 
board should then be cut out so as to correspond with each 
of these curves. 

A description of the method for constructing fig. 60 will 
sufiice for all. This figure is for the weights 11, 12, 9 tons 
on the span ; and since the total load is 32 tons, select the 
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cardboard segment whose height is proportional to 32 ; this 
ensures that the verticals are drawn to the same scale as 
those on fig. 56. Lay off BG equal to the span on the same 
horizontal scale as that used in tig. 56. Draw with a dotted 
line the locus BDJ)^Cy as for the load confined to the span 
and capable of moving into all positions on the span. This, 
however, is not the locus required, since it is evident that 
the range of motion of the load is limited by the next 
weight, 5 tons, not being allowed to come on to the span. 
Hence, place the load as far on. the span as possible, but so 
that the next weight, 5 tons, may not be on the span ; that 
is, place it so that the next weight is over B the extremity ; 

Max..at each point while Wg^9 
^^ioas, alone is on span. 







from each weight draw an ordinate to the corresponding 
parabola, for instance, from the weight 11 tons to the para- 
bola whose apex is A^, Ink in the curves for the portion 
of each field which has been travelled over by the weight 
commanding ; the remainder of the locus is made by draw- 
ing the polygon whose angles are the tops of the ordinates 
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where the weights stand. Thus, on fig. 60, the locus is the 
arc Ba of the first parabola since the weight 11 tons has 
travelled over that part of its field ; and the arc Dfi of the 
second parabola since the weight 12 tons has travelled over 
that part of its field ; the remainder of the locus consists of 
parts of the polygon BaidC, that is the polygon for the load 
fixed in the position shown on figure ; it may be observed 

Max. at each point for 
Wg^9 tonson span^ 




"B . 



-> 



F, S, 



OS, S, 
.fc 



F 



O 



Fig. 60. 



that aD is a part of ab (theorem, fig. 54). Hence the locus, 
ficr. 60, is arc Ba, chord aD^y arc D^by and chords bd, dC. 

It is evident that the arcs named give the maxima for the 
portions over which they stand for all the possible positions 
of the three weights on the span ; and, that the chord aD^ 
gives maxima for the portion of span over which it stands 
will be seen as follows: — The load cannot shift to the 
right ; suppose it shifts to the left, then the new position 
of ab will still pass through D^ (theorem, fig. 54), but the 
point a will be lower down on the first parabola ; that is, 
as the load moves to the left, the chord D^a turns about D^ 
in the opposite direction from the hands of a watch, so that 
the ordinate of every point in it is decreasing. Again, hd 
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produced passes through the point D, ; and if the load moves, 
the new position of bd still passes through D^ ; that is, as 
the load moves to the left, the chord bd turns about D in 
the opposite direction from the hands of a watch, so that 
the ordinate of every point in it is decreasing. Similarly 
dC turns about C in the same direction as the others, and 
the ordinate of every point in it is also decreasing. 

If the seven figures, for the complete transit of the load, 
be superimposed upon figure 56 for the load confined to the 

Max. at each point while T^» 5, W, «11, ^5-72, and W^^dtons are on 
span, vtx 




Flg.61. 



.'i>G 



span, the portions which are shaded on figs. 60 and 61 will 
lie outside of the locus on figure 56 ; so that, replacing the 
corresponding portions of fig. 56 by those shaded parts, that 
is, everywhere following the highest locus, we have a 
graphical solution for the transit of the load. The labour 
of this graphical solution is great if we have to prepare the 
parabolic segments, but the solution can be drawn by means 
of (me parabolic segment from the following considerations. 
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Suppose in the example that all the eight diagrams were 
drawn with the same parabolic segment, then it is evident 
that each would be to a different .vertical scale, and that 
nothing could be determined by superposition. However, 
it can be seen by inspection that fig. 62 lies entirely within 
fig. 56 : for, since the weight 9 tons on fig. 62 is over the 
point of support B, we may consider that it is not on the 
span as we did when constructing fig. 62; on the other 
hand, if we consider it to be on the span, then the total 
load is on the span ; and for that position of the total load 

Max. at each point for >T,' = 5, lJi=5, T^ 11 j and T1J= 12 tons on span. 




Fj 



Flg.62. 



we may plot the point a upon fig. 66 by drawing an ordi- 
nate to the first parabola from the point whose abscissa is 
9, that is, from the point where the weight 5 tons stands 
on fig. 62. Similarly the point 6 is plotted on fig. 56 by 
drawing an ordinate to the second parabola from the point 
whose abscissa is 4, that is, from the point where the second 
weight, 5 tons, stands on fig. 62 ; likewise the points d and 
e are plotted. If the one figure be drawn exactly above the 
other, it will only be necessary to draw verticals from the 
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points a, 6, d, e, fig. 62, to meet the 1st, 2nd, 3rd, 4th para- 
bolas respectively on fig. 56, and we have these points 
plotted on fig. 56. It will then be seen that these points 
are inside the locus on fig. 56 ; so that the whole locus, fig. 
62, is inside that of fig. 56. Similarly, by drawing verticals 

Max. at each point while Wj^5, Wi«5, and W^^ 11 tons 
are on span* 




Ft sT^^p^ 

Fig.68. 

IT, a 5fand W^'^Stons on span. A, 



Q>0^ 



'^^'V-^, 








from the points a, 6, cZ, fig. 63, to meet respectively the Ist, 
2nd, 3rd parabolas on fig. 62, these points are plotted on 
fig. 62 and will be found to lie inside of it Hence the 
locus fig. 63 lies inside the locus fig. 62, and much more 
will it lie inside of the locus, fig. 56. In this way it will 
be seen that the loci figs. 65, 64?, 63, 62, 56 lie each within the 
other in order, and therefore that all lie within the locus fi^ '^'^ 
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In the same way it can be shown that the loci only on 
figs. 61 and 60 lie partly outside of the locus fig. 56. On 
fig. 61 are shown the points s, gr, h, k transferred from fig. 
66 in the manner described. It is evident that g and h 
are the extremities of the chords that were parts of the locus 
for the load confined to the span; because, the reason we 
followed the chord at D^, fig. 56, was that the commanding 
weight TTg could not overtake that part; in other words, 
when TT, came to gr, then W^ was over B and about to go off 
the span; that is, the load was in the position shown on 
fig. 61. 

It will therefore always be the case that when, for the 
load confined to the span, we have chords for portions of the 
locus, then the diagram for one load off the span lies in part 
outside the locus ; and the ends of such chords which are 
not junctions of fields are points of intersection. 

Having ascertained by inspection the shaded parts of figs. 
60 and 61 which alone lie outside of fig. 56, it will be 
necessary to plot points at intervals upon fig. 56 with the 
proportional compasses ; the points thus got from fig. 61 have 
their ordinates reduced in the ratio of 42 and 37, those 
from fig. 60 in the ratio of 42 and 32, since the diagrams 
here spoken of are supposed to be drawn with the same 
parabolic segment, and therefore to different vertical scales. 

We will complete the analytical solution for the transit 
of the load in this example. To find the equation to Ba^ 
fig. 60; suppose the weight 11 tons to be imder this arc 
and at any point whose abscissa is cc, then it will be found 
by taking moments round Q, that 

^ 399 + 32rB 
^ = -"42 

Mx = Pic-x) = A(399 + 32aj)(21-a;), 
for values of a? from 21 to 13. 

For the arc tg, fig. 61 ; let the weight 11 tons be under 
this arc at any point whose abscissa is x, then 

p __ 544 + 37a; 
"" 42 
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Mx = P(c-aj)-5 X 8 = ;fV(544 + 37a;)(21-aj)-40, 

for values of a; from 12 to 8. 

For the arc DJi ; let the weight 12 tons be under this 
arc^ and at any point whose abscissa is x, then 

914 + S7x 



P = 



42 



Mx = P(c-a;)-5x 18- 11x10 
= ^\(9U + 37aj)(21 -x)- 200, 
for values of x from to - 1. 

The limits in each case are found by making the equation 
to the arc simultaneous with that to the arc on fig. 56, which 
is now superseded; the limits as given above are to the 
nearest whole number. 

During the transit, it is to be observed that in this case 
the weight Tf, = 11 tons commands exactly the left half 
of the span, while the right half is commanded by W^=^ 12, 
and TTg = 9 tons, just as on fig. 56 for the load confined to 
the span. 

Calculating the ordinate at each foot of span from the 
equation just given for the values of x there specified, and 
from the equations already given at fig. 56 for other values 
of X, we find the maximum bending moment at each foot of 
span during the transit to be : — 
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259-4 


- 8 ... 2:36 


- 15 ... 


260 


- 9 ... 225 


- 16 ... 


261 


- 10 ... 212 


-17 ... 


260 


-11 ... 197 


-18 ... 


257 


- 12 ... 180 


- 19 ... 


252 


- 13 ... 168 


-20 ... 


245 


-14 ... 154 





138 

120 

100 

78 

54 

28 



The max. for the whole span is still M_^ = 261 ft.-tons. 



Beam nnder a travelling load «srBtem of equal weights flzed at 
eqnal intervals and oonilned to the span. — Figs. 66, 67. The 

locus BDJ)J)fi, drawn as in the general case, will be 
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symmetrical about the centre. If the number of weights be 
n, and their distances apart be -^^^ of the span, then it is 
evident that the span will be divided into n equal fields 
whose common extent is the same as the distance between 
two weights, and that each weight will just be able to 
overtake its field ; if the distance between two weights be 
less than ^^^ of the span, each weight is still able to over- 
take its own field. Therefore, for the common distance 
between the n weights equal to or less than ^^^ of the 
span, the bending moment diagram is the locus BD^D, 
JD^,.,G everywhere following the curves; the maximum 
bending moment is at the centre, or at one quarter of the 
common interval on either side of the centre, according as n 
is odd or even. On the other hand, when the common 
interval between the n weights is greater than ~^^ of 
the span, each weight will always be in its own field, and 



2 




pifir.ee. 



will only be able to overtake a portion of its field; the 
bending moment diagram is the locus BDJ)^D^ ... (7 fol- 
lowing the arcs for portions of fields overtaken by the 
, weights commanding, and the chords for the remainder. If 
n be odd, the middle weight can always be placed at the 
centre of the span, and at that point the maximum bending 
moment will occur ; if ti be even, and it be possible for a 
weight to come as close to the centre as or closer than a 
quarter of the common interval, then the maximum bending 
moment will be on both sides of the centre, and at one 
quarter of the common interval therefrom; if a weight 
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cannot come so close, the maximum will still be on both 
sides of the centre, and at points as near thereto as the 
weight on either side of it may approach. 

For n even, the proof that the maximum is at the point, 
a quarter of the common interval on either side of the 
centre may be shown thus : — Let be over the centre, then 
the weight nearest to the centre will be distant one- half of 
an interval ; if the end weight be distant from the end at 
least a quarter of an interval, it will be possible for a weight 
to approach the centre, a quarter interval ; hence, the span 

must equal the n-l equal intervals, and at least two 
quarter intervals more, that is 

= 271-1 

Theorem, — If a system of n equal weights at a common 
interval not greater than ^^^ of the span be confined 
to the span, then the locus of the maximum bending moment 
at each point will entirely include the loci due to any 
smaller number of the same equal weights at the same 
common interval. 

First. Let the common interval equal ^^^ of the span. 
Place the load, fig. 66, with one weight over the support, 
then the other weights are exactly over the n-l junctions 
of the fields. We may either consider that the n weights 
are on the span, or that n — l weights only are on the span ; 
hence the two loci, the one for n weights and the other 
for n-l, have common ordinates at the points where the 
weights are; that is, the locus for n — 1 weights passes 
through the points 1),, D^, Dg, fee, of, and lies entirely 
within, the locus for n weights. 

On the figure, the locus drawn with full lines is that due 
to n weights, while the locus drawn with dotted lines is 
that due to n — 1 weights. 

Second. Let the common interval decrease by 2S. In 
the new locus for the n weights, each pair of consecutive 
apexes will be closer by the amount S, so that every point 
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in the locus will be higher than before ; in the new locus 
for the 71 — 1 weights, any two consecutive apexes will be 
closer by S, so that each point in the locus will be higher 
than before. In the locus for the n weights, the parabolas 
have a greater modulus than those in the locus for the n — 1 
weights, so that the increase of height due to the approach 
of the apexes by S in the one case, will be greater than that 
due to the approach of the apexes by the amount S in the 
other ; that is, if the distance between the weights be de- 
creased, every point in the locus drawn with full lines, fig. 
66, will rise more than the corresponding point in the 
dotted locus, so that much more will the new dotted locus 
be entirely within the other. 

It follows, then, that if the common interval between n 
equal weights be equal to or less than v*^ of the span, or, 
in other words, if each of the n weights can overtake its 
field, then the loci due to the n weights, to n — 1 of the 
same weights at the same common interval, to n—2, &c., 







2s <« 



Pi?.67. 



are, in order, each entirely within the one preceding it, and 
therefore all the others entirely within the first. 

Corollary. If the interval between the n weights be 
greater than -^*^ of the span, the locus due to these weights 
confined to the span will intersect that due to -n. — 1 of the 
same equal weights, also confined to the span ; for, reasoning 
as before, when the common interval is increased, the locus 
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drawn with full lines on fig. 66 is lowered more than the 
other. From fig. 67, it will be evident that the points of 
intersection a, 6, c, a\ b\ d are found by laying off the 
common intervals from each end of the span, and that these 
points are the junctions between the alternate arcs and 
chords on the diagram for the n loads confined to span. In 
order that the n weights may be all on the span at one 
time, the common interval must not be greater than -^z^ 
of the span; so that, for the case of 7i — 1 of these weights, 
each could overtake its field ; and the loci for ti — 2 weights, 
11 — 3, &c., are all within the locus for n— 1 weights shown 
by dotted lines on fig. 67. 



Beam subject to the transit of a ssrstem of eanal weights at eqiial 
intervals. 

I. Load shorter than span. 

Let n be the number of weights, and s their common 
distance apart. 

(a) Let the distance between the weights be less than 

_2c 

or equal to -^^ part of the span, that is let s <— . 

n 

With any parabolic segment draw the series of n para- 
bolas, as shown with the full lines fig. 66, and the maximum 
bending moment will be at the centre, or on both sides of 
the centre and at a quarter interval therefrom, according 
as 'Ti is odd or even. In fact the solution is the same as 
for the load confined to the span. 

(6) Let the distance between the weights be greater than 

2c 
^*^ of the span, that is let 8> — . 

In this case the double locus, as shown on fig. 67, is to 
be drawn ; one for n weights with any parabolic segment, 

the other for n-^l weights with another parabolic segment 
prepared as on fig. 57, and so that its modulus and the 
modulus of the first are in the ratio (n-1): n. Since 
however the points of intersection a, 6, c ... a, b\ c' may be 
defined as shown on fig. 67, both loci may be drawn wi*' 
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the aarae parabolic segment, inking in the arcs over BcUy 
ac' , &c., alternately on the two loci; a separate vertical 
scale will be required for each ; or if considered necessary, 
the one locus may be reduced to the same vertical scale as 
the other at a number of points and then drawn. 

The maximum bending moment will be the highest apex 
in the one locus or in the other ; it must therefore be at the 
centre, at a quarter interval from the centre, or equally at 
these three points. The maximum is readily found as 
follows: — if n be odd, place the central weight over the 
centre of span, and calculate the bending moment at that 
point ; this will be the maximum required : if 71 be even, 
place either of the two central weights, first at the centre of 
span, and afterwards at a point in its own field a quarter 
interval distant from the centre; calculate the bending 
moment for these two points, and the greater wiU be the 
maximum for transit required. 

II. Load longer than span. 

Let n be the greatest number of weights that can be on 
the span at once. 

(a) Let the common interval be an aliquot part of the 
span. 

The series of n parabolas as in I. (a) is the locus for 
transit, fig. 66. 

(6) Let the interval be not an aliquot part of the span. 

The number of weights on the span will be alternately n 
and 71— 1 ; while n are on, no weight can overtake its field 
before a weight goes ofF; while {n - 1) are on, nx) weight 
can overtake its field before another weight comes on ; it is 
evident therefore that the locus for n, and the locus for 
(71— 1) weights are to be drawn as in I. (6) and as shown 
on fig. 67. 

Note, — In all the above cases of transit, during the 
passing on of the front of the load and the passing off of its 
rear, fewer weights than n or (n — 1) are for some time on 
the span ; by the theorem immediately preceding, the loci 
for such smaller numbers of weights are all wholly within 
the dotted loci on figures 66 and 67. 
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Theorem. The locus of the points of intersection D^, Dg, 
&c., of the regular locus BDJ)^... G, figs. 66 and 67, for 
equal weights at equal intervals is a parabola. 

Let X be the abscissa of Dr the junction between the 
r*^ and (r + 1)^^ fields, and let the load stand with the r*^ 
weight over that point, then 

Kemote segment = c + x- distance of r^^ weight from G, 

/n + 1 \ 
= c + X- [—^ r)8; 

T» ^'w;/ n + 1 \ J 
.. P = -;^[c + x + r8 2~*^' 

Mx = -^(c + aj + r« ^8){c-x)-W8{l + 2 + S+ ... 

... +7^1) (1.) 

for such values of a? as are abscissae of junctions of fields. 
Putting y for the ordinate of this locus at any point x, 

nw/ n + 1 \, . W8 , -. ,„. 

but c — cc = r.— , 

n 

so that r = —^ — - . 

Substituting this value for r in equation 2, arranging the 
terms and putting 22 for wn, we have 

2r = |(cW)(2-g) (3.) 

Hence the locus of B, D^, D^, &c., (7 is a parabola, axis 
vertical, and apex over the centre ; comparing it with the 
equation at fig. 41, we see that it is the same as the locus 
of bending moments for a travelling uniform load of extent 
718 ; that is, for the total load R spread uniformly over the 
actual extent of the load and one interval 8 more. 
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It is evident that this parabola gives too short an ordinate 
at all points except the junctions of fields. Still we have — 

Corollary. Let R remain constant, and let n increase 
indefinitely while s decreases indefinitely; then the locus 
of the intersections D nearly coincides with BDJ)^.., C, 
and the equation to the locus is the same as for It spread 
uniformly over an extent only greater than the actual 
extent of the load by s an indefinitely small amount. In 
the limit, when n is infinite, the load is uniform and the 
result, fig. 41, follows from the present investigation. 

J^ote, — In the general case, the locus of D is not a para- 
bola nor any conic section. The general equation for any 
conic section (see Todhunter's Conic Sections, chap. XIII.) 
may be written thus : — 

x^ + bxy + cy^ + dx + ey + f = 0; 

and if we suppose the locus to pass through the five points 
B, Dp Dj, D^ and (7, example No. 96 and fig. 56, we find 
values for the five co-eflicients ; and the equation becomes 

!C^ + ^ooy + ^\j,y^ + iUy - 441 = 0; 

by trial we see that this locus does not pass through D^ ; 
that is, the locus is not a conic section. 



Eooamples, 

106. A beam 20 feet span is subject to the transit of 5 
weights, each 2 tons and fixed at intervals of 3 feet. Find 
the maximum bending moment at each point during the 
transit. 

All the loads may be on the span at once, therefore 
n = 5: since the common interval is less than a fifth of 
the span, the locus is that for the whole load on the span, 
fig. 66. For left half of span 

,if« = ^{c + x-28){c-x) = ^(4 + a^)(10-a:), 
for values of x from 10 to 6. 
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^Mx = J(10 + a;-3)(10-a;)-2x 3 = K7 + ic)(10-aj)- 6, 
for values of x from 6 to 2. 

^Mx = KlO + aJ-0)(10-aj)-2x 6-2x3 
= K10 + aj)(10-aj)-I8, 
for values of x from 2 to 0. 

By symmetry the values for the right half of the span 
may be obtained, and the maximum for span during 
transit is 

Jd^ = 32 ft.-tons. 

107. A beam 30 feet span is subject to the transit of 5 
weights each 3 tons, and fixed at intervals of 7 feet. Find 
the maximum bending moment at each point. 

The interval is not an aliquot part of the span, and when 
6 weights (the whole load), or when only 4 weights, are on 
the span, no weight can overtake its field ; the parts of the 
fields overtaken in each case correspond exactly with the 
parts not overtaken in the other. 

Hence we have to find the locus BDJ)^ ... 0, when 5 
weights are on the span, and also the locus BD\iy^ ... (7, 
when 4 weights are on, and take parts alternately of the 
two loci ; the limits being found by laying off a, 6, c, &c., 
a\ b\ c\ &c., at intervals of 7 feet from each end ; see fig. 67. 
For left half of span — 

^Mx = -yCc + a; - 2«)(c -x) = J(l + x){lo - x), 
for values of x from 15 to 13. 

,M'x = ^c + x-^sXc-x) = 1(4-5 + a:)(15-ic), 
for values of x from 13 to 8. 

jj\lx = -^(c •{• X - 8){c - x) - W8 = l(S + x)(lo-x)-'21, 
for values of x from 8 to 6. 

M 
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,M'^= '^{c + x-i8)(c-x)-w8 = i(ll'5 + x){15-x)-2l, 
for values of a; from 6 to 1. 

^Mx = -^{c + x-0){c-x)-w.28-w8 = ^{l5+x)(15-x)-6S, 

for values of x from 1 to 0. 

By symmetry the values for the right half of the span 
may be obtained. The two maxima are — 

jilfj, = 49'5 ft.-tons at the centre, and 

Jt\.n — ^9'225 ft.-tons at a quarter interval from 
the centre ; the former is the maximum for the transit. 

Note. — The solution would be exactly the same although 
there were many weights, each 3 tons, and fixed at the same 
intervals, viz., 7 feet. 

108. A beam 42 feet span is subject to the transit of a row 
of trucks 50 feet or more in length ; the common interval 
between the wheels is 4 feet, and the weight on each wheel 
is 2 tons. Find the maximum bending moment for transit. 

The greatest number of wheels that can be on the spaa 
at once is n = 11; and since 8 = 4i, the distance between 
the wheels is not an aliquot part of the span, and the two loci 
for 11 and for 10 weights respectively intersect; the one has 
a maximum at the centre, and the other at 1 foot, a quarter 
interval, from the centre ; so that it is only necessary to take 
the bending moments, one at the centre when a weight is 
over it, and another at 1 foot on either side of the centre 
when a weight is there ; in each case the load being sup- 
posed to extend beyond the span on both sides. A weight 
at the centre gives 

P= -^; M^=—.c--W8{l + 2 + S+ ... + —^) 

_ nw .n^l n + 1 

w 



8 



{4mC''8{7v'-l)} = 111 ft.-tons. 
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When a weight is over the point 1 foot from the centre, 
another is just over the left point of support, and we may 
say that either 11 or 10 weights are on the span; that is, 
the two loci intersect at a? = 1. The maximum for the 10 
weights is the same as the ordinate at aj = 1 to the locus 
for 11 weights, and its height is less than the above 
calculated value. 

109. A beam 39 feet span is subject to the transit of the 
same load as in No. 108. Find the maximum bending 
moment during transit. 

^if, = 9 X 19-5-2(4 + 8 + 12 + 16) = 95'50 ft.-tons. 

Now («~^) = 18-5. 

/. y,M^ = -If X 18-5 X 18-5 - 2(4 + 8 + 12 + 16)=9o-51 ft.-tons; 

and this being the greater is the maximum for transit. 

Only 10 weights can be on the span at one time ; and if 
we suppose these spread uniformly over their actual length, 
that is over 9 intervals, we have the approximate locus 
fig. 41, 

and its maximum value is M^ = 105 ft.-tons. 



Sheaeing Forces and Shearing Force Diagrams 

FOR Fixed Loads. 

Definition. — The Shearing Force at any cross section of 
a beam, or, as we may more conveniently say, at any point 
of the span is, — The algebraic sum of the external forces 
acting upon the portion of the beam to either side of the 
point 

We will denote this shearing force by Fx, and calculate 
its amount systematically from the forces acting on the 
portion of the beam to the left of the point ; thus for a beam 

Fx=:P--W,-W,^to., (1) 

the external forces on the left portion. 
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Similarly for a cantilever — 

F^=^W,-W^^&o (2) 

On the beam then, Fx is \ negative f ^^^^^^^^8 as P i 

1 less f ^^^^ *'^® ®^°^ ^^ ^^® weights to the left of the 
section at x. The beam may be divided at a certain point 
into two segments, such that for every point in the ■! j^^Uf f 

segment, the shearing force is ■! illative I ' ^^ ^^^® point the 

shearing force changes sign. The shearing force on either 
segment may be considered as positive ; for convenience we 
have chosen as just stated. Having fixed the sign thus, on 
a cantilever as shown on the diagrams, that is with its fixed 
end to the right, the shearing force is everywhere negative ; 
and in considerations regarding beams and cantilevers, it is 
necessary to take this into account; when, however, the 
cantilever alone is considered, it will be better to reckon the 
shearing forces as positive. 

It may be observed that the symbolical expression for 
Fx does not depend for its form upon the position of the 
origin ; in this respect it is unlike Mx. 

A Shearing Force Diagram is a figure having a horizontal 
base representing the span on a convenient scale, and an 
outline or locus. For a cantilever this locus lies wholly 
under the base ; for a beam, it lies above the base for the 
segment to the left,under the base for the segment to the right, 
and crosses the base at an intermediate point. The height 
of any point on the locus, measured on a scale for forces, say 
tons or lbs., gives the shearing force at the point of the span 
over which it stands. Both these scales should accompany 
the drawing. 

Maximum Shearing Force, — On a cantilever it is evident 
that the greatest value is at the fixed end. On a beam there 
are two values each greater than the others near it, one at the 
left end and positive, one at the right and negative ; the value 
of the greater of these is the greatest for the whole span. 
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This locus, in the diagrams for all the eases of fixed loads 
which we consider, consists of straight lines. For a portion 
of the span between any two adjacent loads, the straight 
line is evidently horizontal ; for portions uniformly loaded 
it slopes at a rate given by the number which indicates the 
intensity of the load ; thus if twlbs. per foot be the intensity 
of the uniform load, then w vertical to one horizontal is 
the slope. Where a weight is concentrated at a point, the 
line is vertical ; that is, at such a point the locus makes a 
sudden change of level, the change being equal to the weight. 

On a cantilever, the shearing force at the fixed end is 
•equal to the load, and at the free end it is zero ; we can 
readily draw the straight lines as above described to suit the 
nature of the load, and so complete the diagram. 

On a beam the shearing force at the left end is P, at the 
right end it is — Q, and at some intermediate point the 
locus intersects the base and changes sign ; the manner of 
fixing the position of this point will be explained immedi- 
-ately. The whole locus is then readily completed by 
-drawing the lines as above to suit the nature of the load. 

Theorem, The Shearing Force at any point of a beam or 
•cantilever is the rate of variation of the bending moment at 
-that point; and on the beam the shearing force changes 
«ign at the point of maximum bending moment. 

As before, 

^vhere ^{W) means the sum of the loads to the left of x ; and 

if^ = P(c-aj)-2(F.x), 

-where ^{W,x) means the sum of the products got by multi- 
plying each load to the left of x by its leverage about x. 
Bence if we suppose Fx to be positive, and take the bending 
moment at any interval d further to the right, the second 
bending moment will exceed the first by Fx.d^ if there be 
no load on the portion d ; and by Fx. d, minus the load over 
-fche portion d into its leverage about x, if there be a load on 
the portion d. 

Since the leverage of the load which is on the portion d 
is less than d, we can by taking d small enough make t> ' 
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product as small as we please ; that is, Fx-d is the 
change of the bending moment in passing from x through a 
small interval d. Now the rate of change of Mx means the 
change in passing from x through an unit interval, say one 
foot, if the change continued uniform throughout that in- 
terval, and at the same rate as at a; ; in other words, the 
change in .if a- for d reckoned equal to unity, without taking 
into consideration any additional loads which may be over 
that interval ; hence the 

Rate of change of if u; = Fx\ (1) 

also, as we pass from the left to the right end of the span, 

if F^ be I P^gati ve }'^^'^^{ decSng } ' '^^ »<^ ^^^ P*'^"*^ 

where Fx changes sign Mx is a maximum. 

Corollary. For any system of fixed loads the shearing 
force only once changes sign, since there is only one maxi- 
mum bending moment. 

These general remarks will suffice for the analysis of 
shearing forces due to fixed loads, and we will now give the 
graphical solutions. 
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Beam nnder nneqnal weights at Irregnlar Intervals. — ^Fig. 68. 
P and Q are determined graphically by finding the point g, 
fig. 19. Through g draw a horizontal line and produce the 
lines of action of jP, TT^, TT, ... Q to cut it; join these lines 
of action in pairs by horizontals through a, b, c, d, e, f 
respectively. The scale used for forces is also the scale for 
shearing foices. 

The construction is cyclical; through each of the points a, 
b, c, cZ, e, f, g 0, horizontal line being drawn to join the lines 
of action of the forces in pairs, viz : — From a joining P and 
TFj, from 6 joining W^ and W^, from c joining W^ and TFj, from 
d joining W^ and W^, from e joining W^ and TFg, from / 
joining W^ and Q, and from g joining Q and P. 



W, 



W, 



rSeeFig.21) 



Fi?.60. 



TT, 
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Cantilever nnder nneqnal weights at irregular intervals. — Fig. 

69. From a, b, c, d respectively, fig. 21, draw horizontals 
joining the lines of action of 
the forces in pairs, the vertical 
through the fixed end being 
reckoned as a line of action. 
Thus draw horizontals, from a 
joining the vertical through the 
fixed end and TT,, from 6 join- 
ing TFj and TFg, from c joining 
W^ and TF« and from d joining 
TF3 and the vertical through 
the fixed end. The scale for 
forces is also the scale for 
shearing forces. 

Corollaries. For a beam with W at the centre, the 
shearing force diagram consists of two rectangles of height 
^ W, one standing above the left half and the other below 
the right half of span. 

For a beam loaded with W at a point dividing the span into 
any two segments, the shearing force diagram consists of two 
rectangles, one standing above the left segment, the other 
below the right segment. The height of each is inversely 
proportional to the length of the segment on which it 
stands, and the sum of their heights is W, 



,w; 
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In these two cases it is evident, and it can easily be 
proved for a general case fig. 68, that the area of the part 
of the shearing force diagram above the base is equal to the 
area of the part below the base. 
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For a cantilever with W at its free end, the shearing force 
diagram is evidently a rectangle of height TT, standing 
below the span. 

Beam uniformly loaded. — Fig. 71 . Draw verticals, one up- 
wards from the left end, another downwards from the right 

end of span, each equal to 
\W\ join their extremities 
with a straight line, which 
will cut the base at the 
centre. 

The shearing force diagram 
consists of two right-angled 
triangles, whose com mon height 
is JW; one is above the left half, the other is below the 
right half, of span, and the right angle of each is at the end 
of span. 

Cantilever uniformly loaded. — Fig. 72. Draw a vertical 
downwards from the fixed end of 
the base equal to TT, and join its 
extremity to the free end of the 
base. 

The shearing force diagram is a 
right-angled triangle of height TT, 
standing below the span, and with 
the right angle at the fixed end. Fig.TS. 
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Beam under aa milform load together wttli weigbts Used at 

intervals. — Fig. 73. The two diagrams figs. 68 and 71 are 
to be directly superimposed by shifting the portions of the 
triangle till they stand upon the steps of the other figure. 
Another method is, — Draw DE to represent the shearing 
force for the uniform load alone, and on this line as a slop- 
ing base make the construction for fig. 68. 




Fig.73. 



CantUever under an uniform load together with weights fixed at 
intervals. — Fig. 74 The diagram fig. 72 is to be super- 
imposed upon the diagram fig. 69, by shifting the portions 
of the triangles till they stand upon the steps of the other 
figure. 



CSanttlever nniformly loaded on a portion of its siian. — Fig. 75. 

The left end of the load is the free end of the cantilever. 

Draw downwards from ■ the fixed 

end a vertical equal to the total 

load, and through its extremity 

draw a horizontal to meet the 

vertical through the nearest end 

of the load; join the point of 

intersection to the free end with 

a straight line. 
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B6MII nnlfdrmly loaded on a portion of its span. — Figs. 76 

and 77. Fix the point 8 at which the maximum bending 
moment occurs as on fig. 32 ; draw verticals through 8 and 
through the two extremities of the load ; lay oflF MN = W, 
the total load, upon the vertical through one of the ex- 
tremities of the load ; from N" draw a horizontal meeting 
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the vertical through the other end in K, and draw MK 
cutting the vertical through 8 in «. Draw for base a hori- 
zontal through 8 and extending the whole length of span, a 
horizontal through M and extending to the vertical through 
the right end of span, and a horizontal from JV to the verti- 
cal through the left end of span. 

Note that this construction determines P and Q the sup- 
porting forces. 



Beam loaded nniformly on two segments with dilferent Inten- 
sities of load. — Fig. 78. Fix the point T^ at which the 
maximum bending moment occurs, as on fig. 36 ; draw 
verticals through T^, the junction of the loads, and the 
extremities of the span ; lay off MN upon the vertical 
through the junction, equal to W^ the load on that segment 



SHEARING FORCES. 



187 



in which T^ lies ; project N B,i L and K on the verticals 
through the extremities, join MK cutting the vertical from 




(Sbb Fig.36) 



T^ at t Through t draw the base ; make Lh equal to the 
total load, and draw Mh, 

This construction also determines P and Q. 



Shearing Forces due to Moving Loads. 

In the same way as was explained (see page 102) when 
speaking of bending moments, the Shearing Strain produced 
by a moving load is greater than that produced by the same 
load when fixed. In the cases which follow, it is to be 
understood that the loads as given are dead loads, or the 
equivalent reduced dead loads. When the load is partly 
fixed and partly moving, the equivalent dead load is the sum 
of the actual dead load and the dead load equivalent to the 
actual moving load. 

Definition. For any point x, the Range of Shearing 
Force due to a moving load is its extent ; and the limits of 
this extent are the maximum positive and maximum nega- 
tive values which Fx assumes during the transit of the 
moving load. 



under a roUlag load. — Fig. 79. At any point of the 
span, Fx the shearing force is positive and equal to P, so 
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long as i2 is to the right of the point ; since P increases as 
R moves towards the left support, Fx is evidently a posi- 
tive maximum when R is indefinitely close to, and on the 
right side of, the point. When R passes to the left of the 
point, Fx = F—R = — Q; since Q increases as R comes closer 
to the right support, it is again evident that Fxis a, negative 
maximum when R is indefinitely close to, and on the left 
side of, the point. When R is indefinitely close to the point, 
P and Q have sensibly the same values as for R exactly at 
the point, and we have the following, — 

To find the maximum shearing force at any point x : — 
Place R over the point, and calculate P and Q for that 
position of the load ; these are respectively the max. positive 
and max. negative values of Fx. 

During the passage of the load, the shearing force as- 
sumes all values lying between these maxima; and it is 
important to observe that the shearing force not only 
changes sign at any point as R passes over the point, but 
that it changes from its greatest positive to its greatest 
negative value, or vice versa, according as i2 is moving to 




Plg.79 



left or right, and does so even although the load be moving 
slowly. 

The positive maximum at each point is the value of P as 
R comes to the point ; and since P is proportional to the 
remote segment, it follows that the positive maximum at 
each point is proportional to the distance of the point from 
the right end of span ; it is zero for the right end, and in- 
creases uniformly till it is R for the left end ; for, when R is 
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just to the right of the right end of span, P is zero, no load 
being on the span ; and again, when R is just to the right 
of the left end of span, P is sensibly equal to JK. 

For a rolling load the range at each point is constant and 
is equal to R. 

Graphical Solution, — From the left end of the base draw 
upwards a vertical equal to JB, and join its extremity to the 
right end of the base ; similarly from the right end, draw 
downwards a vertical equal to R, and join its extremity to 
the left end of the base ; at each point the ordinate upwards 
gives the maximum positive, and the ordinate downwards 
the maximum negative, shearing force; while the double 
ordinate gives the range. 

Beam under a travelling load ayvtem. — Figs. 80 and 81. At 
any point the shearing force increases as each weight in 
succession approaches from the right ; and when a weight 
passes the point, it suddenly diminishes by an amount equal 
to that weight. At each point there is a maximum when a 
weight is just to the right of the point, and a minimum 
when it is just to the left. 

In order to find for any point the maximum and minimum 
corresponding to a particular weight ; — Place the load system 
so that this weight is over the point ; from P subtract the 
weights to the left of that weight for the maximum, and 
further subtract that weight for the minimum. In figs. 80 
and 81, a locus giving the maximum at each point due to a 
particular weight approaching, is shown by a full line ; the 
locus giving the minimum due to the same weight is evi- 
dently parallel to the first, and below it at a constant 
distance equal to that weight ; this parallel locus is shown 
by a dotted line. In each of these diagrams there are five 
loci drawn in full lines, and giving the maximum at each 
point due to the approach from the right of each of the five 
•weights respectively; of the five dotted loci giving the 
minimum at each point due to the receding of each weight 
respectively, only one is shown, and it is drawn parallel to 
the locus shown by the lowest full line, and at a constant 
depth below it equal to the weight at the right end of the 
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load. Having determined the full lines or positive loci, it 
is easy to draw the others. 

The first locus Aa is the value of P when W^ is over any 
point ; so that as the load comes on from the right end, and 
so long as W^ alone is on the span, Aa is a portion of the 
diagram due to TTj as a rolling load ; that is, it slopes at an 
angle whose tangent is W^ -4- 2c, or, in other words, at a rate 
proportional to W^\ further, Aa extends over a horizontal 
distance equal to that between W^ and TFj. When W^ 
comes over any point, W^ and W^ alone being on the span, 
then Fx is calculated by finding P and subtracting the 
constant quantity W^\ P is now increasing as for a rolling 
load ( TTj + W^ concentrated at its centre of gravity, so that 
the second link aa slopes at an angle whose tangent is 
{W^+ W^-^^Cy or, in other words, at a rate proportional to 
TTj + TFg ; further, aa extends from the point where the 
preceding link ended, and continues through a horizontal 
distance equal to that between W^ and TFj. Thus, the locus 
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Aaaa,,, begins at the right end of the span, each link 
sloping more and more at rates in direct proportion to the 
sum of the weights on the span, and extending respectively 
over horizontal distances equal to those between the weights; 
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the last link extends over a distance which is the excess of 
the span over the extent of the load. On fig. 80, the first four 
links are short and equal, the last one is long. The other 
loci Bhh... , Gcc...y &c., consist of links sloping more and 
more as weights come on at the right end, and less and less 
as they go ofi* at the left; for instance, Ccc... , fig. 80, con- 
sists of two equal short links and a long one increasing in 
slope, and two equal short ones decreasing in slope ; the rate 
of slope of each link is directly proportional to the sum of 
the weights on the span at the time corresponding. 

After having drawn the first locus -4aa..., the initial 
points By C, D, &c., of the other loci are found as follows : — 
The ordinate of B represents the value of the shearing force 
at the right end of span when W^ is just to the right of that 
point ; if the load be placed in this position, the shearing 
force at the right end of span, and in the interval between 
that end and the point where W^ stands, is constant ; the 
value of the shearing force just to the left of W^ is given by 
the ordinate of a the left extremity of the first link A a, and 
this quantity diminished by W. is the value required. 
Hence B is on the vertical througn the right end of span, 
and at a depth W^ below the level of the first joint a on the 
locus Aaa,.. ; similarly is on the same vertical and at a 
depth W^ below the level of the firat joint b on the locus 
Bbb..., 

Graphical Solution. — Case I. Moving load of equal weights 
at equal intervals. Fig. 80. Lay the weights up, in order, 
on the vertical through the left end of span, and draw a ray 
from the right end of span to each junction ; each slope is 
evidently the shearing force diagram for a rolling load equal 
to one of the weights, the sum of two, the sum of three, &c., 
respectively. Draw verticals at intervals from the right 
end equal to the common interval between the weights, ind 
the same in number; draw the first link A a parallel to the 
slope for one weight, the next link aa parallel to the slope 
for two weights, &c., similarly draw the locus e'e\ . . JS" below 
the span. The ordinates to Aaa... and to eV...-S' give 
respectively the maximum shearing force positive and 
negative at each point, during the transit of the load 
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system; and iu this case it is unnecessary to draw the 
other loci. 

11. — General Case. Fig. 81. The example shown in the 
figure is the same as that for which the bendini; moment 
^m is given in fig. 56. Lay the weights up. in order, 
on the vertical through the left end of span, and then down 
again in order ; draw a ray from the right end of span to 
each junction ; rays to joints in ascending order are drawn in 
full lines, and to joints in descending order are drawn in 
dotted lines. Draw another line Ad equal to the span, so as 









(SeeFig.56j 




OM THE SFAN. 

not to complicate the figure. Draw the locus Aaa ... link 
after link parallel to the slopes in ascending order, each link 
extending in order for a horizontal distance equal to that 
between the weights in pairs, the last link completing the 
locus ; in the figui^e, the first link Aa extends for a distance 
equal to that between W^ and W^ ; the second link aa to 
that between W^ and IT,, and so on ; Uie last link extends 
for a distance equal to the difierence between the span and 
the length of the load. Plot B on the vertical through the 
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right end, at a depth equal to W^ below the level of the 
first joint a in the locus already drawn; draw the locus 
Bhb . . . parallel to the respective slopes in ascending order ; 
the first link Bb is parallel to the slope for ( W^ + TTJ, eacli 
link extends till a new weight comes on, the second last 
link extends till W^ goes off, and the last link is drawn 
parallel to the slope for (F,+ F + F,+ Tf,). Plot C at a 
depth equal to W^ below the level of the first joint &, and 
draw the locus Gcc, . . ; the first link Cc is parallel to the slope 
for ( W^i + W^+ TTg) ; the other links are drawn parallel re- 
spectively to the slopes in ascending order, and when these 
are exhausted the remaining links are drawn parallel to 
the slopes in descending order ; the extent of each link is 
determined as each weight after W.^ comes on, and then as 
weight after weight goes oflf. In the same way, for eadh 
weight, a locus is drawn in full lines, consisting of as many 
links as there are weights ; the highest ordinate at any point 
gives the maximum positive shearing force thereat, for transit 
of load. Dotted loci are drawn, one parallel to each locus 
shown by a full line, and below it at a distance equal to 
the weight to whicli it corresponds ; the deepest ordinate at 
each point gives the negative maximum. On the diagram, 
eV... E' is drawn parallel toee ,,, E\ and since, in this case, 
the^ locus e'e,,,E' gives the maximum shearing force for 
every point of span, the other four dotted loci are not 
shown. 

Beam under an advancing load of uniform intensity. — Fig. 82. 
At any point a?, the positive maximum shearing force occurs 
when the front of the load is at the point. Suppose the load 
to be in the position shown at the top of the diagram, then 
the shearing force is positive and equal to P. If the load 
move towards the right, P will decrease, and F^ will equal 
that decreased value. If the load move towards the left, 
and if the total load be not yet on the span, then the new 
load is exactly the same as the first with an additional 
load to the left of x ; this additional load is shared in some 
manner between the two supports, so that the increase of P 
is only a fraction of that added load ; in reckoning Fxy how- 

N 
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ever, we subtract from this increased value of P, the whole 
of the added load, that is we subtract more than we add. 
Again, if the load be shorter than the span and be wholly 
on the span ; then, after the advance, the new load is the 
same as the first with a portion added to the left of x and 
an equal portion taken off at the tail of the load ; the por- 
tion added increases by a fraction of itself the value of P, 
while the portion taken off decreases by a smaller fraction of 
itself the value of P ; and in reckoning Paj, we subtract the 
whole of the added portion from this increased value of P. 
Hence, whatever be the length of the load, F^} is a positive 
maximum when the front of the load is at x. Similarly, by 
calculating the negative shearing forces from the supporting 
force Q, it can be shown that the shearing force is a nega- 
tive maximum when the tail of the load is at the point. 
At each point, during the transit of the load, the shearing 
force assumes all values between the two maxima, and 
passes gradually through the whole range in the same time 
that the load takes to make a transit. 

Shearing Force Diagram. — Length of load equal to, or 
greater than, span. Fig. 82. When the front of the load is 
at the left end of span, the whole span is covered, and 
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P=^Wf where W is the load which covers span; hence the 
jjositive maximum at the left end is J W. When the front of 
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the load is at the right end of span, P is zero as no load is on 
the span ; hence the positive maximum at the right end is 
zero. When the front of load is at any intermediate point, the 
right segment is loaded, and Fx^^P b, positive maximum ; 
the value of this maximum increases as the point approaches 
the left end of span, because the length of the loaded seg • 
ment is increasing, and because its centre of gravity is 
nearer the left end ; or in symbols, this positive maximum 

„ _ load on span length of loaded segment _w . .^ 
^ ~ span 2 ~ 4c ^ 

Hence, the locus giving F^ the positive maximum shearing 
force at each point is a parabola with its axis vertical and 
its apex at the right end of the span, and whose ordinate at 
the left end is JTT; the locus giving the negative maximum 
is a similar parabola below the base and with its apex at 
the left end of span ; the range at each point is given by 
the double ordinate. 

Graphical Solution. — Length of load equal to, or greater 
than, span. With any parabolic segment draw a curve 
with its apex at the right end meeting the vertical through 
the left end at JD, fig. 82 ; draw another below the base, and 

construct a scale for verticals upon which BD=:\W, where 
W is the load which covers the span. 

Shearing Force Diagram. — Length of load less than 
span. Fig. 83. Let ik be the length of the load. While the 



D 



L 



2 k, extent of Load 
2 C, extent of Span 




Figr.88. 



load advances from the right end, and so long as it com- 
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pletely covers the right segment, that is up to a distance 2k 
from C, the diagram is a portion of the parabola, fig. 82 ; for 
the further advance of the load, the maximum shearing 
force is increasing, because the centre of gravity of the load 
is approaching the left end, and the remainder of the locus 
is therefore a straight line. The straight portion of this 
locus and the locus for an equal rolling load (see fig 79) are 
parallel, and are separated from each other by a distance k 
measured horizontally ; this straight portion, when pro- 
duced, cubs the base at a point F such that CF = k, and it 
is therefore a tangent to the parabola. 

Chuphical Solution. — Length of load less than span. Fig. 
83. Draw the parabola CD as in the previous case; construct 
a vertical scale such that BD = wc, that is equal to half the 
load which would be on the span supposing the whole span 
covered ; ink in CE the portion of this parabola extending 
from the apex C through a horizontal distance equal to 2k ; 
and draw for the remainder of the span, a tangent to the 
parabola at the point E; this tangent is drawn by laying 
ofl^ GF = k, drawing FEy and producing it to L. 



Beam nnder an nniform dead load together with a rolling load. 

—Fig. 84. 




Flg.84. 



Graphical Solution. — ^Reduce the rolling load to its equi- 
valent dead load, and call this quantity R, Lay off the 
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base BC equal to the spao, and construct the locus DE for 
the uniform load as in fig. 71 ; and upon DE as a sloping 
base, construct the loci EF and DG as in fig. 79. The 
figure BFLCOKB is the combined diagram, and it gives the 
positive and negative maxima at each point for a transit 
of the rolling load. From B to K the stress is always posi- 
tive, from i to (7 it is always negative, and from iT to i it 
bas both positive and negative values ; between K and L 
the range is the double ordinate, it is constant at each 
point, and is equal to R the rolling load. 



Beam under a fixed uniform load togetlier with an advancing 
load of uniform intensify. — Fig. 85. Let U be the intensity of 
the fixed uniform load, and w the intensity of the advanc- 
ing load in terms of its equivalent dead load; as in fig. 71, 
draw DE for the uniform dead load, and from DE as a 
sloping base plot the ordinates of the two parabolas, fig. 82, 
up and down respectively ; the* two loci FLE and DKG 
give the maximum and minimum, or the positive and nega- 
tive maximum, shearing force at each point. 

The ordinates to DKN, the portion of the curve which 
extends over the left half of span, are derived by taking the 
ordinates of the slope OD fig. 71, and subtracting the 
ordinates of BN fig. 82; or, what is the same thing, by 
adding the ordinates of the slope OD fig. 71, and of the 
parabolic segment JBN fig. 82, and then subtracting the 
constant quantity ON, When the ordinates of the slope 
and of the segment are added by the theorem at fig. 35, the 
resulting locus is a portion of the same parabola as BN, but 
with its apex to the left of JB at a distance 

BS = a = ^r-OB = J^'(^ = --2c; (1.) 

2BJ 2 X I Tr w ^ ^ 

When the constant quantity ON is subtracted, the locus 
unaltered in form moves vertically downwards through that 
distance; the apex still remains to the left of B at the 
distance a ; the curve passes through the point D whose 
height is BD = uc, and through the point Q whose depth 
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is CO = (u + w)c. Similarly ELF is symmetrical^ left and 
right, up and down. 



^K^^^^~^^^c 








il. 



Plg.86. 



Taking the centre of span as origin, the equation to the 
parabola AJ)Q is — 



wc 2u + w w 9 



(2.) 



The point K is found by making y = 0, and finding the 
corresponding value of x ; thus — 



OK 






(3.) 



The ordinate to the apex A^ is found by substituting (c + a) 
for X in equation 2 ; and is — 

^^> = fe + ^> (*•) 

Oraphical Solution. — Length of advancing load equal to, 
or greater than, span. Draw two verticals BF and CO at 
the ends of the span, and draw another vertical to the left 

of BF at a distance a = — 2c. With any parabolic segment 
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draw the arc AJ)Q with its axis vertical, its apex on the 
left vertical, and cutting the other two verticals at the 
points D and Q. From D draw a tangent DE, and bisect it 
in 0; through draw the base BOC\ a check upon the 
accuracy of the drawing is obtained by observing that 
GE : EO :: u : w. From the point A^ symmetrical with 
A^, with the same parabolic segment draw the curve A^LF; 
and construct a vertical scale for shearing forces such that 
CG = {u + w)c ; that is, CO represents half the total load, if 
we consider the advancing load to be equal in length to the 
span. The line DE is a tangent at D to the parabola, since 
the ordinates of the curve referred to DE as a sloping axis 
are proportional to the squares of the abscissae laid along 
DE. Todhunter's Conic Sections, § 151. 

To the left of K the shearing force is always positive, to the 
right of L it is always negative, and between K and L there 
are both positive and negative maxima. The range at 
the centre is J TT as for W alone ; if u be great compared to 
w, the range between K and L is nearly constant and 
equal to J W^, since the apex is then far out and the portion 
of the parabola over KL is very flat. 

Approximate Shearing Force Diagram. — Length of ad- 
vancing load equal to or greater than span. Lay off BK 
and GL one from each end towards the centre equal to the 
above fraction of the span ; on the vertical drawn upwards 
from the left ejid, lay oSBF = (u + w)c, the sum of the inten- 
sities of the loads into the semi-span, or half the total load ; 
on the vertical drawn downwards from the right end, lay off 
CO = BF, and join FL and KO with straight lines. The 
diagram thus drawn gives ordinates greater than those in 
the exact diagram, and therefore on the safe side. 

Graphical Solution. — Length of advancing load less than 
span. Construct the diagram fig. 85 as for the load equal 
to the span ; ink in a portion of the curve DOy extending 
from D through a horizontal distance equal to 2Aj the 
length of the load ; replace the remainder of the curve by 
the tangent at the point where the inked line ends ; simi- 
larly replace a portion of the curve EF by its tangent. By 
the above construction, fig. 83 is drawn upon DE as a slop- 
ing base ; that is, DE, fig. 85, corresponds with BG, fig. 83. 



200 APPLIED MECHANICS. 

Approxi/mate Shearing Force Diagranv. — ^LengUi of ad- 
vancing load less than span. If 2k be greater than BK, the 
locus cuts at f just as for the load equal to the span ; if 2k 
he less than BK then, since the tangent is drawn from a 
point between B and K, it cuts the base at K' a point 
nearer the centre than K, Lay off BK and CL the same 
fraction of the span as for the load equal to the span ; at 
the two ends of the span respectively lay off 

Br= Cff=uc + — (2c - Z:), 

the value of the supporting force when the end of the 
advancing load is at the point of support. Join KO' and 
LP with straight lines. The figure BFLCO'K, thus ob- 
tained, gives ordinates which are either equal to or longer 
than the ordinates for the exact diagram, and are therefore 
on the safe side. 



JEocamples. 

110. A beam 20 feet span supports a load of 10 tons 
uniformly distributed. Find the shearing forces at intervals 
of 5 feet. 

Ans, jP,, = 5 tons ; F^ = 2o tons; F^ = 0. On right half 
of span, the values are the same, but negative. 

111. A beam 20 feet span supports a load of 10 tons 
concentrated at the centre. Find the shearing forces. 

Ana. -f\otoo = ^ tons, i^oto-io = — o tons, and the sign 
changes at the centre. 

112. In the example given on page 32 and shown in fig. 
17, find the shearing forces. 

Ans. ^21 to • = P =24 tons. 

•^2010 15 = 24 - F, = 19 tons. 
^i5to7 = 19 - F, = 14 tons. 
Fjto-z =14-^3=: 3 tons. 
J^-3to-io = 3-F^=- 9tons. 
i^_,o.. .21 = - 9 - W^= - 18 tons = ( - Q). 
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See figs. 18 and 68, and note that the shearing force 
changes sign, and that the bending moment is a maximum, 
at the point aj == — 3. 
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113. A beam 72 feet span supports an uniform load of 
^ ton per foot run, and fixed loads W^ =S,W^= 10, TF, = 18, 
and TT^ = 13 tons at points whose abscissae measuring from 
the centre of span are ic^ = 18, ajg = 6, oj, = - 12, and x^= - 24 
feet; fig. 86. Find the shearing forces at intervals of 4 feet. 

For the fixed loads alone F^t^^^^z^P = 20, -Fi8to6= 12, 
K to -12 = 2, F_,,^ .24 =: - 16, i^.24to ^86 = " Q = " 29 tous. 

For the uniform load alone, F^=z P ^ 18 tons, and by 
proportion the shearing force at each point is half the 
abscissa of the point. 

For the two loads combined, the shearing forces at points 



a\> ayai\t at 
Feet. Tons. 


e — 
Feet. Tons. 


Feet. 


Tons. 


Feet. Tons. 


36. ..38' 


16... 20 


-4... 





24... 41 


32.. .36 


12.. .18 


-8... 


-2 


-28.. .-43 


28... 34 


8.. .16 


-12... 


-22 


32... -45 


24...32 


4... 4 


-16... 


-24 


-36... -47 


20... 30 


0... 2 


-20... 


-26 


• 



The shearing force changes sign at the point x=-4, 
and at this point the bending moment (see fig. 39) is a 
maximum. 

After having drawn the diagram for shearing forces, the 
bending moment diagram is constructed with greater facility 
than by the general method, fig. 39, since the points cZ^, d^, 
&c., are determined by producing the slopes of the shearing 
force diagram to meet the base ; this saves the trouble of 
drawing the bending moment diagram for the fixed loads 
alone, and allows any scale to be chosen for shearing forces 
and loads, irrespective of the scale for bending moments. 
The slopes determine the points d^, d^, &c., because (theorem, 
page 181) if the shearing force for the remainder of the 
span varied as for the first interval, it would change sign at 
the intersection d^ ; hence if the bending moments varied for 
the rest of span as for the first interval, the maximum would 
be at Dj ; that is, the apex of the parabola governing the first 
field is on the vertical through D^ ; it is evident that there 
is only one such maximum agreeing with what is shown 
at fig. 39 ; similarly for the other fields. 

114. A cantilever 12 feet long supports an uniform load 
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of one ton per foot, which extends from the left end to the 
middle. Find the shearing forces at intervals of 4 feet. 

^i3 = 0,J^3-=4,J^e^o=6tons. 

115. A beam 72 feet span supports an uniform load oi 
2 tons per foot run, extending from the left end to the point 
a: = - 12, and an uniform load of 1 ton per foot run extending 
from the right end to the point aj = — 12. Find the shear- 
ing forces at intei-vals of 12 feet. See example No. 47, and 
figs. 36 and 78. 

P =z= 68 tons.; F decreases at the rate of 2 tons per foot 
for the left segment, and at the rate of 1 ton per foot for the 
right segment. 

Ana. F„ = 68; F =ii; F,, = 20; F,= -i; 
F_„ = -28; f.^=-M; F_„ = -52 {= -Q). 

F changes sign at « = 2. 

116. A beam 20 feet span is subject to the transit of 5 
weights, each 2 tons, and fixed at intervals of 3 feet. Find 
the maximum positive and negative shearing force at each 
foot of span during the transit. See example 106. 

The slopes in fig. 80 are — 1st link, tV vertical to 1 hori- 
zontal ; 2nd, ^% to 1 ; 3rd, ^ to 1 ; 4th, ^^ to 1 ; and 5th, A 
to 1; hence upward ordinates to Aaa,.,, foot by foot from 
left end, are — 

1st link Aa. . . 0, '1, '2, 3 ; 2nd link da. . . '3, -5, *7, 9 ; 
3rd „ aa... 9, 1*2, 1-5, 1*8 ; 4th „ „ ... 1*8, 22, 2-6, 30 ; 
5th „ „ . . . 30, 3-5, 40, 45, 50, 55, 60, 65, 70. 

Hence the maxima are — 

i^„-7and 0, i?; = 6*5 and -1, j;=6and--2, 
i^_,,=:Oand -7, J^.^rn -1 and -6-5, J^_3 =-2and- 6, 

F^ =5-5 and - '3, F^= 5 and - 5, F^ =4i'5 and - 7, 
jF_, —-3 and -55, F_^ = '5 and - 5, F_^ ='7 and - 4*5, 

F^=:4i and - 9, F^ = 35 and -1-2, F^ = S and - 15, 
F_, = 9 and - 4, F_^ =12 and - 3-5,i^_, =V5 and - 3, 

jF, =2-6 and —1-8, , e, o.o a oo 
F ; =1-8 and -2-6, ^^^ ^o = 22 and - 22. 



{ 
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117. Calculate the maxima positive and negative shearing 
forces at intervals of one foot, during the transit of the load 
system shown in fig. 81 ; see also figs. 56 — 65. 

Here 2c = 42 feet; W^ = 5,W^ = 5, F, =: 11, TT, = 12, 
and TFg = 9 tons; the distances between each pair of 
weights beginning at the left end are respectively 5, 8, 10, 
and 7 feet. 

The slopes of the links are 5, 10, 21, 33, 42 ; 37, 32, 21, 
and 9 tons per 42 feet ; 42 feet being the span. 

The co-ordinates of the joints of the links are — 





Ft. Tons. 


For link -4 aa... 


; -21, ; 


Bbb....] 


; -21,- 4-4; 


Ccc... ] 


; -21,- 7-5; 


Ddd...] 


; -21, -13-5 ; 


E<!<!...\ 


; -21, -29 ; 



Ft. Tons. 

16, 0-6 
13,-2-5 
11, -2-5 
14. -8 
9,-17 



Ft. Tons. Ft. Tons. Ft. Tons. 



-8, 


2-5; 2, 


7-5; 


9,13 ; 


-3, 


2-5 ; 4, 


8 ; 


16,20 h 


-4, 


3 ; 8, 


15 ; 


13, 19-4 ; 


-2, 


4 ;3, 


8-4; 


11, 14-5 ; 


-4, 


-12-6 ; 4, 


-6-5; 


14, -1-5 ; 



Ft. Tons. 

21. 25. 
21, 24-4. 
21, 25-5. 
21, 19-5. 
21, 0. 



For positive maxima, the locus Ccc... is to be taken be- 
tween the left end of span and the point a; = — 1, and the 
locus Ada.,, from that point to the right end of span; for 
negative maxima, the locus E'e'e ... is to be taken for the 
whole span. 

118. An advancing load in length not less than the span, 
and of uniform intensity 3 tons per foot, passes over a beam 
42 feet span. Find the maxima shearing forces positive 
and negative at the points x =: 21, 14, 7, and 0. 



Ans. F. 



21 



F, 



14 



Positive. 
Tons. 


Negative. 
Tons. 


Kange. 
Tons. 


63.0 


... 00 


. . 63-0. 


43-75 


« . • X'f d . 


.. 45*5. 


28-0 


... 7-0 . 


.. 350. 


15-75 


... lo*7o . 


• . «5X*o. 



F 
F 

J. Q 

Note. — If the actual load be 3 tons per foot, these results 
are in terms of a moving load ; if, however, we have in- 
creased the actual load to get its equivalent dead load, the 
results are in terms of a dead load. Since the span is over 
40 feet, the difference is not very great ; probably if the 
actual load were 2^ tons per foot, the equivalent dead load 
would be 3 tons per foot, and in this case the results above 
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would be for the dead load equivalent to an actual advancing 
load of 2 J tons per foot. 

119. In the previous example, find the maximum value 
of the positive and negative shearing forces at the point 
0? = 7, directly. 

Let the segment to the right of the point be loaded ; 
the amount of load will then be 28 x 3 = 84 tons ; suppose 
this concentrated at the centre of the loaded segment and 

+ F^ — P= (84-h4) X 14 = 28 tons; 

again let the segment to the left of the point be loaded, and 

-F^=zq = (42-f42) X 7 = 7 tons. 

120. The beam of example 118 is subject to an advancing 
dead load of 3 tons per foot, and an uniform dead load of 1 
ton per foot of span. Find the maximum positive and 
negative value of the shearing force at intervals of 7 feet 
for the combined load, and the range at these points. 

For the uniform load alone, the shearing forces at these 
points beginning at the left end are — 

21, 14, 7, 0, -7, -14, -21 tons. 

Taking the algebraic sums of these quantities and the 
results given for example 118, we find that — 

'Aus. F^^ == 84, -F^^^O; F^^ = 57|, -F^, = ; ^, = 35, 

-F, = 0;F, = rol -^F^ = l5i; F_^ = 0, -F_, = 3o; 

F_,, = 0, - J^_,, = 57i ;F_^^ = 0, ^F_,, = 84 tons. 

Between the two points iz; = ±7, we have both a positive 
and negative maximum ; to the left of a; = 7 the stress is 
always positive, to the right of aj =: - 7 it is always negative. 

The range of the shearing force at each of these points 
is respectively — 

84, 57|, 35, 31J, 35, 57f, and 84 tons. 

121. Find for the previous example the points between 
which the shearing force is sometimes positive and some- 
times negative ; and find the co-ordinates of the apex A^ 
See fig. 85. 
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Ana, OiT = 21 - 42{ N/(f+J) - i} = 7 feet; Oi = - 7 feet. 
For the apex A^, — 

OS = X = c+ — 2c = 35 feet on horizontal scale : 

w 



2 

SA^ = y = (- +u)c = 28 tons on vortical scale. 



By using the co-ordinates of A^, the graphical construc- 
tion can be made with greater accuracy, more especially if 
the points A^ and D are situated near each other. 

122. A beam 24 feet span bears a load of 6 tons uniformly 
distributed, and is subject to a rolling load of 7 tons. Find 
the amounts and the range of the shearing forces at intervals 
of 2 feet. 

Since the span is a little greater than 20 feet, the dead 
rolling load equivalent to the actual rolling load of 7 tons 
will be, say, 12 tons. 

For the uniform load, F varies uniformly from 3 tons at 
the left end of span, to -3 tons at the right ; for the rolling 
load, jP varies uniformly from 12 tons to 0, positive from left 
to right, and negative from right to left ; and we have for 
both loads — 

F^^ = 15, -F^, = 0; F,, = 135, -F,, = 0; F, = 12, 
--F, = 0; F,= 10% -i^«==l-5; F,= 9, --F, = 2; 
F, = 7-5, -F^ = 4-5 ; F, = 6, ^F, = 6 tons. 

The results for the right half of the span are similar to 
the above, the signs alone being changed. 

The range at intervals of 2 feet for the left half of the 
span, beginning at the point of support, is — 

16,13-5, 12, 12, 12, 12, and 12 tons. 

123. A beam 24 feet span bears an uniform dead load of 
100 lbs. per foot, and is subject to an advancing load as long 
as the span, and of intensity 500 lbs. per foot. Find the 
shearing forces, and their range, on the left half of span, at 
intervals of 2 feet. Find the critical point K, and the 
co-ordinates of the apex A^. See fig. 87. 
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Since the span is a little greater than 20 feet, the dead 
advancing load equivalent to the actual advancing load of 
500 lbs. per foot will be, say, 800 lbs. per foot. 

Taking this value, we have — 

u = 100, and w = 800 lbs ; c = 12 feet. 

Substituting in equation (2), page 198 ; — 

F,, = 10800, -F^^ = 0; F,, = 9067, -F,, = 0;F, = 7467, 
-JP3 =: 0; F^=z 6000, -F^=:0; F^ = 4667, -F^ = 667; 
F^ = 3467, -F^=: 1467 ; F^ = 2400, -F^ = 2400 lbs. 

The range at intervals of 2 feet beginning at left end of 
span is 10800, 9067, 7467, 6000, 5334, 4934, and 4800 lbs. 

OK =6 feet ; OS =15 feet ; SA^ = 1350 lbs. 

Application to Framed Beams of Uniform 

Strength. 

Framed beams are built of pieces either freely jointed, or so 
slightly connected at their joints that they may be con- 
sidered as freely jointed. If the load be applied at the 
joints, each piece is either a strut or a tie ; and if the load 
be applied at intermediate points on, or distributed over a 
portion of, a piece, it (the load) is to be replaced by a pair 
of equivalent forces at the ends, evidently equal and opposite 
to the supporting forces of that piece looked upon as a short 
beam. Such a piece has two duties to perform, viz., to resist 
the bending moments and shearing forces as a small beam, 
and to act as a strut or tie in the built beam considered as 
loaded at the joints only; by making such pieces short 
enough, the duty they have to discharge as beams can be 
made so small compared to what they have to perform as 
struts or ties, that when designed to fulfil the latter duty 
they will also be able to fulfil the former ; by making the 
pieces continuous at their joints, they are greatly strength- 
ened for their duties as short beams. 

If a cross section cuts not more than three pieces, the 
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Advancing Load 
equivalent to 800 Iba.p.ft. 



Uniform Load 
100 Ibe.p.fi. 




The Shearing Force la the vertical 

component of the load on diagonal. 

Two distinct diagonals may resist the positive 

and negative shearing force. If one resists both, 

it must be able to act as a strut, and the load is 

to be reckoned as the sum of the two loads. 
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unknown stresses are not more than three in number, and 
the three conditions of equilibrium, page 17, enable us to 
calculate the stress on each ; or using the bending moment 
and shearing force diagrams, we can readily apply the con- 
ditions given on page 18 to as many sections as necessary, 
and so design the whole beam. The sections chosen for this 
purpose should lie just to one side of the joints. 

For any given system of loading, a beam is said to be of 
uniform strength when the cross section of each piece is 
such, that the ratio of the ultimate or proof resistance of the 
material and the tension or compression which it has to 
bear is constant ; an allowance being made, if necessary, for 
pieces which also act as small beams. 

The term Flanged Girder is employed to denote all 
girders consisting of a web and one flLgi, or of two flanges 
connected together either by a continuous web or by open 
lattice work ; in bridges one at least of the flanges is usually 
straight, and also horizontal. 

In figs. 8 and 9, page 16, the stress at A is horizontal and 
is denoted by pa ; if the flange is thin, as is often the case 
in iron bridges, this stress is sensibly constant; and since 
the intensity of the stress to which a piece is exposed 
should not exceed the strength of its material, we have 

where / is the working or proof stress as may be desired ; 
and at = amount of stress on the horizontal flange, and <Si = 
the cross sectional area of that flange, then 

t < S.f. (2.) 

When there is only one set of triangles, as is shown in the 
lowest of the three systems of bracing, fig. 87, and also in 
the two upper systems if we neglect the counter-bracing, the 
amount of stress on the straight boom may be found thus ; — 
Take a cross section at a point, say -F, just on either side of a 
joint in the boom opposite the straight boom (in fig. 87, both 
booms are straight) ; take moments round the point F, and 
since we neglect the counter-brace, the only member not 
passing through the point F is the upper boom ; the product 
t,h gives the moment where h is the depth of the beam a^ 
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the point; this is equal to the bending moment, and we 
have by substituting the value of t given in equation 2, 

t.h = S.f.h = M (3.) 

The quantity M is different at different points of the beam, 
and / is a constant quantity ; if the above equation is to be 
fulfilled for every point, we make S.h vary as if ; in 
practice one of these two factors is generally kept constant, 
and the other is made to vary. 

If we make h constantyihGii both booms are horizontal, and S 
varies as the bending moment; hence the bending moment dia- 
gram gives, upon a suitable scale, the area of the boom at each 
point. The vertical component of the stress on any diagonal 
is the amount of the shearing force at that end of the diagonal 
where the shearing force is greatest; hence if r be the stress on 
a diagonal, F the shearing force at the end of the diagonal 
where it is greatest and as given by the shearing force diagram, 
and Q the angle made by the diagonal with the vertical, then 

T=:^sec0 (4.) 

The depth h is chosen from \^^ to -^*^ of the span to ensure 
stiffness ; in fig. 87, h is taken at 3 feet, that is J*^ of span, and 
that figure shows how the stresses on the booms and on tlie 
diagonals are found. Between the points K and i, counter- 
bracing is required ; this is accomplished in the two upper gir- 
ders by introducing pairs of diagonals between these points, 
both being ties or both struts as the case may be ; the one 
diagonal resists the positive, the other resists the negative 
shearing force. In the Warren girder, the third in the figure, one 
diagonal resists both the positive and negative shearing force, 
the one being applied suddenly after the other; each diagonal 
should be designed to bear the stress due to the sum of these 
stresses. The lowest girder shown in the figure is one with thin 
flanges and a thin continuous web; part of the bending moment 
is resisted by the web and part of the shearing is resisted By 
the flanges, these parts however are small; practically the flan- 
ges are considered, as in the case of open beams, to resist tlie 
whole of the bending moment, and the web is considered to 
resist the whole of the shearing force ; an approximate result 



FRAMED BEAMS OF UNIFORM STRENGTH. 211 



is obtained if we consider that the shearing force is uniformly 
distributed over the cross sectional area of the web. 

If we make S constant, then h varies as M ; and, fig. 88, 

(The Plana 
rectangu 






/ The curves ere ercs of 
circles with their centres 
on the verticals through the 
apexes of parabolas. 



ELEVATIONS OF THiN FLANGED 
QIRDER8 OF UNIFORM STRENGTH, 
derived from Bending Moment Diagrams. 
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212 APPLIED MECHANICS. 

the elevation of the beam will correspond with the bending 
moment diagram; ho the depth of the beam at the centre 
is, as in the previous case, to be taken sufficient to ensure 
stiffness. The curved boom will bear a share of the shearing 
force; this compounded with the stress on the horizontal 
boom at the same section will give the resultant stress on 
the curved boom. It is usual in practice to make the area 
of the curved and of the straight booms uniform, and to 
make the diagonals sufficiently strong to resist the whole of 
the shearing force as in the previous case. Where the 
curved member slopes considerably, as in the Bowstring 
Girder, it is made sufficiently strong to bear the whole 
shearing force, the diagonals being intended for another 
purpose, viz. : to distribute partial loads in a sensibly 
uniform manner. 

The theoretical elevations reduce to a height zero at the 
ends, and so give no material to resist the shearing force 
at the point where it is greatest; sufficient material is 
generally allowed at the ends either by making the span of 
the girder exceed the clear span, or by departing from the 
theoretical form along a tangent near the end. Further, 
whatever the curves may be, and, as we have seen, they are 
generally parabolas, they are usually replaced by circles 
which nearly coincide therewith; when the figure passes 
from one curve to another, the passage is made along a 
tangent as will be seen on some of the figures. Approxi- 
mate forms consisting entirely of straight lines enveloping 
the bending moment diagram, are sometimes adopted. 

Moment of Resisxance to Bending of Rectangular and 

Triangular Cross Sections. 

The Moment of Resistance to Bending we have defined as 
the moment of the total stress upon the cross section about 
any point in it ; and this we have shown, figs. 7, 8, 9, to be 
equal to the couple which is the moment of the normal 
stress on the cross section. 

The stress, fig. 8, might be artificially produced by building 
on the portion 0'-4, columns of a material tending to gravi- 
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tate towards the left; and on the portion O'B, columns 
gravitating towards the right. These columns standing on 
very small bases, being of uniform density, and of the 
proper height to produce the intensity at each point, will, if 
we suppose them to become one solid, form a wedge with a 
stepped or notched sloping surface ; the more slender the 
columns are, the more accurately do they give the stress at 
each point, and the smaller are the notches on the wedge ; 
hence two right wedges exactly represent the normal stress 
on the cross section. Such a stress is called an uniformly 
varying stress. Taking the density of the wedges as unity, 
the height of one will be expressed by Pa^ and the other by 
Pf, : the volumes of the wedges will give the two normal 
forces, fig. 10, the resultants of the thrusts and tensions 
respectively ; these forces are equal, the volumes of the two 
wedges must therefore be equal, and the position of the neu- 
tral axis of the cross section is thus determined. Further, 
each wedge, instead of distributing its weight over its base, 
may be supposed to stand on the point below its centre of 
gravity ; this enables us to find the positions of the normal 
forces, fig. 10, and gives us the arm of the couple ; if we 
multiply the volume of either wedge by this arm, we have 
M the moment of resistance to bending. For a 

Beotanguiar cross section, the neutral axis is at the centre 
since the wedges are equal, and p„ equals p^; and if the 
common volumes of the right wedges be represented by F, 
then 

where b is the breadth and h is the depth of the beam, as 
shown in fig. 1. Each wedge stands on a rectangular base, 
so that the point on the cross section below its centre of 
gravity is distant from 0' by two-thirds of O'A, or ^ h; 
hence the arm of the couple is %h, and 

M = IPabh X %h= ipabh\ 

By increasing the bending moment we can increase M till 
p^ becomes equal to /, the resistance of the material to 
direct tension or thrust, but no further; because if Pa becomes 
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greater than /, the fibres at the skin will be injured ; hence 

M-=ifbh' (1.) 

is the ultimate, proof, or working resistance to bending, 
according as / is the ultimate, proof, or working strength of 
the material. Since / is generally expressed in tons or lbs., 
per sq. inch, it is necessary to express b and h also in inches ; 
in which case M will be in inch tons or lbs. ; on the other 
hand, M is generally expressed in foot tons or lbs. ; and it 
is well to observe that, if such be the case, M requires to be 
multiplied by 12 to reduce it to inch tons, or lbs., before 
equating to M. 

For all cross sections, if 6 and h are the dimensions of the 
circumscribing rectangle, the equation giving the moment 
of resistance is of the same form, but the numerical co- 
eflScient assumes values other than ^, as will be proved 
hereafter. Kankine uses n for the value of this constant, 
which he calls the numerical coeflScient of the moment of 
resistance to bending of any cross section ; and we may put 

M = nfbh\ 

We shall now verify this for a triangular cross section ; 
an isosceles triangle is taken, but exactly the same result 
would be obtained for any triangle ; the angle A, however, 
must not be too acute. 



Trlangnlar cross section. Figs. 89 and 90. Assume that 
the neutral axis passes through the centre of gravity of 
the triangle, and divide the part below into three areas as 
shown; put 8 and V with suffixes for the areas and 
volumes of the different parts, put I for the leverages about 
the neutral axis of their centres of gravity, and for con- 
venience suppose k = 36aj, and b = 6y. 

Fj is a pyramid on iS^ as a base, and let / be its height ; 
Fg is a right prism of height |/; F, is a pyramid on S^ as 
base and of height 12x. Now the centre of gravity of a 
pyramid is on the line joining the apex with the centre of 
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base, and at three-quarters of the length of that line from 
the apex ; and 

S^ = ^.24!xAy = i8xy', 8^ = l2x.4!y = 4!8xy; S^ = p' 

V, = if8^ = l6fxy; V, = i,^.S,:=Wxy; 

V, = i,12x,S, = 2fxy=V,; 

hence V^ = V^ + F, + F^, and therefore the assumption 
as to the position of the neutral axis is correct 

Now l^ = 12a;, l^ = Sx, l^ — l^—9x; and 

M = FA + rji, + r,i, + r,i, 

= (192 + 96 + 18 + 18)/2/a^ = 324/2/a^. 

Substituting y = -g . and «* = ( og) = ViMt ^^ ^""^^ 

M = ^/6^* (2.) 

so that for a triangular section, n = ^. 

Solid beams are sometimes made of uniform section; 
that is, at the point of maximum bending moment the 
section is made sufficient to resist the bending moment, 
and this section is adopted along the entire length ; at every 
other section, therefore, the beam is too strong. This is 
frequently done with small timber beams cut out of one 
piece, because the material in excess, even if cut away, would 
be lost ; the weight of this excess is very little since timber 
18 light, and probably the cutting of it away would add to 
the expense of the beam. 

When the section of an uniform beam is designed to resist 
the maximum bending moment, it is generally many times 
more than sufficient to resist the maximum shearing force. 

Solid rectangular beams are designed of uniform strength 
to economise material, and to reduce the weight when the 
material itself is heavy. 
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EocaTTi'ples. 

124. Find the working moment of resistance to bending 
of a rectangular section, 10 inches deep and 3 inches broad, 
the working strength of the matei:ial being 4 tons per sq. inch. 

M 1= nfbh^ = J . 4 . 3 . 100 = 200 inch-tons. 

125. Find the same for an isosceles cross section inscribed 
in the above rectangle, and with the base horizontal. 

Atis, M = Tifhh? =: Tj?j . 4 . 3 . 100 = 50 inch-tons. 

• 

126. Find suitable dimensions for a cast iron beam 20 
feet span, of uniform and rectangular cross section, and sub* 
ject to a load of 10 tons at the centre. 

Taking A = 20 inches, a twelfth of the span, to ensure 
stiflTness ; /= 2 tons per sq. inch ; and lA =z M^ =zmWl, the 
max. bending moment ; 

Ana, i . 2 . 6 . 20' =: i . 10 . (12 X 20). .-. b = 45 inches. 

127. If the breadth be taken at 6 inches, what depth 
would give sufficient strength ? 

Ans. ^ . 2 . 6 . ^2 _- ^ 10 . (12 X 20). .-. h = IT'S inches. 

128. If the load is uniformly distributed, and the cross 
section is a triangle whose base is horizontal and 8 inches 
broad ; find the height of the triangle. 

Ans. 32^^.2.8.^2-1.10.(12 x 20). .". A, z=. 212 ins. 

129. Find the greatest cross section for a wrought iron 
beam of rectangular section and 15 feet span, to bear a load 
of 20 tons uniformly distributed, together with a load of 6 
tons at the centre. Take /= 4 tons per sq. inch, and h = 
15 ins. to give sufficient stiffness. 

Ans. ^ . 4 . 6 . 152 zz: (1 . 20 . 15 + i . 5 . 15) x 12. 

.\b = 4*5 ins. 

130. Taking the depth one-twelfth of the span, and / = 4 
tons per sq. inch, find the breadth for a wrought iron beam 
of rectangular section, to resist the maximum bending 
moment in example 79. 

An^, ^ X 4 X 6 X 20' == 32 X 12. ,\b = 1*44 in. 
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Rectangular beam of uniform strengtli and uniform depth. — 

In this case the breadth is varied so as to make the 
cross section at every point just sufficient to resist the 
bending moment. It is evident that the elevation is a 
rectangle, while the plan will vary according to the load ; 
the plan however is to be symmetrical about a centre 
line. The theoretical shape of the plan so designed has to 
be departed from near the ends, so as to make the end 
sections large enough to resist the shearing force ; and some 
additional material is required at the ends of the beam to 
give it lateral stability ; now 



nfbh^ = M; r.b 



M 



or b is proportional to -M, since n, f, and h are constant 
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quantities. Hence the theoretical half plan is the bendinor 
moment diagram reduced so that its highest ordinate is 
equal to ^6^, the half breadth of the cross section which can 
resist the maximum bending moment; see figs. 88 and 91. 
As has previously been explained, the parabolas being very 
flat are readily replaced by arcs of circles with their centres 
on the axes of the parabolas. 
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In designing such beams, then, the uniform depth is fixed 
as a fraction of the span from an eighth to a fourteenth to 
ensure the required degree of stitfness ; b^, the breadth of the 
cross section where the bending moment is a maximum, is 
calculated to make that section sufficiently strong, exactly 
as in the preceding examples; then the bending moment 
diagram is reduced till its highest ordinate is ^\, and drawn 
on both sides of a central line. All the curves may now be 
replaced by circular arcs, and all sudden changes of breadth 
bridged over by tangents; the curves are to he departed 
from, near the ends, to make the sections there strong 
enough to resist the shearing force. Otherwise, the breadths 
may be calculated at a number of sections and plotted, and 
a fair curve drawn through them ; &c 

Definition. — If a locus be drawn whose ordinates are pro- 
portional to the square roots of those of a given locus, the 
new locus is the given locus '^""'"•'^'"^ 




Fig.sa. 



Theorem. — Fig, 92. If a locus which is a straight slope 
be degraded, the new locus is a parabola with its axis hori- 
zontal, and its apex at the point where the loci cross the 
horizontal base. 
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For the straight slope, y = ax,i{ we take the origin at the 
point where it cuts the base ; if h he the corresponding 
ordinate of the new locus, 

h^ oc y or OX] that is, x oc k^, 
a parabola with axis parallel to OX, and apex at the origin. 

TheoreTn. — Fig. 93. If a locus, which is a parabola with 
axis vertical and apex on the base, be degraded, the new 
locus is a straight slope crossing the base at the apex. 

For a parabola with origin at apex, y =. mx^; but h^ oc y; 
therefore 

h oc Jm Xy 
a straight line passing through the origin. 

TheoreTn. — ^Fig. 94. If a locus which is a parabolic seg- 
ment be degraded, the new locus is an ellipse with its centre 
at the middle of the base, the base being a major or minor 
diameter. 







Flc.94. 



Taking the origin at the centre of base, we have for the 
equation to a parabola, y =: 771(0^ - x^\ where 2c is the 
base. Let K = jxh, where /i is a quantity such that h'^ = y] 
then since h^ oc y, we have 






MOMENT OF RESISTANCE TO BENDING. 221 



— =1 (? — x^y or h aj^ = c^ : 

m 7Yi 



• • TlTTa "^ ~J> — ■*•* 



the central equation to an ellipse whose semi-diameters are 
c and— ^^^ — . 

Beotangular beam of anlform strengtb and uniform tireadth. — 

It is evident that the plan is a rectangle ; and since 
nfifhh^ = M, we have 

h proportional to JM, 

Hence the theoretical elevation of the beam is obtained by 
degrading the bending moment diagram, so that the derived 
figure has its highest ordinate equal to h^, the depth required 
to ensure stiffness ; h is then to be made sufficient to resist 
the maximum bending moment. 

The figures in brackets refer to the corresponding bending 
moment diagrams. 

Fig. 95 shows what the bending moment diagrams (22), 
(23), (25), (27) become when degraded by the preceding 
theorems. The elliptical elevation of a beam for an uni- 
form load is readily struck from three centres, as shown 
in fig. 94; AD from a centre on J.0 and with a radius 

OJ52 
r, =-^ zz: 602 ^ 24 := 150 ; ^G from a centre K with 
2 OA ' 

OA^ 
radius r^ = -jyn = 24^ -f- 60 = 10 nearly ; E is found by 

drawing OE from the first centre, and a circle about K with 
radius rg = A^ — r^ = 24 — 10 = 14 ; further, if we choose 
we may retain the single circular arc AD, and depart along 
the tangent at D. For a beam with the load at the centre, 
the two parabolas may be replaced by their tangents ; this 
gives an approximate form, and the beam will now con- 
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sist of two straight portions taperiDg so that the depth at 
each side is JA^,, h^ being the depth at the middle, see fig. 14 ; 
the area of the theoretical elevation is two-thirds, while 
that of the approximate elevation is three-quarters, of a 
rectangle of height h^ ; these areas are as 8 to 9, hence the 
volume of the approximate form is only one eighth in excess 
of the theoretical one, and the additional material is well 
placed to resist shearing ; the approximate form is in some 
cases preferable, since it has the great advantage of straight 
boundaries. The same remarks apply to the elevation of a 



(b constant) 





ELEVATIONS ^^-^ 

UNIF. STRENQTH,UNIF. BREADTH^ 
B.M. DIAGRAM DEGRADED. 

Fig.95. 



Fig.96. 

cantilever with the load at the end ; on this principle 
spokes of wheels, when of uniform thickness, taper to half 
the depth from boss to tyre. 

In tig. 96 are shown the effects of degrading such bending 
moment diagrams as (18), (20), (28), diagi'ams consisting of 
straight slopes. Producing the slopes to meet the base as at 
Ay By &c., the theoretical elevation for beams of uniform 
strength and uniform breadth will consist of a series of 
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parabolas with their apexes at J., J5, &;c., and intersecting 
on the lines of action of the concentrated weights. 

An approximate elevation is to be derived thus : — Lay up 
Uq at the point of greatest bending moment, the proper frac- 
tion of the span to ensure stiffness, and calculate the breadth 
of that cross section as in the preceding examples, so as to 
give the proper resistance to bending there ; from the top of 
Ay draw a tangent to the parabola whose apex is A , that is 
draw the line which intercepts ^h^ on the vertical through 
A, and it will cut off Aj on the line of nearest weight ; from 
the top of Aj draw a slope to cut off ^L on the vertical 
through B, the apex of second parabola and the point where 
the second slope of the bending moment diagram meets the 
base, this will be parallel to the tangent to that parabola ; 
&c., &c. 

It is evident then that these approximate elevations for 
concentrated loads consist of straight lines, each sloping at 
half the rate of the corresponding side of the bending 
moment diagram; from this fact they are readily drawn 
thus — From the highest point in the bending moment dia- 
gram draw a line at half the slope of the adjacent side till 
it cuts the line of the weight nearest to that point ; from 
the point thus found draw a line to cut the next weight at 
half the slope of the corresponding side of the bending 
moment diagram ; &c. ; lastly, reduce the ordinates so that 
the highest is h^. 

When fig. 34 is degraded, from jBT to D it will be a portion 
of the parabola whose apex is at B the centre of load, and 
from J) to (7 a straight slope ; the approximate form is a 
straight slope to D the end of load^ and which when con- 
tinued tapers to ^h^ at B; then from D a straight slope 
tapering to zero at the free end. On degrading the two 
parts of fig. 30 separately, that for U will be a taper from a 
at the fixed end to zero at the free end ; while the approxi- 
mate form for W will be a taper from b at the fixed end to 
^b Sit the free end ; hence the approximate elevation for the 
conabined load is a taper from (a + b) at the fixed end to J6 
at the free end ; substituting for a and b their values, we 
have H:h::2W+ U:W. 
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Fig. 97 shows (29) and (47) degraded, the quadrants of 
parabolas becoming quadrants of ellipses. 

In those bending moment diagrams which consist of a 
series of intersecting parabolic segments all of one modulus, 
the degraded figures will consist of a series of intersecting 
semi-ellipses on the same base line, intersecting on the same 



(b conataLnt) 




Flg.97. 



verticals, and having their heights proportional to their 
bases ; this follows from theorem at fig. 94, or at once from 
the fact that the heights of the parabolic segments were 
proportional to the squares of their bases ; in some figures 
it will be necessary to bridge over gaps at junctions of pairs 
of ellipses. The following is an easy method, fig. 98, of 
degrading these diagrams, and as an example we will take 
fig. 51 ; from S, with radius S^^B, describe the circular arc 
BA^D; from ^^ with radius S^D, draw arc DA^C\ draw 




Fig.98. 



mn the common tangent to the two circles, and BmnC is 
the degraded figure ; it only remains now to reduce the 
ordinates of m, A^, n, A^ so that the highest is h^y when mn 
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will stil l be a straight line and a common tangent to mB 

and nC, which will be arcs of ellipses whose centres are 8^ 
and /Sg. 

The same method applies to fig. 56, and in drawing the 
intermediate elliptic arcs, they will be struck from one 
centre as they will not extend past the portion AD in fig. 
94 ; the end arcs will be struck from three centres, as also 
shown in fig. 94. In fig. 98 we may depart along tangents 
to the circles near B and (7; in which case, when we reduce 
the ordinates, all the elliptic arcs may be struck from one 
centre, and the elevation will consist of straight lines and 
circular arcs ; the radii of the circular arcs being calculated 
like n in figure 94, and their centres lying in the axes of 
the parabolas in the bending moment diagram. 

The same construction degrades fig. 39, and here no 
bridging over is required ; thus from D^ with radius D^B 
describe a circular arc BE\ from D^ with radius D^ 
describe arc EF) &c., &c., and reduce the ordinates so that 
the highest is \ 

When fig. 33 is degraded, BAE becomes an elliptic arc, 
and -ffC a parabola with its apex at G and its axis horizontal; 
the two curves have a common tangent at E ; the parabola 
EC will be replaced by the tangent at -E, which will cut off 
on the vertical at G one-half of FE\ the ordinates of the 
figure are readily reduced. Otherwise, from D with radius 
DB describe a circular arc BAE ; draw a tangent from E to 
meet the vertical through G, and reduce the ordinates. 
In the same way fig. 32 can be degraded. 
In degrading such figures as (36), (52), (67), it is to be 
remembered that the parabolas have not a common modulus. 
For instance, in degrading (52) each of the parabolas 1 and 2 
is to be replaced by a semi-ellipse, whose height is propor- 
tional to the product of the base of the corresponding para- 
bolic quadrant into the square root of its modulus ; while 
BEG is to be replaced by a semi-ellipse, whose height is 
proportional to the product of its base into the square root 
of ^ts modulus. Now the common modulus of 1 and 2 is 

R W 

' , while that of BEG is -^^\ hence for each semi-ellipse 
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we have — 

Height of No. 1 : height of No. 2 : height of eUipse BEC 

::B.BS^:B.CS^:W^.OB. 

Beetangnlar beam of nnlfiimi strengtli and stmilar cross seetton. 

— In this case both 6 and h vary, but they bear to each 
other a constant ratio; it is evident that the plan and 
elevation will have the same form. The plan is always 
to be symmetrical about a centre line ; the elevation may 
either have one straight boundary, or be symmetrical about 
a centre line. 

Since 6 oc A, then bh? oc b^ or h^ ; 

now, nfbk^ = M, 

bh^oz M; 
.'. b and k oc ^M. 
That is, both plan and elevation are derived by drawing a 
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Fig.99. 



locus whose ordinates are proportional to the cube roots of 
those of the bending moment diagram. 
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For bending moment diagrams with straight slopes, that 
is, for concentrated loads, the degraded figures were para- 
bolas with axes horizontal, &c. ; in the same way, when the 
new figure is made with its ordinates proportional to the 
cube roots of the ordinates of the straight slopes, it becomes 
what is called a cubic parabola ; a property of this curve is 
that the tangent cuts off two-thirds of the ordinate upon 
the vertical through the apex, instead of OTve-half as in 
the case of the common pambola. Hence figure 95 and 
figure 96 give approximate elevations and half plans of 
beams of uniform strength and similar cross sections, if 
we use ^\ instead of ^Kq in making the construction ; 
or if we draw the tapers at two-thirds of the slopes of 
the bending moment diagram instead of one-half. Observe 
that in this case there is a double taper in planes at right 
angles to each other. 

On this principle the crosshead of a piston rod may have 
a conical taper, so that the diameter at each end may be 
two-thirds of the diameter at the centre ; and the spokes of 
wheels may have a conical taper from the boss to two- 
thirds (linear dimensions) at the tyre. 



Examples. 

131. Design a rectangular cantilever 10 feet long of 
approximately uniform strength and of unifoim breadth, of 
timber whose .working strength is 1 ton per sq. inch ; the 
load is 2 tons at the free end, and h^ = 15 ins., an eighth 
of the length. 

Arts. nfbh^ = m.W.l 

J. 1. ft. 15^= (1.2.10) 12, gives 6 = 6-4 ins. for 

uniform breadth; the depth tapers from 15 ins. at fixed end 
to 7'5 ins. at fi-ee end. 

132. If an additional uniform load of 4 tons be added, 
and Aq be still retained 15 inches; find the value now of 
b, and of h at the free end. 

Ana, At the fixed 6nd the bending moment will be 
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double its former amount, so that b will be doubled ; that 
is, b = 12*8 ins. ; and 

hQ:h::2W + U:W 

15:A::2 X 2 + 4:2; .-.^^ = 375 ins. 

133. A wooden cantilever 12 feet long bears 3 tons uni- 
formly distributed on the half next the free end. Design an 
approximate elevation, supposing the breadth to be uniform, 
and /= 1 ton per square inch ; take depth at fixed end as 
18 ins. 

Ana, Mq = 27 ft.-tons = 324 inch-tons. 

J . 1 . 6 . 18^ zi: 324; .•. 6 = 6 ins. constant. 

Between the fixed end and the end of the load next 
thereto, the elevation will taper at the rate of one inch per 
foot, and thence to zero at the free end ; that is, A^ = 18, 
feg = 12, and h^^ = inches. 

134. Design a cantilever for Ex. 131, supposing its section 
to be a square, taking dimensions to the nearest whole 
number in inches. 

Ans. Put bQ = hQ = side of square at fixed end, and equating 

nfb^ =:m,W,l, gives bQ = hQ = 11*3, say 12 inches. 

The side of the square at the free end is b^^ =h^^ = S inches. 

135. Design a beam whose span is 20 feet, of timber 
whose strength is 1 ton per sq. inch ; the beam to be of 
uniform breadth and approximately uniform strength ; the 
loads are 4, 3, and 4 tons at points 5, 12, and 16 feet respec- 
tively from the left end. 

Ana. P = 5, Q=:6 tons ; in the bending moment dia- 
gram, beginning at the left end, we have the slopes as 
follows : — 

Vert. Horiz. Up to Eight. 

«i = P, =: 5 to 1 



S.-P- 


- ^^ 


- 1 


«. p- 


-w,-w. 


- 2 


8,-P- 


- TT, - TT, - 


F, G 



« »» 

» » » yy 

„ „ down „ 



hence il/^ = 32 ft.-tons maximum. 
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In the degraded figure let A^, = 32 parts ; from the top 
of this ordinate the slope, down to the left will be half of 
the corresponding slope in the bending moment diagram; 
that is, '5 vert, to 1 hor., and it extends over 7 feet ; hence 
h^ = h^ — 'o X 7 = 28*5 parts. The next slope from this 
down to left is at the rate 2*»5 to 1, and extends over 5 feet ; so 
that hQ=:h^ - 2'5 x 5 = 16 parts. Beginning again at top 
of fejg the slope down to right is at the rate 1 and extends over 
4 feet, so that h^^ = \2~~ ^ ^ ^ — ^^ parts. The next slope 
down to right is at the rate 3 and extends over 4 feet ; so 
that Ajjjj = Ajg — 3 X 4 = 16 parts ; thus-;- 

h^ih^i h^, ih^^ih^:: 16 : 28-5 : 32 : 28 : 16. 

Putting h^ = 20 ins. a twelfth of the span for stiffness, 
and reducing the others in the proportion of 20- to 32, we 
have on the elevation 

h^ = 10, h^ = 18, /ij2 = 20, Aj, = 17-5, h^=lO inches. 

To find the uniform breadth put 

^ X 1 X 6 X 20^ = 384 inch-tons; and .*. 6 = 5*76 inches. 



Area, Geometrical Moment, and Moment of Inertia. 

The functions of a plane surface which we require for our 
investigations regarding the moment of resistance to bend- 
ing of a cross section in general, are the Area, Geometrical 
Moment, and Moment of Inertia. 

The Area of a rectangle is the product of its two 
adjacent sides; the area of any other surface is the sum 
of all the elementary rectangles into which it may be 
divided. We take it for granted that the area of the triangle, 
the circle, the ellipse, and parabolic quadrant are respectively 
half the product of the height info the base, tt into radius 
squared, tt into the product of the semi-major and semi- 
minor diameters, and two-thirds of the product of the circum- 
scribed rectangle. 

The area of any figure is quite independent of the position 
of the axis to which the figure is referred ; and the word 
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area is conveniently used as a name for a finite plane 
surface. 

DEFiNmoN. — The Oeometrical Moment of a surface about 
any line in its plane as axis, is the sum of the products of each 
elemental area into its leverage or perpendicular distance 
from that axis ; the leverages which lie to one side of the 
axis being reckoned positive, and those to the other side 
negative. 

Each elemental area is to be so small that the distance 
from the axis to every point in it is sensibly the same. If 
the surface were a plate of unit thickness and unit density, 
it is evident that the statical moment of the plate would be 
exactly the geometrical moment of the surface. Suppose 
the axis, for instance, to be a knife edge upon which the 
plate rests, the weights of the portions on different sides 
tend to cause the plate to rotate in opposite directions, and 
their statical moments are of different sign ; the definition 
shows the geometrical moment of these portions of the 
surface also to be of opposite sign. 

It will be convenient for us always to choose a hori- 
zontal axis ; and if we consider leverages tip to be posi- 
tive, then, when the axis is below the area, the geometrical 
moment is positive; when above it, negative; when the 
axis cuts the area, it will be positive or negative according 
as the axis is near one or other edge ; and for one position 
of the axis, cutting the area, the positive and negative 
products will destroy each other, and the geometrical moment 
will be zero. 

An axis about which the geometrical moment of an area 
is zero passes through a point called the Geometrical Centre 
of the area. From this it appears that the geometrical 
centre of an area corresponds with the centre of gravity of 
a thin plate of uniform tjiickness and of that area ; and for 
this reason the geometrical centre of an area is often called 
its centre of gravity. 

Theorem. — The Geometrical Moment of a surface about 
any axis in its plane is equal to the area multiplied by the 
distance of the geometrical centre from the axis. Fig. 100. 
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Suppose ©the geometrical centre of the surface to be known ; 
through draw 0(y parallel to the axis A A ; let 8 and a' be a 
pair of elemental areas, one on each side of 00' , such that the 
sum of their geometrical moments is 
zero; that is 8,a=8.b, It isevident that 
the whole area can be divided into such 
pairs from the definition of the geome- 
trical centre. Thegeometrical moment 
of a' about A A is «'(cZ + ci), that of 8 
is 8{d—b), and their joint moment is 
{8 + 8)d + (sa — 86) =: (8' + 8)d, siucc the 
second term is zero. In the same way 
the moment of each pair is their sum 
multiplied by d; hence the geometrical 
moment of the area about AA is the sum of all the pairs 
into d, that is, the area multiplied by the distance of the 
geometrical centre from the axis. 

Corollary. — The geometrical moment of an area which 
can be divided into simpler figures whose geometrical cen- 
tres are known, may be found by multiplying the area of 
each such figure by the distance of the axis from its geo- 
metrical centre and summing algebraically. 

Theorem. — The Geometrical Moment 
of an area about an axis in its plane 
is expressed by the number which 
denotes the volume of that portion of 
a right-angled isosceles wedge whose 
sloping side passes through the axis, 
and which stands on the area as base. 
Let AEKFA\ fig. 101, be the wedge, 
and AF its sloping side passing 
through the axis AA' ) the angle at 
A is 45^ and that at E is 90'; let 
BCDE be the area, then the geometri- 
cal moment of BODE relatively to 
the axis AA' is represented by the 
volume of DBGKL. 
If 8 be au elemental portion of the area BCDE, its 
geometrical moment about AA' is 8 multiplied by its dis- 
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tance from AA!\ but the column of the wedge standing on 
8 is sensibly a parallelipiped whose height is the same as 
the distance of 8 from AA\ and the volume of that column 
expresses the geometrical moment of % ; hence the volume 
of DBCKL, a portion of the isosceles wedge; is the geome- 
trical moment of BCDE about AA\ 

When the axis cuts the area, the plane sloping at 45** will 
form a wedge above one portion and below the other; by 
considering these of different signs, their algebraic sum is 
still the geometrical moment. For example, if we wish to 
find the geometrical moment of the triangle, fig. 90, about 
the axis NA ; let /== §A, then the plane will slope at 45° ; 
in the figure, the volume on one side of the axis is equal to 
the volume on the other, that is, the geometrical moment is 
zero ; the axis NA must pass therefore through the geome- 
trical centre. 

To find an axis passing through the geometrical centre 
of a plane area then, it is only necessary to draw a plane 
sloping at 45** which will cut off an equal volume of the 
wedge above and below ; the intersection of this plane with 
the area will be the axis required. 

By similar triangles a plane through that axis at any 
slope will cut off equal volumes above and below ; the wedges 
which represent the normal stress, fig. 8, require to be equal, 
hence — trie neutral aoda of a cross section passes through the 
geometrical centre (or centre of gravity) of the cross section. 

The distance of the neutral axis from the furthest away 
skin is, in each cross section, a definite fraction of h the 
depth of the circumscribing rectangle ; for instance, for a 
triangular cross section, figs. 89, 90, 

OA = Ih 

Bankine expresses this generally thus — 

OA = m% 

where m' is the fraction which the distance from the neutral 
Qjods to the farthest avjay skin is of the depth ; for all cross 
sections, symmetrical above and below, as a rectangle, ellipse, 
hollow rectangle, fee, m'=|. 
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Definition. — The Moment of Inertia of a surface, about a 
line in its plane as axis, is the sum of the products of each 
elemental area into the square of its distance from the axis. 

Whether the horizontal axis intersects, or is below or 
above the area, the moment of inertia will be positive ; for, 
though the leverage be negative, the square of that quantity 
is always positive ; it is also impossible that the sum can 
ever be zero. When the horizontal axis is at a great dis- 
tance below, the moment of inertia is very great, since the 
leverage of each element is great ; as the axis approaches, 
the moment of inertia decreases ; when the axis has 
passed above the area and recedes, the moment of inertia 
again increases; hence for one position of the horizontal axis, 
the moment of inertia was less than when that axis was in 
any other position. 

Theorem. — The moment of inertia of a surface about any 
axis in its plane equals that about a parallel axis through 
its geometrical centre, together with the product of the area 
into the square of the deviation of the axis from the centre. 

Let 8 and a, fig. 100, be a pair of elemental areas, the 
sum of whose geometrical moments about 00' is zero ; and 
let a^j and x^ be their leverages about AA respectively. 
The sum of their moments of inertia about A A is 

8x^^ + 8ajj2 z=: sXd + o) + 8{d - bf 

= (s' + 8)(P + 2(s'a - 8b)d + (s'a^ + sb^) 
' = (V + 8)d^ + (sV + s62), since (sa + ab) = 0. 

Summing the left side for all pairs we have the moment of 
inertia of the area about A A. The first term on the right side 
is the area of each pair into the square of the deviation; and 
the sum of these for all pairs is the area into the square of the 
deviation ; the second term on the right side is the moment 
of inertia of 8 and s' about 00', the sum will be the moment 
of inertia of the whole area about 00\ If /^ and Iq repre- 
sent the moments of inertia round the axes A and respec- 
tively, then 

lA = S.d^ + lo. 

where S is the area of the figure. 
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Corollary. — For any set of parallel axes, the moment of 
inertia about that axis which passes through the geometrical 
centre is a minimum ; and those axes which give minima 
values for the moment of inertia intersect at a point. 

When we speak of the moment of inertia of a body with- 
out specifying with regard to the axis, it is to be understood 
that the axis is horizontal and passes through the geometri- 
cal centre. The point of intersection for those axes which 
give minima values for the moments of inertia is called the 
Centre of Inertia of the area ; this point coincides with the 
geometrical centre of the area, and with the centre of 
gravity of a thin plate of that area. Hence we may say 
shortly — The neutral axis of a cross section of a beam 
passes through the centre of the section ; this centre being 
called the geometrical centre, the centre of inertia, or the 
centre of gravity. 

Theorem. — The moment of inertia of a plane area about 
an axis in its plane is expressed by the number which 
denotes the statical moment of that portion of a right- 
angled isosceles wedge of unit density whose sloping side 
passes through the axis, and which stands on the area as base. 

To obtain the moment of inertia of the elemental area s, fig. 
101, we multiply its area by the squai'e of its distance from 
AA' ; but the height of the column standing on s is equal 
to that distance. Multiplying 8 by that equivalent we have 
the volume of the column, and multiplying again by the 
leverage we have the statical moment of that column about 
AA'. Hence summing for all elemental areas we have the 
moment of inertia of BODE about AA' equal to the statical 
moment of DBGKL, a portion of the isosceles wedge, stand- 
ing on BODE, reckoning its density unity. Now DBCKL 
instead of extending all over its base, may be supposed to 
stand on the point of BODE directly below its centre of 
gravity ; the moment of inertia is thus readily found, if we 
know the volume of the isosceles wedge and the position 
of its centre of gravity. 

We generally wish to find 7o, since we can readily find 
I A from it by the theorem on the preceding page. Now for 
/(,, one portion of the wedge stands below and one above. 
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and on taking statical moments these must be supposed to 
gravitate in opposite directions. 

Corollary. — If the plane area be divided into patts, the 
moment of inertia for the whole will be the sum of the 
moments for the parts; thus for fig. 89, making /= §A so 
as to make the wedges isosceles, we have 

lo = 16fxy A2x + 12fxy . 8a; + 4/a;t/ . 9x = ^V &^^ 

for a triangle about an axis parallel to b, and passing 
through the centre. 

For every cross section, Iq will be of the same form, a con- 
stant multiplied by the breadth and multiplied by the cube 
of the depth of the circumscribing rectangle. Bankine puts 
generally 

lo = n'hh? 

where n' is the numerical coefficient of the moment of 
inertia of the cross section about its neutral axis, the other 
factors being the breadth and cube of the depth of the 
circumscribing rectangle. 

If through the neutral axis of a cross section we draw a 
plane sloping at 45°, it will form two isosceles wedges, or 
two portions, one on each side of the plane ; the sum of the 
products got by multiplying the volume of each by the 
distance of the point under its centre of gravity from the 
neutral axis gives Iq for the cross section ; for this purpose 
we may take each portion as a whole or subdivide it into a 
number of parts if such is more convenient. 

For a rectangular wedge AEKFBA\ tig. 101, lot 8 — 
area of base AEBA\ /= height EK, V ^=. volume, Xq^=. 
distance from AA! to the point which is under the centre of 
gravity, then 

Y^\B.f^x^^lAE. 

For an isosceles-triangular wedge ACC'S (fig. 90), let 

S = area of base ACC',f= height A8, x^ = distance from 
CO' of the point which is under the centre of gravity, then 

r=iS.f;x, = iOA. 
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If any sloping plane be drawn through the neutral axis, 
it will cut off two wedges ; and since the volumes of all such 
wedges are proportional to their heights, we have 

T: V:\f:f\\f :m'h 

where V is the volume corresponding to /' the new value of 
EK in fig. 101, and of AS in fig. 90; and mh is the height 
of the isosceles wedge, that is the distance of the skin from 
the neutral axis. Since the leverages are the same as before, 
the moments of inertia are also in the above ratio. 

Moment of Resistance to Bending of Cross Sections 

IN General. 

We see then that lo the moment of inertia of the cross 
section about its neutral axis is represented by the statical 
moment of the isosceles wedges made by a plane sloping at 
45* and passing through the neutral axis ; that the highest 
point of these wedges is yaoib=^'^\ the distance from the 
neutral axis to the further skin; while M, the moment of 
resistance to bending, is represented by the statical moment 
of the wedges made by a plane passing through the neutral 
axis, and sloping so that the height of the highest point of 
these wedges is J?a or 5 = fy the stress on the skin A or 
jB, whichever is further from the neutral axis ; hence — 

-- __ Normal stress on skin furthest from neutral axis r 
"" Distance of skin from neutral axis 

is the ultimate, proof, or working moment of resistance 
according as / is the ultimate, proof, or working strength of 
tiic material supposed to be the same for both skins, that is, 
for thrust and tension. 

Beotaagnlar oroas aeetlon and MOtioiis wlii<fli oaa be divided inte 
reotanglee. 

Rectangular Section. — Fig. 102. Let BODE be a rect- 
angle. Its moment of inertia about DC one side is found 
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thus : The height of the isosceles wedge is zero at G and BC 
at B\ the average height is therefore \BG] its volume is 
^EB.BC^y and since the point below the centre of gravity 
of the wedge is two-thirds of BC 
from DC, we have ^^<..— - 6 » b 

I^ = hEB.BC^x IBG Jf^j 

= \EB X BC^ 




Pig.108. 



as the moment of inertia of a rec- ^ 

tangle about a side. 

Now if BE^ be a rectangular cross section of which DC is 
the neutral axis, then its moment of inertia about that 
axis will be double the above ; and thus, the moment of 
inertia of a rectangle about an axis through the centre and 
parallel to a side is 

lo = 2 X \.EB,BC^ = ^\bh\ 
In this case m' = |, so that 

Thus, for a rectangle, m' = ^,n' = y^^, and n = i. 

Hollow Rectangular Section. — ^For a hollow rectangular 
section, symmetrical above and below the neutral axis, that 
is, when the whole rectangle and rectangle removed have 
their centres on the same horizontal axis, the moment of 
inertia is the difference of the moments of the two rectangles. 

Let H, h, and B, b be the outer and inner dimensions 
respectively, so that the area is BH—bh; then 



M 



= mV» = Kl-S(/^^^- 



bh? 



Hence, for a hollow rectangle, m' = i,n' = tV( 1 - nu* )' 
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6A» 




and n = Ul - Dm); and for the dimensions given in 

fig. 104, viz., fl=30, B = 10, A=: 24, 6 = 6 inches, we obtain 
lo = 15588; and M = 10392/ inch-lbs., if /be in lbs. 

Tabular Method, — ^The following is a convenient form for 
expressing the area, geometrical moment, and moment of 

inertia of a rectangle : — Let BGDE, 
fig. 103, be a rectangle, and AA' an 
axis parallel to DC, and let Y and y 
be the distances of its sides EB and 
DG from AA', The area is 

S = b(T-y) (1) 

7ig.io8. the breadth into the difference of the 

ordinates. For EL, part of the 
isosceles wedge, fig. 101, EK=z F, CL=y; and the geometrical 
moment of the rectangle BCDE about AA' is 

ff^ zzz volume of part of isosceles wedge =6(F-y) x J(r + y) 
= ^6(P-2/2), (2) 

one-half the breadth into the difference of the squares of the 
ordinates of the sides parallel to the axis. By theorem on 
page 233 we have the moment of inertia of the rectangle 
BODE about A A ' 

I^ =Io + ScP = ^EB.BG* + EB . BCf^^y 

= T\KY-yr + KY^yi^^ 

= j.&.(r-2/')/ (3) 

one-third of the breadth into the difference of the cubes of 
the ordinates of the sides parallel to the axis. 

To apply this to the case of a hollow rectangle and a sym- 
metrical double -T section, which give similar results, fig. 104 
— Choose 00 the neutral axis in the centre from symmetry; 
and if only the upper half of the section be considered, it 
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consists of two rectangles, the ordinates to the edges being 0, 
12, 15; for one rectangle F=:15, y=zl2; for the other 
Y= 12, and 2/ = ; and for each (eqn. 3), lo = ib{Y^ - /). 



Bretu/the. A Ord. 

ISfn. 



12 




-0< 



h 


1' 


ys 


P-2/' 


iHY'-f) 




15 


3375 






10 


12 


1728 


1647 


5490 


4 








1728 


2304 



7794 
Double for both halves 2 



X. = 15588 



This tabular method applies to any section made up of 
rectangles and which is symmetrical above and below the 
neutral axis. As we require Q^ the geometrical moment of 
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the semi-section relatively to the neutral axis when we 
come to resistance to shearing, it is convenient in making 



Bre»dtht Ord. 

'VOtn. 




Bern!- Sym: Section. 
Fler.105. 



the table to find G* ; thus for the symmetrical section, one 
half of which is shown in fig. 105, we have — 



b 


r 


y 




10 


100 


12 








8 


64 


9 








6 


36 


3 















F^-2/2i^6(F^-7/) 



36 
28 
36 



216 

126 

54 



Y' Y'^fibiY'-f) 



1000 



512 



216 







488 



296 



216 



1952 
888 
216 



For semi-section G' = 396 



305C 
2 



lo = 6112 

Suppose the working strength /= 4 tons per sq. inch, then 
the distance from 00 the neutral axis to the skin is 
10 inches; hence 

M = -/-/^ = :i^, X 6112 = 2444-8 inch-tons, 
m^ 10 

The use of 0' will be shown at the proper place. 

Symmetrical sections are suitable for materials for which 
the strengths to resist thrust and tension are equal, as pa ^^ 
Pf, become / simultaneously, fig. 8. For materials whose 
strengths are unequal, /, is put for the greatest value of Pa 
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and /^ for that of p^; for wrought iron» for instanee^ the 
workiiig resistance to thrust is/. » 4 tons per sq. inch, while 
to tension it is /^ = 5 tons per sq. inch. For symmetrical 
sections in soch materials tne value of / employed must 
obvioosly be the smaller. Because of this property of ma- 
terials, cross sectionsare made unsymmetrical above andbelow. 
Ungkfffimetrical Section, — ^Let the unsymmetrical section, 
fig. 106, be given, and let 
fa ^= 4, and ft^=5 tons per 
square inch. In order to de- 
termine its resistance to bend- 
ing we find /«; we will also 
find the area of the section, 
and G^thegeometricalmoment 
of the portion of the section 
lying to one side of the neutral 
axis whose position is not yet 
known. 



Bt^A<ft^. 



Choose any Ime as axis, say f^^^t^,., .,.;,. 








19 

ia 



the upper skin ; the diagram 
and table show the breadths, 
and ordinates laid down fix)m this line. 



Fig.106. 
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<Sf = 93 



Q^ = 740 



I. = 10522 
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O 740 
Now y^=: -^ = -j^ =z 8 inches, by theorem at fig. 100. 

.'. 2/j = 20 - 8 =1 12 inches. 

Again Io = L- SyJ" = 10522 - 93 x (^Y = 4634. 

The neutral axis divides the depth almost exactly as 2 to 3 ; 
and if we had/a :fb :: 2 : 3, then both skins would come to their 
working stress simultaneously, and we might obtain M by 

f f 

multiplying Iq either by— or by — ; but since /« :/& : : 4 : 5, 

it is evident that both skins cannot come to their working 
strength at once. In this example when the skin B comes 
to /j = 5 tons, the skin A will be at f/j or 3 J tons per 
square inch and so is not at its full strength 4, yet the 
stresses are now at their greatest ; on the other hand the 
skin A cannot come to its strength /, = 4, because then 
the skin B would be at f x. 4, or 6 tons, and so be over- 
taxed ; hence M is to be obtained by multiplying Iq by the 

f f 

ratio — , not by — which would give too much. 

Of the two ratios ^ = ^ = -5, and ^ = — - = -42, select 



the less; and 



y« 



8 



y^ 12 



M = ^ X 7. = -42 X 4634 =: 1931 inch tons. 

y \ 

Taking the neutral axis now as origin, the geometrical 
moment for the part of the section lying above or below, is 
GFq = 296 ; a quantity to be used in calculating the resistance 
to shearing. 
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Oraphical Solution. — ^Fig. 107. (For the same data as 
fig. 106.) Replace the areas of the rectangles by the forces 
(1), (2), (3), (4), (5) acting at their centres of gravity, the 
amount of each force being the same as the number of 
units in the area corresponding; draw the first link 
polygon as in fig. 19, and L, the intersection of the end 
links, gives the centre of the forces and therefore the centre 
of gravity and neutral axis of the cross section. The inter- 
cepts on 00 are the geometrical moments of the areas 
respectively, that is the product of each area into its 
leverage about 00 ; the scale is found by subdividing the 
scale for areas by 10, since 10 on the scale for dimensions 
was taken as the polar distance. 

Considering these intercepts as magnitudes of forces 
acting in the same lines as before, and drawing a second 
link polygon, its intercepts on 00 are the products of these 
forces each into its leverage about 00; or these intercepts 
are the areas each into the square of its leverage about 00 ; 
the scale is derived from the previous one by again sub- 
dividing by the polar distance, 10 on the scale for dimensions. 
The proof is given at fig. 19. 

The sum of the intercepts made by the second link poly- 
gon is nearly Iq ; being deficient by one-twelfth of the sum 
of the products of the breadth of each rectangle into the 
cube of its depth. 

Also KL the geometrical moment of areas (1) and (2) is 
nearly Oq, the deficiency being that of the rectangle lying 
between the area (2) and the neutral axis; this rectangle, 
however, is small and has a short leverage. 

There is also shown in fig. 108 a link polygon drawn for 
the three areas (1), (2), (3^), which constitute the portion of 
the section lying above the neutral axis ; the sum of the 
intercepts is Oq. 

Corrections, — The manner of correcting is shown in figs. 
107 and 108. Take the lines of action of the areas first along 
their (say) upper edges, and construct the first link polygon ; 
treating the intercepts on 00 as forces acting along the 
under edges of the rectangles, construct a second link poly- 
gon ; then to the sum of the intercepts made by the second 
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link polygon in fig. 107, add, as a correction, one third of 
its excess above the sum of the intercepts made by the 
second link polygon in fig. 108. 

The proof of the correction on J^, which is absolute, is 
shown thus : — For any rectangle 

= 8{d? + Kd2 ^Yy)}= Sd? + l{Sd?^ ^ SYy) ; 

where S is the area of the rectangle under consideration. 
The smaller h becomes, the mor^ nearly does the value of 
Yy approach d\ and the smaller is the correction. The 
greater the number of rectangles into which the cross 
section is divided, the more nearly accurate will be the 
approximation given by fig. 107 alone. 

In the example the correction on I^ is about 4 per cent ; 
in the rectangle EBB'E\ fig. 102, the areas of the two halves 
each into the square of its leverage about 00 is less than I^ 
by one-twelfth, or about 8 per cent. 

Any cross section can be blocked out into rectangles, and 
I^ and 0^ easily calculated for it by the tabular method, if 
we have a table of squares and cubes. If the cross section 
has a very irregular outline, it may require to be blocked 
into a great many rectangles, and the construction, fig. 107, 
will probably give a sufiiciently close approximation. 

Definition. A cross section for which the neutral axis 
divides the depth in the same ratio as the strengths of a 
given material to resist tension and thrust is called a Cro8s 
Section of Uniform Strength for that material. 

The cross isection, fig. 106 for instance, would be of uni- 
form strength for a beam of a material whose resistance to 
tension and thrust is as 3 to 2, AA being the compressed 
skin and BB the stretched skin; for a cantilever of the 
same material it would be turned upside down. 

TrlangiUar cross section and sections wbloli can be divided into 
triangles. 

Triangular Section. — On making /= f A, the wedges. 
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figs. 89 and 90, become isosceles, and we bave by substituting 
in the expression given thereat^ 

ff* = vol. of wedge on triangular portion above JV^^i, 

and Ifj := ^j[hh*- 

In tbe following way, /^ may ba derived from the 
rectangle, fig. 109. The moment of inertia of the shaded 
triangk about the central axis CC is half that of the 
rectmgle ; for the triangle, then 

I, -la- 8d? 

= -^bk' - "2 X (g) — 7isbh\ J 

Hence for a triangular section — 



Sexagonal Section. — As an example of a built figure, we 
wiU take a hexagon about a diameter as axis. Fig. 110. 

Taking a quadrant, we can divide it into three equal 
triangles ; the breadth of each is ib, and the height jA ; 
hence the area of each is Yi^bk, and the moment of inertia of 
each about its own neutral axis is ^V x ^6 x ^A' =z Trw^bh'. 
If /(, be the moment of inertia of the hexagon about 00, 
we have for a quadrant 

^/q = moment of each of the three triangles about its own 
neutral axis, together with the area of each into the 
square of the distance of its centre from 00, 

, bh* bh</k\^ fh\^ /A\M , ,,. 
= 3 '^1152 + 161(6) +(6) +(§) \ = ^^^'- 
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Or, taking another quadrant divided into a rectangle and a 

triangle — 

i^. = A(^)(|)"+f(t)f»"ecU.„gl.) 

-.Mj)(|)"-b(s)'»"^^" I 



Dividing the semi-hexagon above the axis into any |set 
of convenient figures, and multiplying the area of eaui hy 
the deviation ofits centre of gravity, we have 



^0 = A^^' 
M 



^^=.4xAftfc3 = ,.^^, 



Hence for a hexagonal section-about a diameter as ax; 
m' = i, to' = A - -05208, n = -^ = -10417. 




Bhomboidal Section. — As another example, we will take 
a section in the form of a rhombus, witJi dii^onal as neutral 
axis. Fig. 111. 



MOMENT OF RESISTANCE TO BENDING. 249 

For upper half section, the area is -r-, the moment of iner- 
tia about its own neutral axis is \Ua) = ooo* ^J^d the 
deviation of its centre of gravity is j* 5 hence 



lo = Tsbh\ and M = ^I^ = ^\/bh\ 



<^ = (t)(8) = ^''- 



Hence for a rhomboidal section with diagonal as neutral axis, 

m' = i,n' = tV ^ = ITT. 

Square Section, — ^A square section lying with its diagonal 
horizontal is a particular case of this. 

In order to compare the strengths of a square section when 
lying with a side horizontal, and when lying with a diagonal 
horizontal ; let a be the side of the square, then d! = a /s/2 is 
the diagonal ; for h and h substitute a in the one case, and 
a J2 in the other ; then 

M = \fa* ; M' = ^f{a, J2y = ^fa* ; 

SO that M : M' : : ^2:1, being stronger when the side is 
horizontal. 

Trapezoidal Section. — Observe that a triangular section 
is of v/niform strength for a material whose strengths to 
resist tension and thrust are in the ratio 1 : 2, or 2 : 1. It 
is evident, then, that for a material, the ratio of whose 
strengths is between 1 and 2, a cross section of uniform 
strength can be made by selecting the proper frustum of a 
triangle; that is, a trapezoid with the parallel sides horizontal. 
Suppose the strengths are as S I 8, not greater than 2:1; 
then to find the ratio of the parallel sides B and b, fig. 112 : 



250 



APPLIED MECHANICS. 



a well-known construction for finding & is to lay off £ in a 
continuation of b, and 6 in a continuation of B, one in each 
direction ; the line joining the extremities cuts the medial 
line at ; hence 



b 
B 



28-S 
28-8 



For instance, if the strengths are as 3 : 2^ then the parallel 
sides ought to be in the ratio 

_6 __ 2x2-3 _ 
B ~2x3-2 ~*' 

when the neutral axis will divide the depth as 3 : 2. 



|e (BhW 



I 



''a 



/ To tntike 



r / "'fe — \"^ ^^- 



y, ,. 



A. 



,^ I 



<-6-+ B -H 

Fitr.112. 



Though such sections are thus far economical, still they 
are not the most economical^ as too much of the material 
lies near the centre of the section where it cannot act 
effectively in resisting bending. 



CMronlar oroM Motion and derived fignres. 

Circular Section. — In the circle, fig. 113, inscribe a 



MOMENT OF RESISTANCE TO BENDING. 251 




tor Circle h=h=dlAM. 
Plfir.118. 



hexagon with a diameter horizontal ; for the hexagon b = d^ 
h = d.-—, and 

an approximation on the small side 
to that for the circle about a diameter. 

Again, circumscribe a hexagon with 
a diameter horizontal ; for this hexagon 

h = d,b = d.~-j^ = -g- ,^3, and 

^ = A(y^/3)W = •0602d^ 

an approximation on the large side. 

Taking the average of these, we have for the circle 

Jo = -047^*. 

where d is the diameter of the circle, and the breadth and 
depth of the circumscribing rectangle. 

It will be seen that n' = '047 is a close approximation, 

being correct to 2 decimal places. 

In the same way an approximation to Oq may be found. 

The exact value of I^ is found thus, — From the centre of 

the circle, fig. 114, draw three axes OX, Fdiameters at right 

angles, and OZ normal to the plane of the paper. Let /, 

J, jSTbe the moments of inertia of 
the circle about these axes respec- 
tively; and let 8 be any small 

elementary area. Now OA, OB, 
and 08 are its leverages about the 
three axes respectively, and by 
definition — 




Flg.114. 



I z= (sxOA^) sumd. for each elemt. 
J=(8xOB^ „ 

K=(8xOS^) ' „ 
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but by Euclid L, 47, OS^ = OA^ + OB^ for each element, 
hence 

K=I + J; 

and further, since / and J are equal, each being the moment 
of inertia about a diameter, 

80 that if we find K, the value of / is at once obtained. 
On the element 8 build a column of material of unit 

density, and whose height is 08; suppose this column to 
gravitate tangentially, that is, at right angles to OS, then 
its statical moment about OZ, that is its volume into 08, 
gives the moment of inertia of the element about OZ; all 
these columns will form a solid standing on the circle as 
base, whose height at the circumference is r, and whose 
upper surface is a conical surface, apex at 0, and sloping at 
45° to the plane of the circle. The volume of this solid is 

that of a cylinder of height r standing 
on the circle, minus a cone of equal 
height and base ; its volume is there- 
fore two-thirds of the cylinder, viz.. 




7=1 X7rr^xr=:f7rr», 

every particle gravitating tangentially 
and in the same direction. If we 
cut this solid, fig. 115, into slices by 

j^.. I r i planes at right angles to the plane of the 

} circle, and passing through consecutive 

VaViH.of cyi.-voi of Cent radii, the slice between two adjacent 

* Fig.115. planes will be a pyramid with its apex 

at 0, and having its base on the cylin- 
drical surface ; one dimension of the base, therefore, is r, and 
the other an arc of the circle. Now by taking the slices thin 
enough, the base of each pyramid becomes in the limit a 
rectangle, and the points in the circle below the centres of 
gravity of these pyramids will form a circle of radius fr; 
the whole weight may be supposed to be applied by a cord 
on a pulley of radius |r, and hence 
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K = Vol. of solid X rad. of pulley 



IT 



IT 



and 



M 



64 ' ^' 64' 



IT 



W 



I Plane sloping 
at 45^ 

Height at K^LK 



Hence for a circular section, 

m' = i, ^' = ^ = -049, ii = ^ = 098. 

To find (?o. Suppose a wedge standing on the quadrant, 
fig. 116, formed by a 45* sloping plane passing through OX ; 
the geometrical moment of a semicircle about a diameter 
will be twice this volume. Cut the wedge into slices by 
planes at right angles to the 
plane of the circle, and pass- 
ing through consecutive radii. 
mfSn slice is a pyramid with 
apex at 0, and of height r ; 
itis base is part of a cylindrical 
surface, and the upper edge 
of the base is sloping. Let 
a be the short arc as shown 
in the figure, and & its pro- 
jection on OX ; then in the limit when the slices are thin, 
the base becomes a plane rectangle whose dimensions are 
a and the height of the sloping plane at K ; but height of 
K = LK == r cos ; hence 

Vol. of pyramid = J x r x a . ?' cos = |r^.^, 
since ^ = a cos 0. 

For each pyramid ^r^ is constant ; so that the volume oi 
wedge on the quadrant is \r^ multiplied by the sum of the 
quantities & ; this sum is r whether the slices be thick or 
indefinitely thin ; hence the 

Volume of wedge = Jr* ; 




Flg.116. 
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and doubling, we have for semi-circle, 

If we divide Q^^ by the area of the semi-circle, we obtain the 
distance from the centre of the circle to the centre of gravity 
of the semi-circle, 

Elliptic Section, — The Ellipse is immediately derived 
from the circle thus: — Let the ellipse, fig. 117, have the 

same minor diameter as the circle above 
it, so that 6 = 2r ; all the vertical dimen- 
sions of the circle are, however, to be 
altered in the constant ratio a : r, since 
the vertical radius of the circle is altered 
to a. Let the circle be divided into 
rectangular elements, each with an edge 
lying on the neutral axis; when the 
circle is changed into the ellipse, each 
element remains of the same breadth 
U as before, but its vertical dimension is 
changed from y to F, where Yiy'.lalr. 





For each elmt. of circle I=^V{y^—0^). 

ellipse /=:^6'(I^'-0')- 

Fig.117. For each element, and therefore for 

the whole figure, the moment of inertia 
has changed in the ratio 

T^ : y^ = a* : r\ 



For circle. 



■'O A. ' 9 



hence for ellipse, I^ = y^(^^ . /) = ~ra^ = ^bh\ 
putting ^6 for r, and ^h for a ; 



M 



-/r- 



^h^'^ 32 



fbh\ 
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Hence for elliptic section, — 



/ 1 / TT TT 

m = -2, ^ = -^^ ^ = 



o2« 



64' o: 

For a semi-ellipse about a diameter as axis, we have 



(?;=|ra'; s.ndy = ^ 



4a 



TT 



HoUow CircvZar Section, — For a hollow circle or ellipse 
the reduction is the same as for the hollow rectangle, page 237, 

32 



only ^ replaces ^ ; hence 

M 



^iJ^-BE^f^^'- 



Examples, 

136. Find the moment of resistance to bending of the 
symmetrical section, the upper half of which is shown in 
fig. 118 ; the material is wrought iron, for which the weaker 
working strength is /« = 4 tons per square inch. 

Consider the two triangles as one of breadth 8 inches ; 
for a triangle about its own neutral axis, / = -ii^hh^ = 48 ; 
hence for semi-section 

|/^ = (48+24 X 82) for triangle+^ x 2(103-03) forrectangle. 
;. I^ = 4501 ; and M = ^/, = i% x 4501 == 1800 inch tons. 
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137. For the cross section shown in fig. 119, and which 
is the semi-section shown in fig. 118, find the working value 
of M, if the working strengths of the material be /„ = 4, and 
yi = 5 tons per square inch. 

Choose BB as an axis of reference ; then 

S = 24 + 20 = 44; (?^= (24x 8) + i x 2(10-^0') = 292. 
Is — ^Iq of example 136, = 2251. 

y, = '^=-^ = 6-64, and y^=10-6'64^ = 3-36; 

k = ^ = i-ig, and f' = ^=^ -752 ; 
Va 3-36 y, 6-64 

taking the smaller value, we have 

M =1 -752 X /^ =1 237 inch-tons. 

138. Find M for the section, the upper half of which is 
shown in fig. 120; the material is cast iron, for which 
/j nr 2 tons per square inch. 




12 in. 




Fig.120. 



FiEr.121. 



For the circle about its own neutral axis, 



/ = ~b¥ =. 049 X 8* = 201 ; and ^ =: 50-26. 
04 
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For the cross section, 

J/, = (201 + 60-26 X 82) + J X 3(4»-0»). 

/. /, = 6964; and M = ^/, = A x 6964 = 1161 inch-tons. 

139. Find M for the section shown in fig. 121, the work- 
ing strengths f^ and ^ being 4 and 5 tons per square inch 
respectively. 

It is convenient to choose GG the diameter of the ellipse 
as the axis of reference, and we have — 



Ellipse. 

fif=7rx4x3 + 



Middle rect. 

3x6 + 



Lower rect. 

10x2 



Q„= 







= 75-7 ; 
+ i X 3(9« - 3=') + J X 10(11* - 9«) = 308 ; 



T 



/„= ^ X 8 X 6» + |x 3(9» -3») + Jx 10(ll«-9») = 2793; 



Ot 308 

y z=L-^z=L = 4 inches sensibly ; so that y^ = 7, and 

2/5 = 7 inches. 

/. = /.-fif^2» 1582. 



The neutral axis being sensibly in the middle, take^ = 4 
the smaller strength, and M = ^I^ = 904 inch-tons. 




-.13 In. 



140. Find the resistance to bending for the section shown 
in fig. 122 ; the dimensions are in inches, and the strengths 

B 
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of the material are fa=^ 4e tons (thrust), and /j = 5 tons 
(tension) per square inch. 

Choose CG the diameter of the ellipse as an axis of refer- 
ence ; and for semi-ellipse — 

5 = 23-6; Ga= -80; 7^=53. 

For semi-circle about its diameter, / = 245, and distance 
from centre to g its centre of gravity is 2*12 inches; hence 
about its own neutral axis, that is an axis through g, we 
have Iq = I- S(2'12y = 69 ; and for semi-circle — 

5=39-3; (?^=398; /^=4093. 

For the two triangles, reckoned as one about its own 
neutral axis I^ = 42*7 ; hence for double triangle — 

S = 12; (?c=64; 7^=384. 

For rectangle — 

5=24; (?^=96; 7^=512. 

For total section — 

5=98-9; (?^=528; 7^=5042. 

^5 = 8-3 ins., and y« = 77 ins. ; and I^ = lo- Sy^ = 2250. 

A~ * = -519, and ^ = J^=z -602; 
Va 7-7 2/5 8-3 

taking the smaller value, we have — 

M = -5197, = 1167 inch-tons. 

As shown in the figure, the section is lying in a position 
suitable for a cantilever ; if intended for a beam, it should 
be turned upside down; should it be kept as it stands, 
however, then for a beam we take the smaller of the two 

K A 

ratios, y^- and ^y viz., '482; multiplying 7^ by this 
quantity gives a value of M, which is less than the above. 
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141. Find the resistance to bending of the wrought iron 
section, fig. 123 ; the dimensions are in inches^ and the metal 
everywhere is 1 inch thick. 




Fig.128. 



Choose GC the diameter of the hollow semi-circle as an 
axis of reference ; then for 
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Hollow semi-circle, 
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-8 , 


21 


1st rectangle below (7(7,... 
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50 


333 


2nd „ „ 


10 


105 


1103 


Whole section 


38 


106 


1601 





For whole section- 



106 



y = 1^ = ^ = 2-8 .-. y, = 7-8, y, = 82. 
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Iq = la-Sy^ = 1601 - 38 X 2-82 = 1305. 

^= -i = .512, and -^^ = A = -609; 
Va 7-8 2/j 8-2 

M = -512/0 = 668 inch-tons. 

142. For a wheel, design an elliptical spoke of approxi- 
mately uniform strength, of a material whose smaller 
strength is 2 tons per square inch ; length of spoke 3 feet, 
load at end due to a force applied to the circumference of 
wheel -^jf^ of a ton, and at each cross section the depth is to 
the breadth in the ratio 3 : 1. 

^max. = Wl = -^js ft.-tons = 1*8 inch-tons. 
M = nfbh^ = ^x 2 X 6(36)' = 17663 inch-tons. 

Equating these values of M and M, we have 

17668 = 1-8 ; /. 6^ = 1. 

Therefore 6 = 1, and h= S inches, are the diameters of the 
elliptic section at boss, while two-thirds of these are the 
diameters at tyre. See fig. 99. 

143. Find the thickness of a cast-iron pipe whose external 
diameter is 2 feet, that it may have a working moment of 
resistance to bending of 800 inch-tons ; the smaller working 
strength of cast-iron is 2 tons per square inch. 

Put D = 24 inches, and let d be the inside diameter; 

then /, = ^(^- A and M = ^J^. 

/. 800 = -00818(1)* - d*), or (i)*-d*) = 97800. 

Arts, d = 22 inches ; and for the thickness of the metal, 
we have ^ = 1 inch. 

144. Find the relative strengths of a regular hexagonal 
section to resist bending when lying with a diameter hori- 
zontal, and when lying with a diameter vertical. Find also 
G^ofoT serai-section in the latter case. 

For the diameter horizontal, page 248, we had M = -^fbh^ I 
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if a be put for the side of the hexagon, then k = a JS, and 
b =z2a; this gives 

When the diameter is vertical, the half-section consists of 
a rectangle and a triangle ; the rectangle is of breadth 6, 
one edge is against the neutral axis, and the other is at a 
distance {h therefrom; the triangle is of breadth b, its 
height is |A, and its centre of gravity is ih distant from the 
neutral axis ; hence 

K. = i6{(|)-o'}.{AK|)V(l4)(t)'}i 

••• Io = Thbh'; and M = £/, = ,^i/bh\ 

In this case h = 2a, and b = aJ3; so that 

M = A/, (a v'3) (2a)' = ^/a« 

Ana. The strengths are as 2 : J3, being greater when 
the diameter is horizontal ; and 



Eesistance op Cross Sections to Shearing, and Distri- 
bution OF Shearing Stress on a Cross Section. 

In fig. 124 let AB be the cross section shown in figs. 6, 7, 8, 
9, and 10, and let A'R be another section lying at a small 
distance Sx to the left thereof; in figs. 6 and 7, we assume AB 
to be in a position such that P is greater than TTj + TTj, 
that is, AB lies to the left of the section of maximum bend- 
ing moment; hence the bending moment on A'ff will be 
less than that on AB. 

Consider the horizontal equilibrium oi AHH'A\ fig. 124, 
part of the slice of the beam between these sections, and 
bounded below by the horizontal face HH' a portion of the 
plane CD, fig. 6. There is no stress on the free surface. 
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On AH the horizoDtal stress is indicated by arrows p^^ &c. ; 
and on A'H' by the shorter arrows j^/, &c. (see fig. 8), shorter 
because the bending moment on A'R is less; in so far 
as these affect the horizontal equilibrium of AHH'A^ they 
may be replaced by arrows (Pa-pJ) &c«> on the face AH 
alone. For horizontal equilibrium, there must be a tangen- 
tial stress q acting towards the right on the remaining 
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Fig.124. 

face HH; and since HH is very small, the stress on it 
will be of constant intensity q ; therefore 

q X area of plane HH = sum of the arrows (p« -p'^ ), &c., 

on plane AH; 

or q.z,Sx = volume of frustum of wedge standing on HAA 

the shaded part of section as base, and of 

height (2?a-p«). 
Now if stands for the geometrical moment of the shaded 
part of the cross section relatively to the neutral axis, that 
is, for the volume of the frustum standing on HAA of the 
isosceles wedge made by a plane sloping at 45** and passing 
through the neutral axis, then the frustum of the wedge 
above is the same fraction of G, that (Pa-p'a) its height is 
of y^ the height of the isosceles wedge ; and 



q.z.Sx 






G. 
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Now on the cross section ABy the bending moment equals 
the moment of resistance, that is 

M=iA = ^I,; 

y.- h' • '' 

For the sections AB and A'B\ y^ and the moments of inertia 
are the same, because in the limit when 8x is indefinitely- 
small the sections coincide ; so that if M' be the bending 
moment at A'B\ then 

where SM stands for the small difference of the bending 
moments on the sections AB and A'R at the small distance 
Sx apart. 

q.z.&c = -T-G; 
8M 



or g = 



^ Sx) 



— > 



/o z 



In the limit when Sx becomes indefinitely small, so does 
SM\ but their ratio -»- becomes F the shearing force at 
the section AB, by theorem, page 181, and therefore 

^ = ^-z ' ^^^ 

since if now coincides with H, we are warranted in assum- 
ing q constant over H'H. 

JSf ow g is the intensity of the shearing or tangential stress 
at the point H in the horizontal plane CD, fig. 6 ; but it is 
also the intensity of the shearing stress at the point H in 
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the vertical plane AB (Part I., pages 42 and 67) ; hence (fig. 
9) the intensity of the shearing stress at JST, any point of the 
cross section AB, is 

i = T* - ; <3.) 

where F is the shearing force on the cross section ; I^ is the 
moment of inertia of the cross section about the neutral 
axis ; G is the geometrical moment of the portion of the cross 
section beyond the point, about the neutral axis ; and z is 
the breadth of the cross section at the point. 

On the cross section AB, it will be seen that g acts down- 
wards at any point Bl\ if we choose K at an indefinitely 
small distance above H, the tangential stress on JST'jK'will also 
be q since it is indefinitely near H'H\ and on KK the 
lower surface of AKK'A\ q will act to the right just as on 
H'H, but on K'K the upper surface of the small prism 
KHETK', q acts to the left. The horizontal stresses q form a 
couple tending to turn the small prism in the left-handed 
direction ; hence for equilibrium, the vertical stress q on the 
faces KH and K'JS^ tend to turn it in the opposite direction ; 
so that q on the face KH acts downwards, an assumption 
made in fig. 9, which is now proved. 

On the other hand, if F were less than W^ + W^, &c., then 
the bending moment on A'B' would be the greater ; q on 
face H'H would act towards the left, the arrows q all round 
the prism would be reversed, and so q on the face HK would 
act upwards ; that is, q at any point H of the cross section 
would act upwards. 

Observe that if q be evaluated for two different points of 
a cross section of a beam loaded in any manner, F and I^ 
will be the same in both, and the two values of q will 
therefore be to each other directly as the geometrical 
moments of the parts of the section beyond the points, 
and inversely as the breadths at the points, respectively. 
But for any given form of cross section, as rectan- 
gular, circular, elliptical, &c., the ratio of the geometrical 
moments of the portions beyond two points definitely 
situated in the section with respect to each other, is the 
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same whether the section be large or small; whether, for 
instance, it be a large circle or a small one ; so also is the 
ratio of the breadths ; and hence the distribution of the 
shearing stress on a cross section, or the manner in which q 
varies from point to point in the section, depends OTtly upon 
the form of the cross section. It is instructive to know now 
the shearing stress is distributed on cross sections of various 
forms employed in practice ; and it is of the greatest prac- 
tical importance to know where the intensity is a maximum, 
the amount of that intensity, and the ratio of its maximum 
and average values. This ratio is an abstract quantity, and 
depends only upon the form of the cross section. 

In the graphical solutions it is inconvenient to draw the 
tangential arrows g as in fig. 9, since they interfere with each 
other; we will therefore draw them at right angles to AB, 
when their extremities will give a locus which specifies the 
distribution. For such a locus the origin will always be at 
O the neutral axis, the abscissse y are measured on the 
vertical axis, and the ordinates q are measured on the hori- 
zontal axis ; and at any point H whose abscissa y is given, 
the ordinate q gives the intensity of the shearing stress. 















Beotangniar oross seotton. — Fig. 125. Since z = b = con- 
stant, q will vary as the geo- 
metrical moment of the shaded 
portion of the section, that is as 
the isosceles (frustum) wedge stand- 
ing on that portion ; now this wedge 
will be greatest when y = 0, for 
then the shaded portion will be the 
whole isosceles wedge on the semi- 
section. If y be negative, we have 
more than the semi-section shaded, 
but the portion lying below the 
neutral axis gives a negative geo- 
metrical moment, and q is again 
less than q^ ; hence g is a maximum Fig.125. 

at the neutral axis, it has equal 
values for equal values of y above and below 0, and is zero 
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at each skin. The maximum value is thus : — 



3o = 

_ 3£ 
~2bh 



F cr,_ 



/«■ b -l^bh* 



Graphical Solution, — Lay off OA = q^ ; and if we take A 
as origin, qQ—q the ordinate of any point will be proportional 
to the volume of the isosceles wedge on the semi-section 
minus that on the shaded part, that is to the isosceles wedge 
on the part of the section from Otoy; but the breadth being 

constant, the volume of that wedge is proportional to Oy^; 
so that from A as origin, the ordinate of any point on the 
curve is proportional to y^, and the curve is a parabola. 

The modulus of the parabola is -jYh^i — ~^ ' 

and the equation with as origin is g = -^l Z" ~ ^^ )* 

Let graver, represent the average value of the intensity of the 
shearing force on the cross section, then 

, _ shearing force _ F 

q aver. — TZTI — IT > 

area oh 

and we have for the ratio of the maximum and average 
intensity 

q\vQv, 2 ' 

Hollow rectangular cross section, or symmetrical douUe-T 
section. — ^Fig. 1 26. For values of y from \H to J A, q varies as Q 
exactly as in the previous case, so that the locus from Fto i 
is a parabola whose apex is A ; the modulus of this parabola 
is greater than that for the solid rectangle since the constant 
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divisor Iq is now less. For values of y between ^h and 0, con- 
sider the effect upon each of the items that make up q. If the 
hollow were filled up, SA^ would be part of the parabola in 
fig. 125 ; Iq is now less, however, and allowing for that fact 
alone SA^ would coincide with LA^ The removal of the 
centre decreases z from B to z^; this increases each ordinate 
in the same proportion, so that SA^ is still a parabolai 
Lastly, for values of y between ^h and 0, the removal of the 
centre alters the value of from what it would be for the 



I*— ^rtf...^ 



:r 



q'iiy»rr^(BuLhhV(B-b) 



20=H 




KS'.KLr.B'.S'h 



Flsr.126. 



solid figure, by the geometrical moment of the part of the hol- 
low beyond y ; now the geometrical moment of that part of 
the hollow is \h{{\hY - y"^} \ this leaves the equation con- 
sisting of a term in y^ and a constant term, so that SA is 
finally a parabola with apex at A^, but with a modulus 
diflferent from that of LA^ : and hence 

1 ' a 



9o = 
For semi-section. 

For total section. 



OA^y is the maximum. 

ff, = \{Bm-hh?), 
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Area ;S = (BH—bh), and z^ = (S—b) is the breadth at 
the neutral axis ; 

_ FQ^^SF BW-bh? 

^« ~ /o" 0, ~ 2 ■ {BW-bh*){B-by 
, _ F _ F 

g'ayer. - -g - (^BH-bh)' 

£oma5._ 3 {BW -bK){BH -bh) 
" 3'aver. ~ 2 (BE' -bh'){B-b) ' 

For the dimensions given in fig. 126, g^omax. = '033 jP, 
%5?!^ = 2-4, and ^,Sf : ^i :: 6 : 2. 

? aver. 

The locus, fig. 126, gives the shearing stress on the hori- 
zontal layers as well as on the cross section. Now, as you 
pass from the horizontal layer K cutting the web to another 
cutting the flange, there is a sudden change of intensity 
from K8 to KL ; this change cannot be supposed to take 
place altogether at K, as the free overhanging surface of the 
section at that point does not bear any share of the shearing 
at all, and for a small distance just above K the portion 
overhanging does not bear its proper share; in the 
vicinity of K, therefore, the stress is not constant on the 
horizontal on the cross section. The consequence of this is 
to introduce shearing stress on the vertical plane through K. 
In order that the intensity of the stress should change from 
KL to KS absolutely at K, there would require to be an 
infinite amount of shearing force on the horizontal plane at 
K] and since the intensity changes from KL to jfiTfif in passing 
through a small vertical distance at K, there must be a 
great amount of shearing force on tt^e horizontal plane at K. 
Hence sections of this shape very readily give way by 
shearing at K ; cast iron sections being specially liable to 
do so under the shearing force developed by irregularities in 
cooling. Re-entrant angles, as that at K, are to be rounded 
off in castings and rolled plates, and filled in with angle 
irons in built sections ; this allowa the breadth to change 
gradually from B to (B- 6), and the intensity of shearing 
stress to change gradually from KL to KS. 
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It follows as a corollary from fig. 126 that, for symmetrical 
sections made up of rectangles with breadths diminishing 
towai'ds the centre, g, is the maximum. 

Synunetrleal seetlon of tbree reotaiifflea. — When the middle 
rectangle is the narrowest, q^ is the maximum as we saw in 
the previous case. 

In fig. 127 the middle rectangle is the broadest; and in 
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J^3:KL::b:B 



q'^yer, 2 TjB[K7s^bJP~ 

Fig.127. 



this case, the intensity of the shearing force has two maxima 
values, one at y = 0, the other at y = o* 

For the whole section, 8 = bH + (-B — b)h ; 



-*0 — TO > **"^ ^aver. — 



F 



hH+(B-h)K 



For the middle portion of the section, the maximum 
value of 5 is 

_.F0\_3F bH^ + (B-b)h^ 
2o - j^ B - 2£ hH^ + (B-b)h^' 
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For the portion of the cross section beyond K^ 
and the maximum value of 9 is 



3» = 



2 bE<^ + (B-b)h»' 



To find the ratio between the maximum and the average 
values of q, we have the two equations — 

?,m«. _ 3 {bH' + {B-b)¥}{bH+(B-b)h) . 

2'aver. ~ 2 B{bH^ + (B - b)h»} 

and 

9|max. _ 3 {H^-¥){bH+(B-b)h} 
^^-2 bH^ + (B-b)h^ ' 

in any example the greater of these two ratios is to he 
used. 

In the numerical example shown in fig. 127, 

qQ = 'OUF, and y» = OlSF; 
^d %5^ = 1-3 ; 5^^ = 1-25. 

5 *ver. 3 aver. 

Triangular seotton. — Fig. 128. Let y, which includes its 
sign, be the ordinate of the base of any portion such as is 
shaded in the diagram ; then for that portion 

= ^(2A-3j,X*+3!,). 

Now g = -^ — ^, and since -j- is constant, 

goc—^orgoc (2A-3i/)(A + 33/). 
z 
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The sum of these factors is constant, and their product is 
therefore greatest when they are equal ; that is when 

{2h^Sy) = (h + Syl or y = ^; 

hence ^ is a maximum at middle of depth h, and the locus 
is a parabola with its axis horizontal. 




Fifir.128. 



For the portion above this central point — 
For the whole section I^ — -^hh? ; hence 



6 
2' 



F. 



bh^ 



_FGg_ '•24_3F. 

_F _ F _2F 
^ '■^^- - W - m ~ bh' 



S* 



max. ^ 



2 aver. 



The equation to the parabola is easily found. 
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BbomiMidai Motum. — Fig. 129. For a portion such as is 
shaded, in the upper half of section, that is for positive 
values of y. 



Now 





qcc — 



oc A2 + 82/(^-2^), 



so that the locus is a parabola with its axis horizontal. 
The sum of the factors y^ - y\ is constant, and the product 

is greatest when these are equal, so that when y = -, g is a 

maximum. The locus for the upper half is a parabola 
whose axis is ^h above the neutral axis, and for the under 
half a similar parabola symmetrical below. 



q arer. • 




For that part of the section above ^ = o» 



2b 
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For the cross section — 





9 F 

■4 bh' 


^"'*'- ibh 


2F 
bh' 


3*max. 9 





^ aver. 8 



48' 



Regular liezagoiial section, diameter verticaL — Fig. 130. If 

we suppose the sloping sides above and below produced to 
meet the neutral axis, we have a form like fig. 129; and for 
values of y from \h to ^h, everything so far as regards q is 

i ?•">»* ' 7 




Bttae tf e»ch 
Par.8eg.ia fh. 
HelghU Ma 1^:9. 



Flgr.130. 



the same as if those sides were produced, except the constant 
Iq which is less ; hence for those values of y, the locus is a 
parabola with its apex A^ on the horizontal \li above the 
centre as in the previous case. For values of y from to ^, 
suppose the vertical sides produced and the rectangle com- 
pleted ; the four triangles which require to be added on to cora- 

s 
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plete that rectangle increase the constant /^, but so far as that 
affects q the locus is still a parabola with its apex on the 
neutral axis ; they also increase 0^ for every value of 3/, 
augmenting both the constant term and the term in y^ in 
the expression for q ; the locus, however, is still a parabola 
with its axis coinciding with the neutral axis, but the 
modulus is altered. 

Now we know that this parabola intersects the other pair 
at K and L, points beyond their apexes, hence OA^ is greater 
than 0A^\ and 

q^ =: OA^ is the maximum. 

From example No. 144, page 260, we have 

0; = ^bh^; I, = ^bh'; z^=zb;siidS-. 

F 4i F 



Sbh 



q(fDaax. — 



q aver. — 

^pmax . 

5^ aver. 



ibh 

7 



3 bh' 






dronlar erora seotton. — Figs. 131 and 132. On the shaded 

sector, fig. 131, suppose an isosceles wedge 
standing, made by a plane sloping at 45° and 
intersecting the horizontal radius, and cut 
up into pyramids as in fig. 116. In this 
case the sum of the small quantities S is 
00 = r sin 0, and the volume of the wedge 
is ^2 X r sin 6; for the sector, the geo- 
metrical moment about OX, G = ^7^ sind; 
and deducting for triangle ODB, we have 
for the geometrical moment of ABD about 
OX as axis — 




Flg.181. 



G = ^7^ sin 6- (^.r sin . r cos 6) x §r cos 6 
= ^sin3 ft 
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Hence for the shaded part of the circle in fig. 132 — 
= ^7^ Qin^O ; z = 2r sin 6 ; 
r 



and 

tended at centre. 



r^ 

-^ = -irsin^O. where 6 is half the angle sub- 

z 3 ° 



But 3/ = r cos ; .-. cos = ^ ; sin-^ = — ^^ ; 



y. 



and 



^ = ^(r2-2/=); 



SO that q oc \{r^ - y^), and the locus is a parabola with 
its axis on OQ. 

Hence q^ is the maximum ; and since 



2 



X 



(?; =r -r^; /. = -^ /; >Sf = 7rr2 ; and z^ = 2r. 



qQxasji, — 



FO: 4 F 



F 



If 



3^^; Saver. -^,,2; 



3 aver. ^ 





U 



Fig.lS2. 



xiuptioai seotton. — Fig. 132. Let the ellipse shown in the 
figure be derived from the circle by altering in a constant 
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ratio the breadth z of the circle at any point, to z the 
breadth of the ellipse at the point corresponding ; that is, 
let 

z = nz\ 

Suppose the shaded part of the circle to be divided by 
vertical lines into elementary rectangles, and let the ellipse 
be correspondingly divided ; by considering each of these 
elementary rectangles, it is easily seen that /, G, iSf, and z' 
for the ellipse are derived from the corresponding quantities 
for the circle by multiplying by n ; for the circle we had 

F G. 
^ = l-z'^ 
so that for the ellipse 

^ "~ nl nz '~ I z'' 
_4> F __F 

M^' = the same as for the circle. 

2 aver. <> 
Begnlar hexagonal section with diameter horliontal. — Fig 133. 

Let be a horizontal line at any distance y from the neutral 
axis. Suppose the two shaded triangles joined together; 
they will form an equilateral triangle, for which 

For shaded rectangle — 
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Fig.188. 



F . 



and since -j is a constant quantity, we have 



groc 



A-y 



h 



a cubic curve; the maximum value occurs when 3/ = jt: 
nearly; and evaluating for y*max. and y'aver., we find the 

10 

ratio is 4? = 1-26. 

J aver. 

When several points for this equation are pjotted, they 
give, as shown in the figure, a pair of curves resembling 
parabolas. 

This case shows that the locus giving values of g is not 
necessarily a parabola. 

Examples. 

145. The section of a beam is a rectangle 2 inches 
broad by 6 inches deep; the material is wrought iron whose 
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working resistance to shearing is/ = 5 tons per square'inch. 
Find the working resistance to shearing of the ci'oss section. 
F will be such that q^ the maximum intensity shall attain 
to/= 5 tons per square inch. 

qo = 5; but gr'aver. = ho = T^ *oiiS- 
F = average intensity x area 
= q'M = i? X 12 = 40 tons. 

146. Compare the shearing force and the resistance to 
shearing of the cross section at the fixed end of the canti- 
lever of example No. 131, taking the working strength of 
the timber to resist shearing as tV of ^ ^^t^ P^^ square inch. 

F=:2 tons. 

gr^ = ^ ton per sq. inch ; .-, g' = | x T^J = tj ^^ P^r 
sq. inch. 

F = q X area = -^ x 6'4 x 15 = 6*4 tons. 

So that in providing for the bending moment at the fixed 
end, there is three times the necessary strength to resist 
shearing; but near the free end F is still 2 tons, while F 
will only be half as much as before, namely 3*2 tons. 

147. Find the resistance to shearing of the cross section, 
fig. 106, taking /= 4 tons per sq. inch. 

q^ is the maximum value. 

From the tabular form or graphical solution we had 

/o = 4634, Go' = 296, and z^ = lo ; 

^"^ 2o = ^,or4 = ^^|^; .-. Fz=94tons. 

148. Find the resistance to shearing of the section shown 
in fig. 105, taking / the resistance of the material to shearing 
at 4 tons per sq. inch. 

FOo' . Fx396 c 1QK* 

^0 = 7^' "^=61^.3'^ .-.F^ 185 tons. 
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149. In section .fig. 105, find the ratio of the maximum 
and average intensity of the shearing stress. 

g, = -^.and5 =^; 

, gomax. _ SO^ _ 120 X 396 _ - „ 
* * 3'ayer. ~ V, ~ 6112 x 3 ~ '** 

150. Find F for fig. 126, taking /= 4 tons per sq. inch ; 
and find the ratio of the maximum and average intensity of 
the shearing force. 

i/(, = Jx6(10»-68) + Jx2(6«-0»); .-. /„ = 3424. 
(?o' = i X 6(10«- 6") + i x 2(6" - 0«) = 228. 
J;g= 6(10 -6) + 2(6-0); .-. S = 72. 
0, = 2, and we wish to have go = ^ 5 ^^^ 

qo = -p-; .-. F = 120 tons. 
9'aver. = tS" == | tons ; and Jj^^i = ^=, 2-4. 

I ^ 2 aver, "S 

151. Find the ratio of the maximum and the average in- 
tensity of the shearing stress for fig. 121. 

Take the under half which consists entirely of rectangles, 
and find (?; = l^T'o. Now Iq = 1582. S = 757, and 
z^ = 3. 

Ans. 2o^- = 2-5. 

2 aver. 

152. Find the working moment of resistance to bending, 
and the working resistance to shearing of the section, 
of which the upper half is shown in fig. 1345. 

In wrought iron built sections the piercing of holes for 
rivets reduces the effective area to resist tension but not to re- 
sist thrust ; the area as thus reduced is to the original area in 
the ratio of about 4 : 5, which is the same as the ratio of the 
strengths; hence it is usual to make such built sections 
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symmetrical above and below, to consider the working 
resistance to tension and thrust as each equal to 4 tons 
per sq. inch, and then to neglect the fact that the holes 
diminish the effective sectional area ; the working resistance 
to shearing may also be taken at 4 tons per sq. inch. 



12 
3 
1 



Ord. 



Dif. 



10 

8 

3.5 




2 

4*5 

3-5 



Dif.^b 



24 
13-5 
3-.5 



41 

2 

S = 82 



Ord* 



IHf. 
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64 
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36 
52 
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Go' = 300 



IHf.4 


Ord* 


Dif. 
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Dif. 



1952 

469 

14 



2435: 



/„ = 4870 



M = 



_/ 




Brdth.Ord. 

12 '" 
8 



S 



3i 







Fifir.184. 



/^ = T^ X 4870 = 194.8 inch-fcons. 



9o 



_FG;, . p_g.V._ 4x4870xl _ 
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153. If the rivets a, a, fig. 134, be pitched at 4 inches 
apart ; find the diameter necessary for each rivet. 

For part of section beyond SS, 0, = ix 12(102-92) = 114; 

FG, 67x114 ,^, . , 

. . q^=-j-o=z 4gyj^-^^j2 = -13 tons per sq. inch 

is the intensity of the shearing stress on the horizontal 
plane 8S at the cross section, and it will be sensibly constant 
on 88 for a few inches on either side of cross section. There 
is one rivet for each 24 sq. inches of 88, hence a rivet has 
to bear '13 x 24 = 3*12 tons of shearing force. If the rivet 
be very tight, this shearing force would be uniformly dis- 
tributed on its section, and the area required would be found 
by dividing by / = 4. If the rivet be not perfectly tight, 
there will be a bending moment on it, and we must consider 
the shearing stress distributed as in fig. 132 ; in which case 

g'^ = 4 ; .'. 5' = I X 4 = 3 tons per sq. inch average 

intensity. 

.•. area = ^^^ = 104, which gives a diameter d = 1*2 ins. 

Taking 1'2 inches as the diameter of the rivets, the six 
holes reduce the area of the cross section by 16*8 sq. inches, 
almost exactly a fifth as we supposed it would do. 

This is on the supposition that the section bears the full 
shearing force that it can resist; at other cross sections 
where ttie shearing force is less, the rivets might either be 
made smaller in diameter or be more widely pitched. 

154. Find the resistance to shearing of a cross-formed 
section ; width of each pair of wings 5 inches, thickness of 
metal 1*5 inches ; / = 4 tons per sq. inch. Fig. 135 ; see 
also fig. 127. 

For semi-section — 

0; = ix l-5(2-52- 752) + ^ X 5(752-02) = 57 ; 

and — ^=— =r = 1*14 is a max. 

iJo = ixl'5(2-53-753)+Jx 5(753-03); .-. /,= 16-6. 
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For portion beyond K — 

<?o = J X l-5(2-5»--75*) = 4-27; 

G 427 
and --" 1= -1^-=- =1 2'84 is therefore the max. 
z 1*5 

?.75 = 7~; 4 = jfg X 2-84; .-. F = 23-4 tons. 
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K 



oA — ..-J5 L 



0-7B 



-0 



Pisr.185. 



155. If the section, 6g. 135, be built of half-inch plates 
as shown, and fixed with rivets a, a, one-inch diameter; 
find what should be the pitch near the cross section which 
is under J of the full working shearing force F, if / = 5 tons 
per sq. inch. 

For the part beyond SS — 

G, = J X l-5(2-52 - -752) + i X 5(752 - -252) =z 5-5. 

JF <?o Jx23-4x5-5 ., . , 

•'• ^-^^T^^^ 16-6 x5 ~ = *^ ^^^ P^'' ^"l- ""^^ 

is the intensity of the shearing stress on the horizontal 
plane 88, 

If the working strength of the rivets be 5 tons per sq. in. ; 
the average resistance to shearing will be f x 5 = 4 tons per 
sq. inch nearly; hence '5-:- 4, that is ^^^ of the area along 



KESISTANCE TO SH:^AR1NG. 283 

ST, and normal to the paper, must be pierced with holes. 
But ST =. 2 inches ; so that for every four inches measured 
on ST normal to the paper, there should be one sq. inch 
pierced ; that is, rivets about one inch in diameter should be 
pitched four inches apart. 

156. A triangular section, as shown in fig. 128, is 12 
inches deep, and the resistance to shearing is/ = 4 tons per 
sq. inch. Find what the breadth should be in order to make 
F = 100 tons. 

g,=:4; .-. q =^x4:=z%', S = ibh = 6b] F =100. 
F =: q'S, or 100 = f x 66. .'. 6 = 625 inches. 

157. In the chain of a suspension bridge five flat links 
dove-tail with four alternately, and a cylindrical pin passes 
through the eyes. If the pull on the chain be 200 tons, 
find the area of the pin, supposing that /= 6 tons per 
sq. inch. 

As the pin would require to shear at 8 sections simul- 
taneously, 200-4-8 = 25 tons is the shearing force on the 
section, — 

q^ = f= 6, and q' = |g, = 4-5; F = q\S, or 25 = 4*5 S. 
.". area of pin = 56 sq. inches, or diam. = 2*7 inches. 

Distribution of Shearing Stress —Approximate 

Method. 

For a cross section such as is shown in fig. 126, the web 
bears the greater share of the shearing stress ; and, more- 
over, the stress is nearly uniform in its distribution. A 
close approximation to the resistance to shearing for such a 
cross section will therefore be obtained by multiplying the 
area of the web into qo=f,f being the shearing strength of 
the material. This is equivalent to considering that the 
web bears all the shearing stress uniformly distributed over 
it ; or that the central parabola, in such a diagram as fig. 
126, is replaced by a rectangle of height k and breadth q^ 
and that the upper and lower portions of the diagram are 
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left out of consideration. The area of the web required for 
a double-T section is readily found by the converse of the 
above, and is given by the equation 

F 



S=z 



r 



where S is the area of web in sq. inches ; F is the amount 
of the greatest shearing force in lbs. at the section ; and / is 
the resistance of the material to shearing in lbs. per sq. inch. 

158. Compare the resistance to shearing for the cross 
section shown in fig. 104^ as obtained by the exact and ap- 
proximate formulae respectively, taking / = 5 tons per sq. 
inch. 

^='^-^^%- = ^^^^llj' " ^ =. 450 tons (exact.) 

F = //Sf = 5 X 96 = 480 „ (approx.) 

159. Suppose the web of the cross section shown in fig. 

105 to extend to the under side of the upper plate, take 
/ = 4 tons per sq. inch, and find approximately the resistance 
to shearing. Compare the approximate result with that 
obtained for example No. 148. 

F = 4x48 = 192 tons. 

160. Suppose the web of the cross section shown in fig. 

106 to extend to the inner faces of the outer plates, and find 
the approximate resistance to shearing, supposing /=: 4 
tons per sq. inch ; compare this with the result of example 
No. 147. 

F = 4 X 15 X l"o = 90 tons (approx.) 

161. The depth of a girder is 20 inches, the upper and 
lower flanges are each 1 inch in thickness, and the shearing 
force to be resisted is 65 tons. Find the thickness required 
for the web, supposing /= 4 tons per sq. inch. 

S =: Y- = 16 J sq. inches ; 
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the depth of the web is 18 inches, so that the thickness 
required is a little over nine-tenths of an inch. 

The resistance to shearing of the section shown in fig. 134 
is (example 152) 65 tons by the exact formula^ and the web 
is 1 inch thick. 

Stress at an Internal Point of a Beam. 

Returning to figure 6, we have now found the intensity 
and obliquity of the stresses at the point H, on AB and CD 
the pair of rectangular planes through it, viz. : — On CD the 
total stress tangential and given by q in such diagrams as 
tig. 125, and on AB the total stress of intensity r at obli- 
quity y, fig. 136, given in terms of its normal component p, 
and its tangential component q on such diagrams as fig. 125 ; 
for reference, figs. 7, 8, and 9 are reproduced, and form part 
of fig. 136. The planes of principal stress at H are to be 
found as in Part I., fig. 47 ; making that construction, and 
noting that y is a right angle, we have, fig. 136, OM = J^^, 

and MR =: ^^ + q\ These are readily calculated and be- 
come known quantities ; we also have 

f)a — -^^ — 8.rrow g, fig. 125 
"" ML ~~ half-arrow p, fig. 8' , 

giving Q the angle which the plane of greater principal 
stress makes with the plane of cross section ABy both planes 
being normal to the paper. 

Further — 

OM + MR = intensity of greater principal stress (of 

same kind as arrow p, fig. 8). 

OM — MR = intensity of smaller principal stress (of 

opposite kind from arrow ^, fig. 8). 

and MR = intensity of greatest tangential stress, 

being on the planes inclined at 45° to the 
planes of principal stress ; 

that is, we have the maximum value of the thrust, tension, 
and shearing stress at the point H. 



286 



APPLIED MECHANICS. 



That the two principal stresses are of opposite kind, follows 
from the fact that the stress on the plane CD is wholly- 
tangential ; Part I., pages 72 and 86. 



■vX 



r 




i?Xs: OiZa q(fig*» 125, 132) 

- TRngentla.1 component atreaa 
on rectAngul^r fiJa.ne» ^B 
AB.CD. 





OL^p (fig.8j,-r^(Part 1,flg.47) 
~ Normal component atre»» 
on plane AB. Figr.lSC 



If the principal planes be drawn through H for a short 
distance on each side, that upon which the stress is thrust 
by a full line, and that upon which it is tension by a dotted 
line, and if this be done for a number of points H on the 
elevation ; then the full lines and the dotted lines will each 
form a series of polygons with short sides, and if we take 



STRESS AT AN INTERNAL POINT. 287 

the points H close enough, each polygon becomes a curve. 
These curves are called lines of principal stress ; and the 
tangents thereto at any point H, where a dotted-line and a 
full-line curve intersect, are the planes of principal stress at 
H. See " Rankine's Applied Mechanics," sect. 310, and his 
" Treatise on Shipbuilding." 

These curves have the following properties: — They cut 
the neutral axis at 45° ; for, considering a point there, p = 0, 
and in fig. 130 R will fall on the line R'O produced upwards, 
26 = 90", and = 0' = 45°. Similarly all lines that meet 
the end section, that is the section over the point of support, 
meet it at an inclination of 45°; for, since the bending 
moment is zero, we again have p = 0. All lines meet the 
upper and under skin at right angles, since j = at ^ and 
jB, fig. 9. 

In the elevation of the same beam, these curves will be 
different for different loads, except when the loads are kept 
in the same positions on the beam and altered in a fixed 
ratio ; thus, for a rectangular beam, — if the load be uniform, 
then for positions of H ranged on a horizontal line, the 
arrows p and g, figs. 8 and 9 will both vary, since the bend- 
ing moment and shearing force alter for each cross section ; 
if the load be at the middle of span, p will vary, but q will 
not since the shearing force is the same at each cross section. 

The planes of principal stress will differ in the elevations 
of two beams which are loaded alike, and whose cross 
sections are different but uniform throughout in each case ; 
for instance, if the cross sections be a rectangle and a 
triangle respectively, we have gmax. at the centre of the 
cross section in both cases ; the neutral axis, however, is at 
the centre in one case but not in the other ; so that, though 
both be loaded alike, the planes of principal stress will 
differ in the two elevations. 

In designing beams, it will be seen that we have followed 
the usual practice of considering p^ and pj, at the section of 
maximum bending moment to be the greatest value of 
thrust and tensile stress respectively, and q^ for the section 
over the greater supporting force to be the greatest intensity 
of shearing stress. Strictly the points at which these 
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maxima occur are to be defined thus : — ^Let x, y, fig. 6, be 
the co-ordinates of any point H refen'ed to the centre of 
the neutral axis as origin ; then for the cross section at x — 

Hx = npahh\ and pa = ;^a ; 
- -, yMx 

also, pp : Pa :: y : mk; :. py = ~^^^. 

We also have — 

f J^^X J ^^x 

q' =zj^ ,andg'„ = -^-; 

h being the ratio of the maximum and the average intensity 
of the shearing stress for such cross section; qy is readily 
derived by considering the manner in which the stress is 
distributed. Then, fig. 136, 

and by finding the values of x and y which make this a 
maximum, we get the point at which the intensity of the 
shearing stress is greatest ; also 

ipM + MR) = \py± -Jql + W^f, 

and by finding the values of x and y which make this sum 
and difference a maximum respectively, we get the maxi- 
mum value of the intensity of the thrust and of the tensioD. 
To find these maxima is extremely difficult even in the 
easiest cases ; for instance, for a beam of uniform rectangular 
cross section, loaded at the centre, we have — 

MR? = {^) {{h? - ^yr- + ief(c - xy} ; 
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for every value of y, MB? is greatest wheu oj = 0, and then — 

the greatest value of this is obtained by putting y = ±-, 
then T^Yu 3^c 

at the surface of the beam at centre of span. 

The quantity j>y is greatest when 05 = 0, and y = « ; then 

^y bh' "" "SF"' 

and since p^ and MR thus have their greatest values at the 

same point, viz., at the surface at the middle of the beam, the 
greatest principal stress is there situated, and its amount is — 

OM+MR = ^. 

Example. 

162. A beam of constant rectangular section 9^ broad, 
20"^ deep, and 20 feet span, bears a load of 96 tons uniformly 
distributed. At a point in the section half-way between the 
centre and left end, and half-way between the neutral axis 
and upper skin, find the greatest intensities of thrust, of 
tension, and of shearing stress ; and find the inclinations of 
the planes of principal stress at the point. 

M, = 2160 inch-tons ; ipabh^ = M, ; /. pa = ^^^ - 36, 

and Py = ^pa = 1*8 tens per sq. inch. 

JP 24 2 

^. = 24ton8;3' = g = g^^ = j-g;?, = f2' = -2; and 

?y = fjo = '15 ten per sq. in. ; MR^ = 15^ + -9* 
.'. MR = '91 ton per sq. inch max. int. of shearing stress. 

T 
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OM^-MR = 'O + 'Ol = 1-81 tons per aq. in. max. (thnist); 
OM-MR- - -01 „ „ (tension). 

Tan 20= ^ = ^ = 016; .'. 20 = 9*28'; 

= 4* 4A\ the inclination of the plane of greater principal 
stress to the cross section. 

CuBVATUBE, Slope, and Deflection. 

OurvAtiure. — At any point in a plane curve, the direction 
of the curve is that of the tangent at the point ; and the 
curv<xtv/re is the rate of change of direction at the point. 

If two points be taken on a circle, the change of direction 
as you pass along the arc from one to the other is the 
angle wnich the tangent at one of the pomts makes 
with the tangent at the other; this angle is equal to the 
angle at the centre subtended by the arc between the points ; 
since this change of direction takes place uniformly, the 
rate of change is found by dividing the total change by the 
arc; the total change as just stated is the angle at the 
centre, and this angle when expressed in circular measure is 
the ratio of the arc to the radius ; dividing this ratio by the 
arc, we then have for every point of a circle — 

Curvature = —;... (1.) 

If we take a point in any plane curve» we can find a 

circle which coincides with the curve for a short arc in the 

vicinity of the point; and if p be the radius of that 

circle, then the curvature of the circle everywhere being 

1 + /o, it is clear that for that particular point of the plane 

curve, \ 

Curvature = — ; (2.) 

P 

For any point in the neutral axis of a beam (or cantilever), 

we have, page 13, fig. 5 — 

p + ^ _ 1 _ ^^s/ _ strain on any horizontal layer 

vyurvaxure — —> — — tt — 7 — 7; ; — ; — = 

p y dist. from neut. axis to layer 
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(s) (da) 



ya Vb 

_ strain on either skin 
' '" dist of skin from neut axis' 

Now the strain on a horizontal layer is equal to the 
longitudinal stress on the layer divided by E the modulus 
of elasticity of the material ; see Fart L, page 9 ; hence 

1 _ stress on any horizontal layer 1^ 
p ~~ dist of layer from neut axis E 

- y' £:- ya'JE' 

Pa being the normal stress at the skin on the cross section, 
and ya the distance of the skin from the neutral axis as 
shown in fig. 8 ; but page 236, we have 

£ = T^ « 

hence at any point of the neutral axis, the curvature due to 
any load which induces the bending moment M on the cross 
section passing through the point, is 

p^ E /' ^^^ 

/ being the moment of inertia of the cross section, and E 
the modulus of elasticity of the material. Choosing as 
origin that point where the neutral axis crosses the section 
of greatest bending moment, we have the curvature at that 
point for a beam or a cantilever, — 

i=4.f», (*«) 

and if we wish this to correspond to the proof or working 
load, it is only necessary to make Mq the bending moment 
due to the one or the other. These values of Jlf^ can be easily 
obtained from equation 3, by substituting for pa the value / 
corresponding to the proof or working strength of the 
material For this cross section of greatest bending mo- 
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ment, putting y^ instead of y^ — 

1-1 /- 1 J-' 

p.- E'y,- E-m'h' 

80 that j_ M,_ 1 / / 7. _ 

E-I, -■E'y:''^yrM-'- 

MultiplyiDg the value for - by this qoantity, which being 
unity will not alter the value, we have — 



p-\E' l)\y;Mj 



-X^«. (6) 

Tbe dope of a beam or oaatilevor at any point whose abscissa 
is x^y the origin being at the point where the neutral axis 
is horizontal, is found as follows: — Let 8 be any point 
between the origin and that point ; then at fig. 5 we had 
for the increment of slope between Tand 8, supposing these 
points to be indefinitely close, 

cK = -xdte; (6) 

P 

if we add these increments di from point to point between 
the origin where the slope is zero and the point x^^ it gives 
us the slope at that point ; and 

ion, 



i^ = p(l)dx; (7) 



the right hand side expresses, in the language of the Integral 
Calculus, the summation of the products equal respectively 
to these increments. 

In the case of a beam symmetrically loaded, the origin 
will be at the centre of the span, and in practice, for any 
load, the origin will be sensibly in the same position ; in the 
case of a cantilever, the origin will be at the point of 
support. 

At the point of support of a beam, and at the free end of 
a cantilever, we thus have the slope, 
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^=/;(>' (7a) 



that is the integral with respect to ^ of the general ex- 
pression for the curvature between the limits c and 0. 

DefloettoB of tbo nmitral axis of a beam or oaatUovor at any 

point whose abscissa is a^ Let x^ be the abscissa of 8^ figs. 
4 and 5 ; in the case of a beam let u be the height of 8 
above the lowest point of the neutral axis, in the case of a 
cantilever let u be the depth below the highest point, and 
let dm be the small difference of level between 8 and T, two 
points indefinitely close ; then 

-T— = tan ig^ =z ix^ (the angle being small), 

or the difference of height of 8 and T is 

dii = ixi'dx^'y (8) 

and summing all these increments from point to point, 
between the point x = (the lowest point) and the point x^, 
we have the height of x^ above — 



Ux^ 



= p{i^)dx, (9) 



the right hand side expressing, in the language of the 
Integral Calculus, the summation of the products equal 
respectively to those increments. 

The height of the end above the centre of a beam, or above 
the free end of a cantilever, is given by the equation 



Ue 



= f{ix,)d<c,^ (9a) . 



this in the case of a beam is the deflection of the centre 
below the points of support, and in the case of a cantilever 
is the deflection of the free end below the fixed end ; so that 
the deflection re 

V,= iix^)dx, ..(10.) 

Jo 
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Again tbe deflection at any point x^ is 

Vx^ = V,- Ua^ r= v^-^ j(ix^)dx^; (10a.) 

For {xi we may substitute the valoe in eqn. 7, and 

•'•=ii/r(>'^' ^'> 

Vx^=v^— rj(^-yix.dxy (11a.) 



«r milfonB Metfop, load at ooitra. — ^FoT all cases of 
uniform section / is constant ; and for load at centre^ we 
have, fig. 22, — 

M W 



M. 







= ;(c-«)+Jir.= (l-J); 



\=U'-'^ <'•> 

In every case the expression for ie the dope can 

be arranged into these three factors; a numerical factor 

depending on the form of the cross section, in this 

f 
case I, and for which Bankine puts m'; a factor ^ depending 

on the material, and a factor — depending on the dimensions. 
The general expression is 

ic = m^i--; (2a) 

and ra" is called the numerical co-e£Scient for the slope. 
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The deflection 

-ii:[-'cfr^-4;i:(»--c'i-«>^. 

~ EyX^ 2c 8 J, Ey}<2. 2c' 8 V 

'^'ih ; ^'-^ 

In every case the expression for liie deflection can be ar- 
ranged into these three factors ; a numerical factor depending 
on the form of the section, in this case }, and for which 

Rankine puts n" ; a factor |. depending on the material, and 
a fiEtctor — depending on the dimensions. The general ex- 



pression is 



^•='*'l|' <^) 



and n" is called the numerical coeflicient for the deflection. 
In this case, the numerical coefficients are — 

m" =1 J; ^^ = }. 

Observe that / is the working or proof strength of the 
material, according as you may want the worki^ or proof 
values of ie and v^, K / be given, as is generally the case, 
in lbs. per sq. inch, then J& is to be in lbs. per sq. inch, and 
^0 And c in inches ; if we then calculate p or po, v or % they 
will be in inches also. 

From equation (1), if we put a; = 0, we get 

/>. = f^; (4.) 

This will be the expression for /oq in every case, and we 
shall not repeat it. 

The inclinations i, when calculated from these formulae, 
are in circular measure. 
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Beam of nnlDNrm metatUm, nnlDNrm load. — From fig. 25 — 

\-±MLo-±(i^t\. ... (1) 

— -J—T 1 ^Y— f ( \? (\\ 

- Ey,V^ ~ (? 2 ]- E^y c»3~V 
-^iV - ^'-^ 

-%oL2 Z(?i\~Ey^2 Sc"* V 

~ ^ i-y,' • ^*^ 

The numerical co-efficients are 



Cantilever of nnlDNrm eeetton, load at end. — ^From fig. 23 — 

exactly as in the case of a beam loaded at the centre ; and 
the numerical co-efficients are — 

m' = J ; 71^ = J. 
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Caattterar •( ludflMnB moUoo, naUitrm ImUL — I cancels In; from 
tig. 27- 

p- Ey^M^- Eyy c)' ^*'' 

_ / r 2i»* 1 a!»^e_ / / 2 c' 1 c» _>. 
~ %or~cl "^^ JX-^oV^-c 2 ■^? 3"">' 

= *A-^o' ^^-^ 

= 4^.^-0 2+? 3]/^' 

%oL2 e 3 3c* 4 J, 
~'ii'y,\2"c3 3c** V 

=i^,■'■■■ <'■) 

The numerical co-efficients are 



'Of miUlDnn aeotloiiv bwidtng BMOMBt oonstent. — If a beam 
be symmetrically placed on, and extend beyond its two 
points of support; and if the two projecting parts be loaded 
symmetrically, while the intermediate portion is unloaded ; 
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points of support is constant, and we have / and I^ M and 



the bending moment on the portion of the beam between the 
>ints of support is const 
Tq, canceUing each other. 

-=-^- (1) 

a constant quantity, so that the neutral axis is circular. 



*'=i:(>=4-oi:<^=iK=i(-«) 






(2.) 



-*-^i' • (^-^ 

The numerical co-efficients are 



of nnifomi seotloiiv loaded with two egiial woigkti 
at eanml dlsteaoes from the oontre of «90b. — ^Let W be the 

total load, Xr and -Xr the abscisses of the loads.^ P « ITT; 
Jlf^ = JTr(c — av), ftud the bending moment is constant 
along the central portion of span ; for values of x be- 
tween Xr and c, Mx = \W{c-x). For the central portion 

of span, -T^ - 1 ; for the end portion -^ « - _ . 

1 / ^ 
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p" ^o' "•* ^^^ 

for values of a? from to av. 

- ^ V (c-x\ (la) 

for values of x from ov to c. 

-^{<«V-0)+^(c«-ic«-cav+K«)} 

=i(^-?)l^/ •-• (2) 



1 • • 

''^ t 6(c-av) iEyo' 
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^'-{i-H}-^)'}ii- ■ (^' 

Thus, for an uniform beam, loaded at two points which are 
equidistant from the centre, and so that tne stress on the 
outer fibres of the middle cross section is /, we have — 



oir OMitl]0¥<8P of miiiBimi stronKtli sbA nirtftwnn dioplliii — 

For the proof or working load, the bending moment at each 
section equals the proof or working moment of resistance to 
bending there; since, however, the depth is constant, the 
moment of resistance to bending at each cross section is 
proportional to the breadth, that is the breadth at such 
secuons is proportional to M; and since the depth is con- 
stant, / for each section is proportional to the breadth; 

hence -j is constant at every section, -j^ « 1, and 

— ^5 W 

as in the case of a beam of uniform section and bending 
moment constant^ page 298 ; so that for beams or cantilevers 
to resist cmy load^ and made of uniform strength by --varyiDg 
the breadth only, the numerical co-efiicients for the slope and 
deflection are 

m'- 1; w''- i. 



Beam of nDifonn strsiigtli and uiitfiona Iwartth, loaded at tbA 

• — See text at figs. 92, 97, &c., where it is explained 
that the elevation is obtained by degrading the bending 
moment diagram. 

Since M is proportional to h?, and / to h\ we have -jr^ 
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proportional to h ; and 

ML h 



'o _ ^ _ iKo — /__£_ 



since from fig. 22 we have 

p-Ey,M,I~Eyf ''^ ^^•'> 

='-ii (^-^ 

= ^{(0 + |c*) - (c* + 0)} 



(? 






* ^- (3.) 
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The numerical oo-efficients are 

m'' = 2; n" = i. 



GaatUtTtr of milllDnn strsiigtli and nBlfMrni brMUMi, loAdsd at 

tllA €llid« 

MIo 






since from fig. 23 we have 

Jlfo -H if = Fc -*- F(c - aj). 

1 
The value of - is the same as for the preceding case, and the 

co-efficients for the slope and deflection are 

m" = 2 ; n" = f. 



BMun of naUbnn atroBCth Mid nalfemi lnwrttli, nalfitrBilr 

MIo ho IMn c 



(1.) 



Jtf oi ~ A - V Jf "~ Vc« - a*' 
since from fig. 24, we have 

Jfo H- if = iFc -*- ?(c*-a!*). 

1 J MIq fo 1 
p-Ey^'IMo- £yo ^/^^^^ 

= A(8in-i(l)-sin-H0)} 

^ i'A^'y; ^^-^ 
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= -p- I siii-^(-^) dx^; integrating by parts 



= ;|-{(o.«n-.l + 0)-(0 + c)} =;!; (fc-«) 

=(i-Oi^ • • w 

The numerical co-efficients are 

m'' = I = 1-5708 ; n'' = (| - 1) = 0-5708. 



Cantilever of naifenii strengtli and nnilionn breadtli, unilbrmly 

ML 



M, 



^0 _Ao _ l¥^— " 
i~ h -^^M -c-x' 



since from fig. 27, we have 

p Ey,MJ[- Ey, c-x' '<^' 
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fc f —dx fi> n / \n' 

= - -^^{^^^-^<^<') = 4-^l<« ''-log 0} 

=:4^iog<'+~} 

= 00 4-; (2.) 

~ ~ '^ly'^ (c-a;,)- log e}dx^ 

- A rl ^* 4. J- ?i* + J_^+&o t 

~ %oLc 2 "^ 2c« 3 3(!» 4 J« 

=:feife2 + 2^3-^3?4+H-W} 

/ 1 1 1 » v/ C* 

= {(i-i)+a-i)+a-i)+&c-}i-J 

~A"y.' 



(3.) 



The numerical co-eflBcients are 

m" = infinity ; n" ~ 1. 
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Proportloai of tli« graatesft dopth of a beam to flie opan. — 

Patting the working strength of the material as the value 
of/, we have as a general formula 

and since y^ = m'hQ, we have 

Vq n" f 2c 

Now-^^ is the ratio of the deflection to the span, and its 

2c . h 

reciprocal — represents the stiffness of the beam ; ^ is the 

ratio of depth of beam at centre to span, and we have 

2c _ 4m' E ho . 

or, the stiffness of a beam is proportional to the ratio of the 
depth at centre to span. 

For instance, to give a working stiffness 1000 to a wrought 
iron beam of uniform symmetrical section uniformly loaded ; 
we have the ratio of depth at centre to span 

'^0 _ 1^" / 2c 



Hq _ ^n / zc 
2c ^m''\tJ'vc 



_ i(A) 10, 000 lbs, per sq. in. j^^^ 
"" * (i) ' 30,000,000 lbs. per sq. in. ' 



14-4 • 



That is to secure the degree of stiffness 1000 require^ for the 
wrought iron beam, the depth must not be less than a, four- 
teenth of the span. Iti the same way it may be shown , 
that, in general, to give to beams the degree of stiffness that 
practice shows to be necessary, and that is usually pre- 
scribed, the depth at centre must bear to the span a ratio 
varying from ^^^ to tt*^, according to the material, form, 
and manner of loading. 



u 
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filopo and dofleotton under any load leaa than flie proof load. — 

For the proof load, the stress od the skin furthest from the 
neutral axis at the cross section of maximum bending 
moment is /, and for a smaller load it is pa, fig. 8 ; now, 
though the load is less than the proof load, yet being dis- 
tributed in the same way, the ratio M \ Mq \^ in no way 
changed ; / is the same as before, and we have E and t/o 
constant ; so that 

mWl 
But since pa — , ,2 , and y^ = 7n% we have — 

.._ mm'' Wlc ,_ mn" Wlc^ 

^' ^ mn EbX ' ^' " m'ti M^l ' 

For a beam, I = 2c, and for a cantilever ? = c ; so that for 

any load, 

. , ., 2mm W<?" , 2mn W<? 
tor a beam, %c = — -, .» 1 « ; Va = — -, — -rnrra* 

,« ■^., ., mm Wc^ , mn' W(? 

andforacantilever, ic = —j— -etttt \ '^o = — — Tfjm' 

The co-efficients — 7— and — t- assume values which 

m,n Tan 

depend on the cross section and the system of loading. 

For similar beams similarly loaded we thus have v^, the 
deflection under any load less than the proof load, pro- 
portional to W the total load, and to c' or the cube of 
the length ; and inversely as 6© the breadth at centre of 
span, and h^ the cube of depth at centre of span. 

That v^ is proportional to W does hot follow from Hooke's 
Law, but has been established upon the supposition that 
the slope is so small that the ts^gent and circular mea- 
sure of the slope are sensibly equal In bending small pieces 
of wood in a machine which registers the load and the deflec- 
tion as the co-ordinates of a line, it is found that the line is 
straight even when the piece of wood is bent to a con- 
siderable amount; this proves that the formula above is 
a close approximation, even when the slope is considerable ; 
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it must not be forgotten, however, that the formula is only 
approximate when the slope is great. It has been stated 
that where such a machine's register ceases to be straight, 
the elastic limit has been passed; no such conclusion can 
be drawn ; the only just conclusion to draw is that since 
the slope is visibly gt*eat, (saty 8* or 10**), the formula above 
has ceased to be a close approximation. Were a second 
approximation made, it would be found that v^ was not 
exactly proportional to W\ and so long as the register did 
not depart from the curve which is the locus of that new 
equation, it would be inaccurate to infer that the elastic 
limit had been passed 

Eocamples, 

163. A beam 24 feet span, of uniform symmetrical sec- 
tion as shown in fig. 134, is made of wrought iron whose 
working strength /= 4 tons per sq. inch, and whose 
modulus of elasticity £ = 11600 tons per sq. inch. Find 
the radii of curvature at intervals of 4 feet, when loaded 
uniformly with the working load. 

Taking equation 1, page 296, we have — 

- = w-( 1 ' — 0-), where x and {; aie to be in one name, 
p Ey^\ c^r 

= * fl- — V 

11600 xloV 144/' 

144 
p = 29000 ^ . . ^ ^ , X being in feet 

The radii of curvature are — 

p^ = 29000 ; p, = 32625 ; />« = 52200 ins. ; p,, = infinity 
= 2420; = 2720; = 4350 feet. 

The reason that p is in inches is because y^ is in inches, 
and the proportions derived at fig. 5 show clearly that p 
and y are in one name. We had to put y^ in inches, 
because for the material / and E are given in tons on the 
sq. inch. 

164. Calculate the slope and deflection in the previous 
example 
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'" - » 5^ - Jf- neoo-To" - ™^^ ' 

/. ie = 0° 11' nearly; 

_ o_f ^_ o _4_ (144)' 
"»" 12A"yo~i2'11600* 10 
= 0-30 iQch = 0-025 foot. 

This is nearly one-thousandth of the span, which is about 
the extreme ratio of working deflection to span allowable 
in pi-actice, (Rankine's "Applied Mechanics," aect. 302); 
and this degree of stiiFness is secured by making the 
depth of this wrought iron girder a ■^hi'^^ P^^ ^^ ^^^ span. 

165. Find the slope and deflection in Example 163 by 
means of a graphical solution. 

As in flg. 137. which is drawn to a scale of 20 feet 

to an inch, draw verticals ; one to represent the vertical 

through the centre of span ; the others to be drawn on 

each side of the centre, and at 

% 6, 10 and 12 feet therefrom; 

■i the last two will be l^rough the 

extremities of span. 

From c, any point in the central 
vertical, with radius 2i-2 feet, 
that is a hundredth part of po, 
describe the arc B'AB between 
the verticals through B and B'; 
produce Be to c,, so that c^B = 27'2, 
a hundi'odtn part of a„ and about 
c, describe the arc BC; similarly 
C.C = 43-5 ; aod from D, DE is 
drawn at right angles to Dc^ On 
the other side of uie point A con- 
struct AB'E'; draw the horizontal 
chord EOl^, and the tangent KK. 
F1K.U7. Then EAl^ represents the curve 

assumed by the neutral axis of 
the beam when under the proof load, but with itn vertical 
dimensions exaggerated 100 fold. 




SLOPE AND DEFLECTION. 309 

1 1 

The deflection v^ = jrrr x OA = ^ . x 2*3 (by scale) 

=: -025 foot 
i, = tan ic = j^-OJ?' = IJ ^124 = -003 ; 

166. If the beam in example 163 be loaded with one ton 
per foot of span, find the deflection. 

Let TT' be the working load, then mW'l equals the work- 
ing value of M, ; that is ^ F'(24 x 12) = 1948 ; (see fig. 134.) 

;. W = 541 tons. 

Now the load in thia example is 24 tons, i^^ of W the 
working load ; and since deflection is proportional to load, 
we have — 

Deflection = < = ^ x -30 = 013 inch = 0*011 foot. 

Otherwise ; if the working deflection had not been already 
calculated, we have — 

Deflection = vo = ( — r-l^y-t-, = . /, 7 ov -^r 

= ^^ . ^ ; but /• = 4870 (fig. 134) 

2(i)(A) 24 X (144 in.)' , „ . „„ , ^ 

167. Find the working deflection for a wrought iron 
beam of uniform strength and uniform breadth, and loaded 
uniformly ; the span is 24 feet, and the upper half of the 
cross section at centre of beam is shown in fig. 134; 
f ^ 4: tons, and E = 11600 tons, per sq. inch, 

^*-^'E'y,~\2 ^M'y.~ '11600- 10 
= -41 in. = 034 ft. 
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168. A wrought iron rectangular beam 20 feet span, 16 
inches deep, and 4 inches broad, is loaded at the centre. Cal- 
culate the proof deflection if the proof strength of the iron 
be 7 tons, and its modulus of elasticity 12000 tons per sq. in. 

169. Find the resilience of the above beam ; see Part I., 
page 19. 

Let TT be the proof load ; — 

M^ = M^ or mWl = nfbh*; 
iF.240 = Jx7x4xl6S- /. F = 20 tons nearly. 
Resilience = ^ proof load x proof deflection. 
= I X 20 tons X -029 ft. 
= -29 ft.-tons = 650 ft..Ibs. 

170. Find a general expression for the resilience of a 
rectangular beam loaded at the centre. 

Let W be the proof load, and v^ the proof deflection, then — 

_ / 2mn\ Fc* 
^' "" V mn fEbh* 

Resilience = iWv^ = (—r-\iJHT%^ ^5 

• \m 71/ Eon 

but m.W.2€ = nfbh^; .\ F=-^'^^ 



2wc 



» 

.'. Resilience = - . t^ , s . ( o' ) 



The first factor depends on the form of cross section 
and the distribution of load, and the second upon the 
material ; the third is the volume of the beam.. 

Hence for a rectangular beam of a given material loaded 
at the centre with the proof load, the resilience is directly 
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proportional to its volume; a result corresponding with 
that obtained for direct stress, Part I., page 20. Suppose 
for any given material we take a one-inch cube ; then, when 
loaded at the centre as a beam, we have — 

Resilience per cubic inch = (r^ -,) ttJ 

for a rectangular section n = i,m' = ^; for load at centre 
m = i,andn'' = J; ^^, = tV, and 

resilience per cubic inch = yV •/• p 

= tV ^ proof stress x proof strain. 

In the case of wrought iron, for which the proof stress 

/= 7> and E = 12000 tons per square inch, and remembering 

that the deflection is in inches — 

72 
resilience per cubic inch = -^^ x ^^ = "000227 incb-tons 

= -0423 fl.-lbs. 

For the previous example, the volume of the beam is 
15360 cubic inches; multiplying this quantity by *0423 
we find the result given there. 

171. For a rectangular timber beam of uniform section 
and uniformly loaded, find the ratio of depth to span, so 
that the working deflection may be a six-hundi^dth part 
of the span. The working strength of the wood is one 
ton, and its modulus of elasticity is 800 tons, per sq. inch. 

2c * m Js v^ * J 800 

That is, the depth is to be between a sixth and a seventh of 
the span. 

172, What stiffness will be secured for an uniform 
rectangular beam of the same timber, loaded at centre, 
by making the depth an eighth of the span. 

2e~^m"Ji'T^~^' i "SOO 600 

That is, the working deflection will be a 600*^ part of span. 



312 APPLIED MECHANICS. 

173. Find m" and ti", the numerical coefficients for slope 
and deflection, for a beam of uniform section loaded with 
two equal weights at points which trisect the span. 

In the general formulae page 299, substitute ^c for Xri and — 



Ana. m"=j(l + ^)=|. 



174. A beam of uniform cross section is loaded with two 
equal weights symmetrically placed on the span; the 
amount of each weight is for each position such that the 
outer fibres of the middle cross section bear the working 
stress/ Compare the amount of deflection when the ab- 
scissae of the left weight are as follows : — av = 0,Xr = |c, 
and Xr = f c. 

A 718. For Xr=0, n"=^; for iCr=ic, n"=^; for av=|cX'=l^. 

Deflection of Beam Supported on Three Props. 

Let HK be a beam of uniform cross section, bearing an 
uniform load of amount U; and let it be supported on 
three props, one at each end and one at the centre. Let 
W be the reaction of the central prop, and P =i Q, the 
reaction of each end prop ; then P + Q + W =z U. 

In fig. 138, let W = U, then P == Q = 0, and OH is 
a cantilever of uniform cross section fixed at and uni- 
formly loaded, for which 71"= J; in fig. 139 let Tr= 0, 
then P =z Q = ^U, and HK is a beam of uniform cross 
section uniformly loaded, for which 71"= 3%; hence — 

BH (fig. 138) : DO (fig. 139) : : 3 : 5. 

Putting BH = 30, then DO = oz. 

In fig. 138, if we suppose the end props to be pushed up 
till they support all the load, then HOK will assume the 
form LOB, where HL = Sz; and in fig. 139, if we suppose 
the central prop to be pushed up till.it just supports all 
the load, then HOK will assume the form HTK, where 
OT = Sz. Hence we have the following theorems. 
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Theorem, — If to an uniform cantilever (OH fig. 138) 
loaded uniformly, we apply at the end a load (F =i ^U) 
equal to that uniform load, it will produce an additional 
deflection in the direction of the applied load (HL = ^BH) 
equal to eight-thirds of that due to the uniform load alone. 

In- the figure, P r= | [7 is applied upwards at H^ but the 
theorem holds for P applied downwards, since deflection 
is sensibly proportional to load; it being understood that 
the total deflection in no case exceeds the proof deflection. 




Corollary. A load P', applied to the end of an uniform 
cantilever loaded uniformly, will produce an additional 
deflection in the direction of P'; and the amount of this 
additional deflection is proportional to the load P'. 

Theoi*em. — If to an uniform beam (HOK fig. 139) loaded 
uniformly we apply at the centre a load (W=: U) equal 
to the uniform load, it will produce an additional deflection 
in the direction of the applied load (OT = iDO) equal to 
eight-fifths of that due to the uniform load alone. 

In the figure, W= Uis applied upwards at 0, but the theorem 
holds for W applied downwards, as for the previous theorem. 

Corollary. A load W applied at the centre of an 
uniform beam loaded uniformly will produce an additional 
deflection in the direction of W ; and the amount of this ad- 
ditional deflection is proportional to the load W\ See Thomson 
and Tait's "Natural Philosophy,*' 1st edition, §§ 618, 619. 
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UnlfonB lM«n naUtenily lo«4ed Mid mipported on tliree props at 
tlia Mune lorsl, mm at eaeh cad and ona at tlia ottntra. — Fig. 140. 

This figure is obtained by pushing up the central prop in 
fig. 139 till coincides with D. Then since the reaction 
of the central prop in fig. 140 has produced the deflection 
OD, which is fths of UT, it follows that W = ^U, and 
therefore P=Q = ^j^U. 

From fig. 37, 0S,= jjOH = |03; hence OH^ = \0H. 

At centre JIf ^^ = — -^Ul, max. 

i» >» -^0 = "* A 0", max- 

At S^ and 8^ the maximum defiection occurs, and as 
proved in the next article 




The central prop increases the strength four times and 
the stiffness nearly ten times. 

Unlfona iMun nnlflaniily loaded, fljcod at one oad and mip- 
portod at the other. — Fig. 141. The left half of fig. 140 

represents such a beam. Let 
W = \U the uniform load, and 
I = OH the span ; then P = f tT; 
the shearing force at is the 
remainder of load, viz., \W\ the 
shearing force changes sign at 8 
where the bending moment has a 
maximum value ; and the locus of 
the shearing force diagram is 
a straight line, since the load is 
uniform. 

From fig. 37 the bending moment 
diagram is AFBE a parabola with 
axis vertical and apex on vertical through 8. 




< — IJ-— -n 

Fiff.Ul. 
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^^-^'-- 8 -8 8 -16 "128^^ 
a positive maximum ; and since AFBE is a parabola 

FD : Fa :\DE^ : (XS^ :: 25 : 9; 
.-. FD = ^^FO' and 

GE = O'D ^ FD-- Fa^ - VOT = - \Wl\ 

that is, Jf J = — ^TT/, the greatest value ; this quantity may 
also be calculated directly by taking moment^s about 0. 

This solution is exact, and all the results are readily got by 
remembering that OH' is a quarter of the span. The approxi- 
mate solution indicated in Rankine^ " Applied Mechanics/' 
sec. 308, assumes i/' to be sensibly on the same level as H. 

To find the deflection at fif. 

Considering the beam HE' alone, we have for the deflec- 
tion at & — 

v^ = l2/E''~y^'' *^^ ®^"^® ^ = |Z = |c 

where /« is the intensity of stress at the skin at S, 

Next consider the cantilever 0H\ taking into account its 

uniform load alone. If the cantilever were of length 8H^ 

its deflection would be ^v\ ; and since the deflection of a 

cantilever is proportional to the cube of its length and to 

the load, we have for the deflection of OH' for uniform load 

alone— 

OH' * 

further ; — if a load equal to that on OH* be put at the end, 
it will produce an additional deflection |i;,; the load at 
end o{ 0H\ viz., that on 8H\ will produce a proportionate 
deflection; and we have for the deflection due to load at 
end of 0H\— 

and the total deflection of OH = 5v^ = ffv^. 
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The total deflection ot the point S is therefore 

-, 4, 1 1 18-, 3S^, 8 5 1 5 /« ^ ITS /* ^ 

^ — ^i + 4 ^T^i — irr^i — 2T • FT ^ . — — TT* ^ — • 

Let /q be the proof strength of the material ; when the 
beam is loaded with the proof load, then /^ = intensity of 
stress' on skin at the fixed end, and 

/, : /, :: Ms : M, :: 9 : 16, 

hence/, = ^/^; substituting this, we have— 

». 175 9 Jo ^ — 175 /O £ . 

80 that m = i ; and ri" = ro^ = '171. 

1 

Uniform beam uniformly loaded and fljced at hoth ends. — Fig. 
143. Suppose the central of the three props that support 
HK, fig. 142, to push up till is above the level of H and if 
such a distance that H' and K', the points of contrary 
flexure^ shall be on, the same level as H and K, Let 
X = OK' the distance of the point of contrary flexure from 
0, and let u be the intensity of the uniform load. 

Consider OK' alone. It is a cantilever fixed at 0, of length 
OR, loaded uniformly with intensity u, and loaded at K' the 

free end with oCc-aj), half the load spread on KK. For 

the Uniform load alone, compare OK' with OK, fig. 138, 
whose deflection is Sz ; their deflections are proportional to 
the cubes of their lengths and to the loads ; hence for uni- 
form load alone the deflection of OK', fig. 142, is 

OK' being shown in fig. 142, and OK in fig. 1 38. By theorem 
at fig. 138^ a load at the end of this cantilever, and of amount 

- J ; the load 

Ji6(c— ic) will produce a proportional deflection;, and we 
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have for the deflection due to the load at end of OK', 

and for the total deflection of the point K\ 

a? 

OD = ~^(4!C—x)z. 
c 

To pass from fig. 139 to fig. 142, the central prop has 
been pushed up through OD fig. 139 together with DO 
fig. 142 ; that is through 

. ^/A \ f c (*c - x)(x? \ 
+ ^,(4c-a:> = |5 + ^ ^^-^K' 

and by the converse of corollary to theorem at fig. 139, the 
reaction on the central prop will be 

W 
Now, OS^ = \(c + x) ; and since (fig. 37) 08^ = -jjc, we have 

solving this equation we find 

OK' ^x^ c(2 - ^3), 

which determines the position of the points of contrary 
flexure. Substituting this for x in the expression for W as 
given above, we have the reaction of central prop 

If we take OK'K, half of this beam, and suppose the 
end at fixed, and the end ii' to be supported by the 
cantilever O'K similar to OK' in all respects; we have, 
fig. 143, a beam fixed at both ends and uniformly loaded ; 
its semi-span is 
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bat 



OK' = (2 - J5)c = (l - -\)c'. 



,/3. 



hence the distance from the centre to a point of contrary 
flexure is 

SIC - -^c' = -289^, 

where V is the span. 

Let W be the total load on the beam, fig. 143, then the 
shearing force diagram will vary from J W to — J TP from 
left to right end. The bending moment diagram is the 
same parabola as for the beam supported at the ends, 
except that it passes through the points of contrary flexure; 
FO" : FD :: &'ff : DI^, or O'F is one-third, while 0"D 
is two-thirds of the maximum bending moment for the 
beam supported only ; hence at fixed end 



xm(a-jji)e 









:• 0' — ...jj 





To find the deflection ;- 

5/, SK^ 
' 12 E' y. 



Flff.148. 

-Consider first the part KK'\ for it 



V, 



12' Ey^ 3 mE'y^' 
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where f^ is the stress on skin at S. Consider next the 
cantilever 0K\ taking into account the uniform load 
alone; a cantilever of length SK would deflect ft;, and 
taking account of its length, we have for the deflection of 
OK' for uniform load alone 

A load at end of OK*^ equal to the uniform load on it, 
would produce an additionid deflection of ft;, ; but the load 
at end of OK' is that on KS^ and it will produce a 
proportionate deflection; so that we have for the deflec- 
tion of OK for load at end 

Hence the total deflection of jS> is 

t> = Vj + V, + v, 

Now §5 = (l - 73) ^ 73 - <^/3 - ^)' 

since M at the end and at the centre are in the ratio of 
2 and 1. 

We thus have m = — tt > ^^^ '^" - k* 

From the above, we see that fixing the ends of an uniform 
beam which is loaded uniformly increases the 

strength in the ratio J : tt» or 3:2; 

stiffness „ „ tV • i» or 10 : 3. 
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flexure in order to be able to resist the shearing force at 
these points ; on K', for instance, the shearing force will be 
the load on SK', and the breadth at K' must be sufficient to 
resist this amount. 

Thin Hollow Cross Sections. 

Let t be the uniform thickness of a thin hollow cross 
section of any form, and let n' and n be the numerical 
coefficients respectively of the moment of inertia and the 
moment of resistance to bending of a solid cross section of 
the same form ; let B, Hhe the breadth and depth of the 
rectangle circumscribing the section, and 6, h the breadth 
and depth of the rectangle circumscribing the hollow ; then — 

/, = nXBH^ - bh% (See page 237.) 

= n'B{H^ - h?)y since (B = b nearly). 
= n'B{H - h){H^ + Hh + h^). 
= n'B . 2t . 3fi2. {H-h nearly). 

= n' . &BHH. 

= n.SfBHt (1st approximation) (1.) 

Thin hollow rectangle, M = ^ . 6fBHt = fBHt ; 



circle, M = " 6fBHt = '6fcPt, (d = diam.) 

A closer approximation for any form is obtained thus : — 
I, = n'{Bm-hh?} = n'{{B-h)H^ + h{H^-}^)] 

= n'{(B - h)H^ + b{H - h){m + Hh + h')} 

= n'{2t.H^ + b,2t'.S[rh} (approx.) 

= 2n'H{tH^ + Sbfh} 
;. M = 2nfitH^ + St'bh) , (2) 

where t is the thickness of each side, and f the thickness of 
the top or bottom. 

To design a thin hollow cross section ; — Choose the depth 
H the proper fraction of the span to give the required 
degree of stiffiiess ; assume B a suitable fraction of -ff to 
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give sufficient lateral stifihess, and the above is a simple 
equation from which to find t; ov t may be assumed a 
multiple of the thickness that the metal plates are usually 
manufactured, and B found from the formulae. Now find 
the moment of resistance to bending, and the resistance to 
shearing, by the accurate formulae ; and if this differs from 
M and F, alter t or B for further approximation. 

Eanmples. 

175. Find the thickness of metal required for an aqueduct 
bridge 40 feet span, the waterway being 2 feet square, and 
the material wrought iron for which / = 4 tons per sq. in. 

The weight of water supported is 4 J tons, and the weight 
of metal (assumed) IJ tons; making a further allowance 
of 2 tons, we have W = S tons distributed, which gives 
M^ = 480 inch-tons. Let B = 24", H = 24", then— 

M 480 , . , 

^ = :?75Tr = -4 c>A9 = Till- nearly. 
fBH 4 X 242 ^ *^ 

Allowing for rivets, the plates might be taken J" thick ; but 
as the plates are liable to rust, the thickness would require 
to be increased still further, and t might be taken as |" in 
an actual case. 

176. Find the moment of resistance to bending of a cast 
iron pipe 18" external diameter, metal 1" thick, and / = 2 
tons per square inch, by means of the exact formula ; and 
compare the result with that obtained by the approximate 
formulae 1 and 2. 

M = 430 inch tons by exact formula. 
= 390 „ approx. 

= 429 „ 

177. Find the thickness of metal required for a cast iron 
pipe 24" external diameter, so that its moment of resistance 
to bending may be 50 foot-tons, and its resistance to 
shearing 10 tons ; taking / = 2 tons per square inch. 

600 = -6 X 2 X 242 X ^ ; .-. t = 0"-87 nearly. 

On checking the calculation by the accurate formula, and 
taking t = (f '87, M = 705 inch-tons; so that ^ = 0"-87 is more 
than sufficient; and for shearing this thickness will ' 
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several times too great. On account of the diiBculty of casting 
so as to have the thickness quite uniform, an allowance has to 
be made ; and t would probably be taken at about l"*2o. 

178. Find by the approximate formula the moment of 
resistance to bending of the cross section shown in fig. 104, and 
compare the result with that given in the text at that figure. 

M =/^(2.900 + 3.3.6.24) = 1032/ 

Cross Sections of Equal Strength. 

When a beam is made of a material whose strengths to 
resist tension and thrust are different, the area of the upper . 
flange is made diflerent from that of the lower, fig. 144, 
in order that both flanges may be brought to the proof w 
working stress at the same time. In the case of cast iron, 
the strengths to resist tension and thrust are as 1 and 6 ; 
and on this account the area of the upper flange (com- 
pressed) is about one-sixth that of the lower flange 
(extended). This form of cross section was first proposed 
by Mr. Hodgkinson. On account of the liability of cast 
iron to crack if unequally cooled, sudden changes of thick- 
ness of metal are to be avoided ; on this account, the top 
of the web may be made of the same thickness as the top 
flange, and the bottom of the web of the same thickness 
as the bottom flange. 



Double-T cross section. — Fig. 144. The position of the 
Neutral Axis, and the Moment of Inertia about that axis, 
in terms of the areas and depths of the three rectangles, 
are found as follows ; the notation being, — 



o 



i A 



7----T' 



I 



I I 



,1 



A, >i/* 



I I 






.Ml 
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Areas. 

Upper Flange, A^, 

Web, A,, 

Lower Flange, A^ 

Totals, ...... A. 



Depths. 

h. 



A,. 
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Exact Solution, — The height of the neutral axis above 
the lower side of the cross section is obtained thus :— 



% 



b 



_ h_ {h, + h;)A^- (h, + fe,)il, - (A, - h,)A . . 



2 2A 



The Moment of Inertia for each rectangle is shown on page 
233 ; and letting Z as before denote the " sum," the moment 
•of inertia for the cross section is 

/, = ^r+lA.x^; 



„^_Jbh*_AJi,^+AJii+AJil^ 



XAx: = 26K = ^i[2/. - {K + K+ 2O]' + ^ly- (^ + 2 )]' 



+ ^.[y.-^'J 



2 



( - Aj[h, + h,) - A,(h, + 2fe, + fe.) ) 
= A I 23 i 

+ ^,^,(A, + 2A, + A,y + ^,^(^, + ;i/}; (2.) 

The Moment of Resistance to bending is as before — 

M ='^*; (3.) 

Approximate Solution. — (Rankine's " Civil Engineering," 
§ 163, 164.) When h^ and A, are 8maU compared with h, we 
naay leave them out of the exact formulae ; and we obtain — 

y*~2, lA ' ^ ' 
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' 12 



-^. = ",9 + SCA^.+^A+A-^J; (5.) 



Put h' for h^+ ' ', that is for the distance between 

the centres of gravity of the flauges ; and let A^ be the area 
of the cross section of the vertical web measured from centre 
to centre of the top and bottom flanges ; then, nearly 

v^ = 'i-^r-'^'r^)^ (^M 

y-^li^'^'l^ C6C.) 

I,= K'{f^+~^iA,A, + 4A^A, + A,A^Y, <7-> 

Since 2/« : ^i : A ::/.:/, t /„+ /j, we have 
;/,: 3/1 : A' ::/„:/,:/„+ /. approx. 
From equations (0) we have 

y.: y, : K :: tA^-vA^ : 2A, + J, : 1A 
:. f. •■ fi, •■ f + f,, ■■•■ 2A^ + A^ : 2A, + A^ : 2A approx. 
2A, + A, _ /; . 

*«»* 237+ j,+A.) " >."+ /. ' ^ -* 

From this equation we can eliminate A^ or A^ and 

^, = |-^.+ ^'^-A; (9-) 

^-^A+-^^/'A; (111.) 

Substituting tliis value of .d^ in equation (7), we obtain — 
12(.d, + ^, + |-^,+.^^jl,) I 
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I,= y.~r^-\f,A,+ {2f:-f,)^^^Y, (11.) 

= A'{/.^, + (2/.-/J^-=}; (12a.) 

==A'{/.J,+ (2/.-/,)^-'}; (126.) 

In designing a beam to resist a given bending moment, 
the depth K is taken at a fraction, say ^*^ to ^i^\ of the span 
so as to ensure stiffness ; the thickness of the web is then 
fixed by considerations of practical convenience, and so as 
to give sufficient resistance to shearing ; and the area of the 
upper and lower flange can then be found by equations 12 ; 
having thus fixed the values of A^ and -4,, we can then 
choose breadths and depths suitable for the flanges. 

For the section as thus fixed, calculate M and F by the 
tabular method shown for figs. 106, 134, &c. ; if h^ and h^ 
the depths chosen for A^ and A^, are very small, it will be 
found that M and F are sensibly what is required, and that 
the neutral axis sensibly divides the depth of section as 
/„ and /j, so that no further calculation is necessary. If, 
however, one or both of the depths h^y h^, be not very small, 
the solution by the tabular method will differ considerably 
from the data, and further approximation will be necessary. 
When one of the flanges, as in the case of cast iron, is com- 
paratively deep, the inaccuracy of the results will be con- 
siderable, and one or more further approximations may be 
required. For different examples, the error will be different 
in amount, and we have no simple means of judging how 
great this error will be in any particular case. 

In the equations 11 and 12 given above, the results for 
M and / are close when h^ and h^ are small ; the result for 
y^ will be close although h^ is not small, and that for y^ will 
be close although h^ is not small ; thus, suppose that h^ is 
small, we have — 

^* "" 2 2A 
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y. = 



h (fej + A^)^,— feyA, +fejJ., putting A.' 
2 2 J. ' and h' •= 

2 2A 

_ h'( A-A^ + A^ \ ,A^ + 2A, + A^ 
- 2\ A ) ~ "' WA 

,,2A^ + A^ ,A^ + 2A, + A, 
-" 2A ~^"''A^~+A, + A, 

= A' — ^^— *, neaarly ; 



-a. = h. 



f 



2A 



(13) 



a result similar to that found previously in equation (66), 
but ya cannot now be found by interchanging A^ and -4.,. 

Common forms for cast iron beams are shown in fig. 145 ; 
the corresponding equations for these T-shaped sections 
are derived from the above by putting A^ = 0, or -4, = 0, 
according as /, or /^ is the greater. Thus for a section of 
this form, when /„ is greater than /», the flange will be re- 
quired on the extended side ; when /j is greater than f^, 
the flange will be required on the compressed side ; and we 
have — 



OTA, = ^'fj^A,;...(U) 
as the case may be. 



r 



J 



Flff.145. 



Similarly for resistance to bending, we have — 

M = A'(2/. - /. )'^' ; (16a) 



or 



6 



h'(2A-A)fl 



(166) 



as the case may require. 
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In the case of trough-shaped beams, the same formulae are 
applicable, if we consider the web A.^ to consist of the two 
vertical ribs. 

179. Design the central cross section for a wrought iron 
beam, for which/, = 4, and/j = 5 tons per sq. inch, suitable 
for example ] 02. 

Since the span is 42 feet, we may take h* = 40 inches ; 
M = 405*75 ft-tons = 4863 inch-tons; the web may be 
taken as |" thick. 

From equation 12 we have — 

4863 = 40 {4^1 + (8 - 5)V-} ; '• ^i = 28-5 sq. ins. 
4863 = 40{5^3+ (10-4)V} ; ••• ^^ = 21*3 „ 

Adopting as a first approximation— breadth of flanges, 21 
ins. ; thickness of top flange, 1'36 in., of bottom do., 1 in. ; 
thickness of web, f in., and depth of girder (outside to out- 
side), 41*2 in. ; we get by applying the exact method shown 
at page 241, 

M = — TKT^ — = 4-652 inch-tons, 
18*35 

a result diflFering from what is required by only 4 %. 

The upper flange may therefore be taken If in. thick, the 
lower flange 1 in. thick, and the breadth of each 22 in. 
This does not take into account the angle irons, and the loss 
by rivet holes. 

180. Find suitable dimensions for the top and bottom 
flanges of a cast iron beam, having given M = 1200 inch- 
tons, A = 20 inches, /„ = 10 and /^ = 2 tons per sq. inch, 
and web 1 in. thick. 

Let K = 18 ins.; then equations 12 and 10, 

1200 = 18(10il, + 54) ; .*. A^=: 13 sq. ins. nearly. 

^3 =r 5^^ + 36; .*. ^3 ==42*5 „ 

Taking the upper flange, 1'3 in. x 1 in., and the lowr 
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flange 14!*2 in. x 3 in., and solving by the exact method, 
we get — 

9 y 1 790 

y, = 4-45, /, = 1720, M = -^4^ = 770 inch-tons ; 

a result very diflFerent from that which is required ; we will 
therefore solve this problem by another approximate method, 
see example 183. 

181. Find suitable dimensions for the top and bottom 
flanges of a cast iron beam, having given M = 800 inch-tons, 
h == 20 inches, fa= ^ and /& = 2 tons per square inch, and 
web 1 inch thick. 

Let the upper flange be J", and the lower flange 2" thick, 
then K = 18" '75, and we have 

800 = 18-75{8A, + (16 -2)3-12}; 

-4j = - ^, 

but as negative values are inadmissible, we will take 

J.3 = f 18*75 = 28'12 square inches. 

We may therefore take the lower flange 141 in. broad and 
2 in. deep, and the web 18 in. x 1 in. ; solving by the exact 
equation 

M = ^ = 638 inch-tons, 

o 

a result, as in example 180, very difierent from that re- 
quired. These three examples show us that unless the 
flanges are thiuj the results are not quite satisfactory. 

ApproxiTnate Solution — Another method. 

Problem. — Two heavy particles A^ and A^, fig. 146, are 
placed at a known distance h' apart ; and another particle A^, 
of known mass, is placed midway between them ; to find 
the mass of A^ and of A^, so that the centre of inertia of the 
three particles may divide the distance h' in a given ratio p, 
and that the sum of the moments of inertia about the 
common centre of inertia may be of a given amount I^ 
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Let — = p, and let k be the distance of the centre of inertia 
of the three particles from A^, then 

X = -^; y= -- ; and /« = A^x' ^AJ^ + A^^. 
Now i = a.--^-=-Ji-^«_^-^, 

•• h'~^ p + 1' ^^^ 

if H-^3~" -^i) ^® taken from -^3 and added to A^^ the common 
centre of inertia would coincide with A^, since the upper 
and lower particles would then be of equal mass ; and we 
obtain 

k(A, + A, + A^ = h'.HA,- A,), or 

1^ -t -"-3 ~ -"-J ,^ ^ 

h' ~ *Z;+17+2,' ^'^■> 

From equations 1 and 2 

A^-A^ _p-l 
A, + A^ + A,~"p + r 

:. A, = 2^^^^^; (3) 

» 

X 2A^ + A^ 

= i^i(pA+A)i (5) 

and from equations 4 and 5 we can find A^ and A^ 



2 
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Equation 5 may be written more symmetrically thus— 

" 2 I 'p+1 V + li 
= Ic{A,x + i{x-y}A,); (6) 



by substituting from equation 4, 

A^-i i/^-{2A, + AJ-AA; lience 

^,= Y- 1(1-^)^2; (7) 

.Marly J. = ^, - }(l -^M,; (8.) Q.E.F. 

Suppose now that the particles A^ and A^ are replaced by 
flanges of area A^ and A„, whose centres are at these points, 
and the particle A^ by the weh of area A^, with its centre 
sensibly midway between the centres of the two flanges; 
equation 4 will still hold absolutely ; equation 5 will he a 
close approximation to the moment of inertia of the cross 
section, the eiTor being that it leaves out of account the 
moment of inertia of each part about its own neutral axis, » 
quantity which, for such cross sections as we are treating, is 
not large. 

If we substitute y^' for x, and yt for y iu equations 4 and G 
y.' : m' : k' :: 2A,+A, : 2.^, + ^, : 2A ; 
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1„ = 't' {^i^a +i(.y.'-2/»'MJ approx. 
and M=^»=«^;^<>; 

= K {/;a + i(/.' -/»'M.} ; (9) 

= h- {/;^,-KC-/»'MJ; (lo.) 

Now f:^f^yA=f^'y^^- 

/'=/'(i-4-)' (12^ 

where ^« and ^^ denote the thickness of the flanges A^ and 
A^ respectively ; so that having fixed the thickness of the 
fllanges, we obtain from equations 9 and 10 the area re- 
quired for J. J and A^. Having fixed upon h' from considera- 
tions of stiffness, and on A^ so as to give sufficient resistance 
to shearing or for other considerations, then equations 9 and 
10 will give the areas of the flanges A^ and J.3, so that the 
neutral axis shall divide h! in the ratio// : //, and, approxi- 
mately, give M the required moment of resistance to bend- 
ing; provided that the flanges have their centres at the 
distance h! apart, and that the web is so disposed that its 
centre is (sensibly) midway between the centres of the 
flanges. 

When the two strengths of the material, /, and /j, are 
nearly equal, so also are the flanges, and the centre of the 
web will be sensibly midway. When /„ is much greater 
than /ft, as is the case with cast iron, then A^ is much greater 
than A^ ; if the web be made of uniform breadth, its centre 
will be above the point which is midway between the centres 
of the flanges ; but for practical considerations, it is usual to 
make the web increase in breadth as we pass from the upper 
to the lower flange ; in which case the centre of the web will 
be lowered land thus brought so that its centre is sensibly 
midway between the centres of the two flanges. 
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Examples, 

182. Solve example 179 by the approximate formulae 
just given. 

In order to fix on t^ and U^ we will assume // and // equal 
to /, and /j respectively ; and then find new breadths to 
satisfy equations 9 and 10. 

4863 - 40{4^, - K5- 4)15}. 

J.J = 31, and similarly A^ = 24 sq. inches 
for a first approximation ; we may fix on t^ = 125 and 
f ft = 1 inch, and from these obtain suitable breadths. 

2// = |40 =: 17-78 in., and y,' = 2222 in. 

ya = 18-4 in., and y^, = 22*72 in. 

;. /; ^ 4(1 - ig^) = 3-86, and /; = 489 tons. 

We have therefore — 

4863 = 40{3-86^, -i(4-89- 3*86)15}. 
A^ = 30*5 sq. in., and A^ = 25*6 sq. in. 

Adoptingthe following dimensions,upper flange 24*4in. x 1-25 
in., lower flange 25*6 in. x 1 in., and h = 41*12 in.; and solving 
by the exact method, we obtain — 

. . 4 X 24250 .^, ,, . , . 
M = — - ^ „ = o040 mch-tons, 
19*2 ' 

a quantity differing from the required result by less than 

183. Solve example 180 by the approximate formulae 
just given, assuming it„ = 1 in., and ^^ = 3 in. thick. 

In this example ya —15, and y^' = 3 in. ; so that 

/; = 9-68, // = 1-3 tons. 
1200 = 18{9-68il, + i(9-68-l*33)16}. 
A^ = 3'4, A^ = 7o sq. in. 
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Adopting the following dimensions, -4, = 3*4 in. x 1 in., 
A^ = 16 in. X 1 in., -4^ = 25 in. x 3 in. ; and solving by the 
exact formulae we obtain — 

^ 2x2460 ,«-„. , . 
M = 0.17 P. =1312 inch-tons, 

a result 9 % greater than required, but much nearer than 
that obtained by the method in example 180. 

184. Solve example 181 by the approximate formulae 
just given, assuming t^^= ^ in., and itj = 2 in. thick. 

In this example y/ = 15 in., and y^' = 3*75 in. ; so that 
/,' = 7-87, and // = 1*58 tons. 

800 =: 18-75{7-87^, + i(7-87-l-58)17-5}. 
J.J = 1*9, and A^=: 44*4 sq. in. 

Adopting the following dimensions, upper flange 3*8 in x J 
in., lower flange 222 in. x 2 in., and web 17*5 in. x 1 in. ; 
and solving by exact method, we obtain — 

., 2x2120 Q^^. , , 
M = — Z-TfT" ~ mch-tons, 

a result again greater than the one required by about 11 %, 
but much nearer than that obtained by the method in 
example 181. 

Allowance for Weight of Beam. 

After having designed a beam which is sufficient to bear 
a given external load, it is necessary to make an allowance 
for the weight of the beam itself; especially is this the case 
for beams of long span, as then the weight of the beam 
bears a considerable proportion to the amount of the ex- 
ternal load. 

This allowance is readily made by increasing the breadth 
of the provisional beam suffi<iient for the external load 
alone ; since the breadth is a dimension which appears in the 
first power in the expression for the resistance to bending. 

Consider the weight of the beam, and the external load 
reduced to its equivalent dead load, as uniformly distributed. 
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i ,T!; '♦^^'H. n 'nnii'ientij -^rxact for .or ^•resBHT; outdoor : leu 

!r*n«'rrf *:;..- r-ntith, anii 3^ zLb -vj^ictie /I "i^e Troviskmai 

♦*;%m Tr.r itr-i :'» r T :he extemai load aione : let >. 5, :ui«i 

^' tt^nrr.* -,;.rr -ame iTiand-ties for uie wni«^i leain -niTnrifHii; 

> _ J _ T 

. ~ J- ~ :r' • 

^ T' ~ ^ T^ 

^~ W ^R 

th^ hreadth of beam reqairefi. 



th^; weicfht of beam rennired. 



n' 



^^ TT-^ ~ ^^ 

th^. ^^(^^ load. 

IH./. A lAtticfj girder 80 feet span bears a load of 100 tons 
\ntitotifi\y distributed ; depth from centre to centre of flanges 
ff'M,, Mul / :- 4 i/m» per sq. inch ; the breadth of the flange 
)h I ft U m.f and ifi constant, the thickness however varies. 

TrtfeifFj^ ilie provisional breadth as 1 ft. 9 in., find how 
luiU'h thm }ia» Uj be increased so as to allow for the weight 
uH i]u^ Imarri itself, 

iV„ -r 12,000 inch-tons; Jf,, = 11,250; M^ = 9000; 

J/^- 5250; Jlf^ = 0; 

«lfi(«M tlid Man^c! in thin, we have M «= /A6'^ = 4 x 72 x 21 x ^, 
atiil w« obtain <o » 2 in., t^^ - 2 in., t^Q « 1*5 in., ^30 = 1 in., 
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and t^ = 0*5 in* say ; the average being 1*2 inches nearly. 
Taking this as the thickness of the flanges^ and allowing for 
bracing, we obtain 10 tons nearly as the weight of the pro- 
visional girder; so that V = 21 inches, S' = 10 tons, and 
W = 100 tons ; from which we readily find 6 » 24 inches, 

5 = 11 tons, and TT = 111 tons for the actual girder. 

186. An aqueduct bridge is 60 feet span and 20 feet broad ; 
the water is 6 feet deep and is carried on iron plates sup- 
ported on cross girders 6 feet apart ; the cross girders are 
supported on the lower flanges of two plate girders ; the 
weight of the water, cross girders, plates and stiffeners is 
240 tons, and may be considered uniformly distributed. 
The flanges of the main girders are to be 80 inches apart 
centre to centre, the web may be taken as f *^ of an inch 
thick, and / = 6 tons per sq. inch. 

Find a provisional breadth for the flanges, and also how 
much this has to be increased so as to allow for the weight 
of the actual girder. 

Here we find M^ — 900, Jfjo = 800, M^^ = 500, and 
M^Q = foot-tons ; from this we find that an area of 22*5 
sq. inches is required for each flange at the centre of girder, 
and if 6' be taken as 18 ins. throughout, we have L= IJ, 

^10 — ^h ^20 — f » ^^^ ^80 = J ^°^^* "^^^ average thickness 
of flange will be 1 inch nearly, and allowing for stiffeners, 
&c., we find the weight of the provisional beam to be 8 tons 
nearly ; hence we have b' = 18 inches, B' = S tons, and 
W = 120 tons ; from which we obtain 

6 = 20 inches, B = 9 tons, and W = 129 tons, for each girder. 

Resistance to Twisting and Wrenching. 

One end of a cylindrical bar is rigidly fixed, and to the 
other end a couple is applied in a plane at right angles to 
the axis of the bar ; or what is the same thing, as shown 
in fig. 147, a pair of equal and opposite couples are applied 
to the ends of the bar ; the tendency ; of these couples is 
to make the bar rotate about its axis ; and if we suppose 
the bar to consist of fibres originally, straight and parallel 
to the axis, each of these fibres will now have assumed a 
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spiral famL The moment of eadi couple is called the twist- 
tug moment or moment of torsion applied to the bar, and it 
is constant finr each cross section; on aeooont of the bar 
being nniform, the stress will be similarly distribated on 
each cross section ; and since the bar is circolar in section, 
the stress at all points equidistant from the axis will be 
the same. 

Suppose two cross sections to be taken at the distance dct 
apart ; the twisting moment causes the one section to move 
relatively to the other through an angle di ; and if we con- 
sider two points originally opposite to each other, that is in 
the same fibre, one in each section and at a distance r firom 
the axis ; then these points, relatively to each other, move 
laterally tlirou£;h a distance r.di; and since the two sections 
are dx apart, the rate of twist h 



di ,-v 

'•^' ^*> 

a quantity directly proportional to the distance of the points 
under consideration from the axis. 

We have thus at any point in a cross section, a shearing 
stress at right angles to the radius drawn to the point, and 
proportionaJ to that radius in intensity; this may be ex- 
pressed thus — 

■'=<^§^ « 

where is the co-efficient of transverse elasticity for the 
material of the cylinder under consideration; Rankine 
gives — 

For cast iron, C = 3,000,000 lbs. per sq. inch (approx.) 
For wrought iron,C = 9,000,000 

The greatest value of q occurs at the surface of the cylinder; 
and if /represent the resistance of the material to shearing, 
and r^ the radius of the cylinder, then we have — 

?=/f; (3.) 
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If we consider a a small portion of a ring of the cross 
section, with its middle point at a distance r from the 
axis, then r.cU will be its mean length, and we may 

dr 

li k \/ ] vv^ 

< ^^^" ^x ♦ * "/ — '' 

Plff,U7. 

denote its breadth by dr; its area then is r.di.dr ; the in- 
tensity of the shearing stress at 8 is ^ ; the amount of 
shearing stress on the small area is therefore — 

q.r.di.dr =-^r\di.dr ; 

and its moment round the axis, found by multiplying this 
quantity by r, is therefore — 

/ 



^1 



r^(r.di.dr). 



The quantity within brackets is the small area, and r is its 
distance from the centre ; 7^(r.di.dr) is therefore the moment 
of inertia of the small area about the centre ; summing for 
every such small area, we have the moment of resistance to 
torsion for the cylinder — 

M=^^=^2/,;... (4) 

'l 'l 

where K is the moment of inertia of the surface about the 
centre, and I^ is the moment of inertia of the same surface 
about a diameter (see page 252). We therefore have — 

= 3^K == -196/^^ (5) 

where d^ is the diameter of the cylinder. 
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For a hollow cylinder, let r^ and r^ d^ and dj, be the 
internal and external radii or diameters as the case may be ; 
let Iq and Iq be the moment of inertia about a diameter of 
a cylinder equal in radius to Tq and r^ respectively, then 
Tq—Iq is the moment of inertia about a diameter of the ring 
under consideration ; we have therefore — 

'i 'i 
= ^^^ =-i96f^^', (6) 

Comparing these equations with those on page 253, we find 
that for equal values of the limiting stress /, the resistance 
of a cylinder, solid or hollow, to wrenching is double its 
resistance to breaking .acr.oss. 

The working values of the limiting stress f] suitable for 
shafts, as given by Eankine, are 

For cast iron, / 1= 5000 lbs. per sq. inch. 

For wrought iron, / = 9000 „ „ 

For a cross section which is not circular, the above 

formulae are inapplicable, since the ratio — is no longer 

constant. For a square shaft M. de St. Venant gives as the 
moment of resistance to torsion — 

M = 0-281/^3. (7) 

Angle of torsion of an nniform eyllndrloal abaft. — Let X be the 

length of the shaft, and i the angle in circular measure 
through which the one end has turned relatively to the 
other; then since the angle of torsion per unit length is 
constant, we have from equation 2, page 338, 

di _ i _ q _ f 
. _ /a? _ 2/ic . . 

''^oF.-Ud;'^ •' ^^'^ 



RESISTANCE TO TWISTING. 341 

If / be the working resistance of the material to shearing 
we have the same angle, whether the shaft be solid or 
hollow ; the values of / and of G for cast and wrought iron 
have already been stated — 

For cast iron, i = ^-r ; (9a) 

For wrought iron, i = ^hr-j ; (96-) 

where i is the angle in circular measure through which the 
one end of a shaft of length x and diameter a^ has turned 
relatively to the other end, when the working strain has 
been produced; the co-efficient for cast iron is somewhat 
uncertain. 

When subjected to M any twisting moment not greater 
than the proof moment we have for a solid shaft (equation 5), 

q _2M 

and from equation (8) 

qx 2Mx iAo^^ /IAN 

For a hollow shaft, similarly 

' = ''%^~d*r <"•) 

If we make x = 1, or, what is the same thing, if the 
distance between the two cross sections which we consider 
is unity, the stiffness of the shaft will be measured by the 
reciprocal of i, i being the angle in circular measure through 
which the two cross sections have turned relatively to each 
other, when the skin has been brought to the proof strain. 

For two shafts of the same length and material, but of 
different diameters, we see from equation 10 that the twist- 
ing moment to be applied to each, in order that both mr 
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be turned through the same angle of torsion, is proportional 
to the fourth power of the diameter, the proof stress not 
being in any case exceeded ; thus — 

^ = 10.2§^10-2^/,; 

^ ^* /ION 



M'-- d'^' 



Examples. 



187. A water wheel of 20-horse power makes 5 revolu- 
tions per minute ; find the diameter suitable for the malle- 
able iron shaft which transmits this force. 

For each revolution 132,000 ft-lbs. of work are performed ; 
this is equivalent to 21,008 lbs. acting on a wheel of radius 
one foot, and we have M = 21,008 ft.-lbs. = 252,096 inch-lbs. 

252,096 = -196 x 9000 d^ = 1764 d^ ; /. d = 5*23 ins. 

188. If this shaft be 12 feet long, what is its angle of 
torsion when the working moment as above is applied ? 
Take / = 9000, and G = 9,000,000. 

^^«- ^=560 54t = -«^^<^7 = ^^«' 

189. The diameter of one shaft is double that of another 
of the same material ; the smaller gave way when subjected 
to a twisting moment of 2 ft.-tons. What twisting moment 
will be required to wrench the other ? 

Ans. if = 16 ft,-tons. 

190. A shaft 12 feet long and 6 inches diameter is sub- 
jected to a twisting moment of 16 ft.-tons, and the two ends 
are thus twisted through a certain angle ; a second shaft of 
the same material, 16 feet long and 9 inches diameter, is 
twisted so that its angle of torsion is exactly the same as 
that of the first ; find the twisting moment required to do 
this. 
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^ = 102 —Fi — TTT— = 10-2 



OxG* "" (7x9* 

192x144 Jfxl92 



1296 "" 6561 



.-. ilf=729 in.-tons= 60-75 ft.-tons. 



191. What thickness of metal is required for a cast iron 

hollow shaft, 10 inches outer diameter, so as to resist a 

twisting moment of 10 ft-tons ? 

10*— /f* 
Ans, Jtf = 120 X 2240 = 196 x 5000 j^q° 

di = 7258 ; .-. d^ = 9*23, and the thickness 
required is 0*4 inch. 

192. A malleable iron shaft 20 feet long and 6 inches 
diameter is subjected to a moment which twists the ends 
through an angle of 2"* ; taking (7 the co-efl5cient of transverse 
elasticity as 9,000,000, find /, the stress at the skin. 

i = -0349 = ^ \,.u — ^: .*. /= 3926 lbs. per sq. inch. 

9 x 10 X 6 "^ r 1 

193. The inner and outer diameters of a hollow steel 
shaft are 10 and 12 inches, and/= 6 tons per square inch 
is the working value of the resistance to shearing. What is 
the twisting moment this shaft is capable of transmitting ? 

M =:. 196 X 6 ^^ = 1052 inch-tons. 

194. The working tensile strength of the steel for the 
previous example is 12 tons per square inch, and the crush- 
ing strength is greater. What is the moment of resistance 
to bending of this same shaft ? 

Ans. M = 1052 inch-tons; since the resistance to 
wrenching is double the resistance to breaking across when 
the two values of/ ai'e equal. 

Bending and Torsion Combined. 

Let the shaft shown in fig. 148 be acted upon by a bend- 
ing load and a pair of .equal twisting couples; and at the 
point H let if, be the moment of the nrst, and M^ the 
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moment of the second; then in order to find the amount 
and direction of the greatest principal stress, we reqaire to 
combine the greatest direct stress due to bending with the 
greatest shearing stress due to twisting ; this is done by the 
method of the ellipse of stress. 

At the point H, let p be the intensity of thrust (or 
tension) due to the bending moment M^, and q the intensity 
of shearing stress due to the twisting couple M^ ; then we 
have — 

p = — i] g = - -=; (1.) 

Let p^ be the greatest intensity of stress (thrust) at the 
point, then fig. 136 shows the construction required to find 

its amount ; in that figure OL = p, OR = q, and we have — 
p^ = OM + MR = | + >^^ + 32; (2) 

the greatest intensity of shearing stress is represented by 

MR= V-^' + 2^; (3) 

and the angle Q made by the greatest stress p^ with the axis 
of the shaft is given by the equation 

'-^"-l-i^ • <*■' 

By substituting for p and q the values given in eqn. 1 , 
we have — 

p, - ^,{M,+ JM,' + Ml) (5) 

and for the greatest intensity of shearing stress 

WR = —3 J Ml + Jf|; (6.) 

A very important example of this principle is that of a 
shaft with a crank attached ; in this case we have a force 
applied to the centre of the crank pin, and resisted by the 
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equal and opposite force at the bearing S. If P represent 
the force, then the moment of the couple is 

M ~ P.SF; (7) 

thifl couple may be resolved into two couples, one a bending 
couple — 

M, = P.m = M cosj; (8) 

the other a twisting couple — 

jif, = P.NF= Msinj (y.) 

( fj •' it) 



The greatest intensity of stress is found by eqn. 5. 

p, - — i(M cos j+ -JM^ coa^j + M^ sin^') 

= ---i{M cosj + if) = — (Jfri + cos i) 

- ^luil + conj); (10.) 

If instead of p, we pnt / the resistance to tension or 
thrust (the smaller), we get 

tP = ^^Jf(l + cosi); (II) 

which enables us to calculate the diameter required for the 
shaft. If we put / for the greatest intensity of the shearing 
stress, we have — 

' d* = ^M; (12) 

which also enables us to calculate the diameter requiref' 
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and the greater of the two, one got from eqn. 11, the other 
from eqn. 12, is to be adopted. 

The angle made by the principal stress with the axis of 
the shaft is given by eqn. 4. 

tan2e = ^-?=-#=^i^=tanj; 

p M^ cos J "^ 

.-. 0= |; (13.) 

Examplea. 

195. A shaft 9 inches diameter and 12 feet long is sup- 
ported at its two ends, and loaded at the two points which 
divide its length into three equal parts with 4 tons at each 
point ; a twisting moment of 20 foot-tons is applied to one 
end of the shaft while the other is held fixed. Find the 
greatest intensity of the thrust, tension, and shearing stress; 
and the angle that the line of greatest principal stress 
makes with the axis of the shaft. 

At any point between the two loads, the bending moment 
JIfj = 16 foot-tons = 192 inch-tons; the twisting moment 
M^ = 240 inch-tons ; 

4* X 192 ^ ^^ ^ 2 X 240 - ^^ . 

V7'24 
—J— + 2-80 = 3'5 tons per sq. inch 

is the greatest value of the intensity of the thrust at the 
upper point, and of the tension at the lowest point of the skin 
near the middle of the length of the shaft ; the greatest in- 
tensity of the shearing stress is 215 tons per sq. inch, and 
it is situated at the points just mentioned. 

tan 20 = — = 124; .'. B = 25°. 
2*69 

196. The crank shaft of an engine is 5 in. diameter: the 
distance from the centre of the bearing to the point opposite 
the centre of the crank pin, N8 in fig. 148, is 12 inches ; the 
half stroke, NP in figure, is 16 inches; and the pressure 
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applied to the crank pin is 5000 lbs. Find the greatest 
intiensity of thrust, tension, and shearing stress ; and 6 the 
angle made by the line of principal stress with the axis 
of the shaft. 

PS = 20 inches ; .'. M= 100,000 inch-lbs. ; 
M^ = 60,000, and Jf , = 80,000. 

p^ = ^100,000(1+1) = 6530 lbs. per sq. inch, 

the greatest intensity of thrust and of tension, at the bear- 
ing, the one being at the one side and the other being at 
the other side of the shaft The greatest intensity of shear- 
ing stress is ^100,000 = 4080 Ite. per sq. inch. The angle 

= 1. = 27^ 

Thjrust or Tension combined with Torsion. 

Let the shaft shown in fig. 149 be acted upon by a thrust 
(or tension) P and a pair of twisting couples of moment M; the 
stress due to P is uniformly distributed, and that due to Jf is 
greatest at the skin ; the greatest intensity of stress will there- 
fore be at the skin. If under thrust, the length of the shaft is 
to be so short compared with its diameter, that the bending 
action need not be taken into account. At the point H we 

P 
have a thrust (or tension) p =- — s, and a shearing stress 

2M 
q = — 8^; proceeding as at fig. 136, we have — 

^=f-2S-r <••' 

The greatest intensity of thrust (or tension) is 




i 






p^ = OM + MR; (3) 

the angle 6 made by 2?, with the axis of the Fig.iis. 



p 
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shaft is given by the equation 

"-^"-m-^'^ w 

The greatest intensity of shearing stress is 

MR\ (5.) 

Examples. 

197. A shaft 8 inches diameter is subjected to a thrust of 
100 tons uniformly distributed over its two ends, and a twist- 
ing moment of 30 foot-tons. Find the greatest intensity of 
thrust and shearing stress, and the angle made by the line 
of principal stress with the axis of the shaft. 

100 . Q^ , 720 ^ .^ , . , 

^ " 5026 " ' * " 20roi'" P®^ ®^' 

Pj = 1*0 + V '99 + 12-81 «= 471 tons per sq. inch, 

the greatest intensity of thrust ; the greatest intensity of 
shearing stress is 3*71 tons per sq. inch ; and 

tan 20 = ^^ = 3-6; = 37^ 

198. Find the diameter of a malleable iron shaft capable 
of bearing a tension of 50 tons, and a twisting couple whose 
moment is 25 foot-tons; the resistance of the material to 
tension and shearing being 5 and 4 tons per sq. inch respec- 
tively. 

50 _ 15-92 _ 600 ^ 191 



^ 7-96 /63-36 36500 

from which we find r^ = 3*53 inches. The greatest inten- 

'. r V. ' . A /63-36 . 36500 . , . , 

sity of shearmg stress = 4 = ^ — 4— + — ^j — ; irom wnicn 



we find r^ = 3*64 inches ; and since this is greater than the 
former result, it is to be adopted; that is, the diameter 
required for the shaft is 7| inches nearly. 
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Thrust and Bending. 

When thrust is applied to a pillar or strut whose length 
is great compared with its diameter, it will collapse not by 
direct crushing but by bending and breaking across. 

Let a long thin vertical bar, originally straight, be deflected 
to an extent not greater than the proof deflection by the ap- 
plication of a horizontal external force applied, say at its 
middle, while the ends are guided so that they cannot move 
laterally, and let it be held in that position ; it will then 
have a form such as is shown in fig. 160 ; let the load P be 
now applied, then when the restraint is withdrawn, the bar 
will tend to assume its original vertical form, it will remain 
neutral, or it will collapse according to the amount of P ; 
that is to say, if the moment of P relatively to the centre 
of the bar, viz., P. v, is less than the moment of resistance 
of the bar to bending, the bar will tend to right itself. 

The stress on the cross section AB consists of one part p 
due to the load P, and another part p" due to the bending 
which takes place in the direction in which the pillar is 
most flexible ; since P is uniformly distributed, we have — 

where S represents the sectional area of the bar ; by eqn. 
given on page 214, we have M = np%h? ; and since M = Pv 

where h is the smaller, and b is the larger diameter, when 
these are unequal ; the proof deflection v, page 295, eqn. (3a) 
is directly proportional to the square of the length and in- 
versely proportional to the depth ; chat is to say 

l\ 
^« A ' 

„ Pl^ PI' 
and P°'W°''^" 
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that is 



^2 

p" a rj ; therefore 



P i ^ \ 



(3) 



that is, the additional stress due to bending is to the stress 
due to the direct thrust, as the square of the proportion in 
which the length of the pillar exceeds the least diameter. 

The total intensity of stress p' -^p" must not exceed the 
strength of the material ; equating that intensity to / the 
strength of the material, we have — 



P = 






i\i' 



>*«<«) 



(*> 



where a is a constant co-efficient to be determined by ex- 
periment. The above investigation is due to Tredgold, and 



iv_ 



if 



p 

Flg.160. 



P 



r^-^ 



r 



p 

7^ 



r^-S 



f 



7^ 



t 1 

Fifir.151. 



values of the co-efficient a, as determined by Professor 
Gordon, are given below. 
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For a strut or pillar securely fixed at the ends — . 

Wrought iron solid rectangular section, a=^^, 

♦Angle, channel, cruciform, and T-iron (see fig. 152), a= iroir . 

Cast iron, hollow cylinder, a= -^l^. 

-f-For timber struts, oak and pine, a= 3^. 

A pillar rounded at both ends is as flexible as one of 
double the length fixed at the ends ; so that 

p fS fS . 

The strength of a pillar fixed at one end and rounded 
AT the other is a mean between that of a beam fixed at 
both ends and one rounded at both ends. 

The values of / in lbs. per sq. inch are given by Bankine 
as follows : — 

Wrought iron solid Breaking load. Proof load. Working load. 

rect. section, ... 36,000 18,000 6,000 to 9,000 

Wroi iron cell, 27,000 13,500 4,500 to 7,000 

Cast iron cylinders, 80,000 26,700 13,300 to 20,000 

British oak, dry, 10,000 1,000 

American „ „ 6,000 600 

Red pine and larch „ 5,400 550 

For green timber the values of/ should be halved. 

« 

A pillar or strut securely fixed at both ends corresponds 
with a beam fixed at the ends, fig. 143; the points of 
fracture are the points where in that figure the bending 
moment is greatest, viz., at the centre and at the ends. 
A pillar fixed at one end corresponds with the beam shown 
in fig. 141 ; the points of fracture being at the fixed end, 
and at about one-third of the length from the rounded end. 
A pillar rounded at both ends corresponds with the beam 

* As deduced by Mr. Unwixu t As deduced by Weisbach. 
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shown in fig. 25 ; the point of fracture being at the middle 
of the length. 

The following table gives the results of the above formulae 
for pillars of wrought and cast iron, whose diameters and 
lengths are in different proportions, and whose ends are 
securely fixed ; — 



! 
I 

h 


p 

Breaking Load, lbs. per sq. in. = ^. 


I 
h 


p 

Breaking Load, lbs. persq. iD. = «• 


Wrot. Iron solid 
rectangular sect. 


Cast Iron hollow 
cylinder. 


Wrot Iron solid 
rectangular sect. 


Cast Iron bellow 
cylinder. 


10 


34,840 


64,000 


30 


27,700 


24,620 


15 


33,490 


51,200 


35 


25,560 


19,700 


20 


31,765 


40,000 


40 


23,480 


16,000 


26-4 


29,230 


29,230 


50 


19,640 


11,030 



From this table it is seen that, so far as the ultimate 
strength of such pillars is concerned, cast iron is stronger 
than, as strong as, or less strong than wrought iron when 

the proportion -r is less than, equal to, or greater than 26*4 ; 

this result was first pointed out by Professor Gordon. 

For struts in wrought iron framework, such cross sections 
as are shown in fig. 152 may be chosen on account of their 






^'•s 





Fig.152. 



stiffness ; these are called T, angle, channel, and cruciform 

iron respectively; in fixing the proportion j- for such 

It . 
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sections, the value of A is to be taken as the least diameter ; 
this is marked in the diagram. 

Since, however, such cross sections are not made of very 
large dimensions, struts above a certain size require to be 
built; in this case they usually consist of four thin plates 
forming a square and connected at the comers by angle 
irons ; of two thin plates held parallel and at a fixed distance 
apart, by means of a web and angle irons, or by a lattice 
work of small diagonal bars ; or of two T-irons or channel- 
irons, with the ribs turned towards each other, and held by 
a lattice work of small diagonal bars as in the case just 
stated. 

Eimmples. 

199. A cast iron column, securely fixed at the ends, ex- 
ternal diameter 8 inches, length 20 feet, is to bear a steady 
load of 30 tons. Find the thickness of metal required. 

Here j = 30, and for that proportion the breaking load 

is 24,620 lbs. per sq. inch ; taking J for a factor of safety, 
we get the working stress /= 4100 lbs. = 1*8 tons per sq. 
inch; the area of metal required is therefore 17 ins.; this 
gives 6*7 ins. for the internal diameter, or f inch nearly for 
the thickness of metal. Since an allowance has to be 
made for slight irregularities in casting, the thickness of 
metal should be one inch. 

200. Find the working load for a cast iron pillar 12 ins. 
diameter, 40 feet long, metal 1 inch thick, taking 6 as the 
factor of safety. 

Here y^ = 40 ; S = 34*6 sq. ins. ; / = 1*2 tons per sq. inch ; 

and the steady working load is 42 tons nearly, both ends 
being securely fixed; but if the load is such as to cause 
considerable vibration, from one-half to two-thirds of this 
amount may be taken. 

201. What is the crushing load for a malleable iron bar 
6 in. X 3 in. x 10 feet long, securely fixed at one end ? 

S = 18 sq. ins.; j- = 40, and the ultimate stress corres- 
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ponding is 10*5 tons per sq. inch, when fixed at both ends ; 
when rounde4 at both ends, this reduces to 5*1 tons; when 
fixed at one end and rounded at the other, the result is the 
mean of these quantities, viz., 7*8 tons per sq. inch. 

The crushing load is therefore 140 tons, steadily applied. 

202. Find the working strength of a strut formed of 
channel irons ^ in. thick, 6 in. broad, width of each flange 
(outside) 2J in., and length 6 feet, fixed securely at both 
ends. 

Here 8=5 sq. ins. ; j = 29 nearly, and the working 

strength is 1*4 tons per sq. inch, or 7 tons nearly. 

203. What is the working load for a strut of seasoned 
American oak firmly fixed at the ends, 20 feet long, and 1 
foot square ? 

P = 33,000 lbs. nearly, or 14 J tons. 

204. A strut of red pine whose ends are to be well fixed, 
is to be 4 ins. thick and 6 feet long ; the thrust applied to its 
ends is calculated to be 4 tons. Find the breadth required. 

1 /^2 1 324 
l+a(r) l + o^^ 

8 = P ^ = 4 ^ = 37 sq. ins. nearly, 

and the breadth required is therefore 9J ins. nearly. 
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Weight of a Beam, Allowance for, 335 
Wheel, Spoke of, . . 222, 226 
Wrenching, .... 337 
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Elementary Applied Mechanics. Being the simpler and more practical 
Cases of Stress and Strain, wrought out individually from wrat prin- 
ciples by means of Elementary Mathematics. By T. Alexander, C.E., 
Professor of Civil Engineering in the Imperial College of Engineering, 
Tokei, Japan. Crown 8vo. 4s. 6d. 

" The object of Mr. Alexander's work is to serve as a companion to the late Prof. 
Rankine's Applied Mechanics and Civil Engineering. . . . This first part treats of internal 
stress and strain, the divisions being Elasticity, Resilience ; Pure Strain, simple and 
compound ; the Ellipse of Stress ; and the application of Earthwork. All these points 
api)ear to us to be well illustrated by the numerous worked-out exercises, with carefully 
drawn figures, and by the exercises left for the student to try his skill upon." — Nature. 



By I. TODHUNTER, M.A., F.R.S., of St. John's College, Cambridge. 

" Mr. Todhunter is chiefly known to students of Mathematics as the author of a series 
of admirable mathematical text-books, which possess the rare qualities of being clear in 
style, and absolutely free from mistakes, typographical or other."— Saturday Review. 

The Elements of Euclid. For the use of Colleges and Schools. New 
Edition. 18mo. Ss. 6d. Key, Crown 8vo. 6s. 6d. 

Mensuration for Beginners. With numerous Examples. New Edition. 
18mo. 2s. 6d. 

Algebra for Beginners. With numerous Examples. New Edition. 
18mo. 2s. 6d. Key, Crown Svo. 6s. 6d. 

Trigonometry for Beginners. With numerous Examples. New Edi- 
tion. 18mo. 2s. 6d. Key, Crown Svo. Ss. 6d. 

Mechanics for Beginners. With numerous Examples. New Edition. 
18mo. 48. 6d. Key, Crown Svo. 6s. 6d. 

Algebra. For the use of Colleges and Schools. New Edition. Crown 
Svo. 7s. 6d. Key, Crown Svo. 10s. 6d. 

Plane Trigonometry. For Schools and Colleges. New Edition. Crown 
Svo. 6s. Key, Crown Svo. 10s. 6d. 

A Treatise on Spherical Trigonometry. New Edition, enlarged. Crown 
Svo. 4s. 6d. 

Plane Co-ordinate Geometry, as applied to the Straight Line and the 
Conic Sections. With numerous Examples. New Edition, revised 
and enlarged. Crown Svo. Ts. 6d. 

A Treatise on the Differential Calculus. With numerous Examples. 
New Edition. Crown Svo. 10s. 6d. 

A Treatise on the Integral Calculus and its Applications. With numer- 
ous Examples. New Edition, revised and enlarged. Crown Svo. 10s. 6d. 

Examples of Analytical Geometry of Three Dimensions. New Edition, 
revised. Crown Svo. 48. 

A Treatise on Analytical Statics. With numerous Examples. New 
Edition, revised and enlarged. Crown Svo. 10s. 6d. 

Researches in the Calculus of Variations, principally on the Theory of 
Discontinuous Solutions : an Essay to which the Adams Prize was 
awarded in the University of Cambridge in 1S71. Svo. 68. 
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An Elementary Treatise on Conic Sections. By Charles Smith, M.A., 
Fellow and Tutor of Sidney Sussex College, Cambridge. Crown Svo. 
78. 6d. 

The Elements of Dynamic. An iDtroduction to the Study of Motion 
and Rest in Solid and Fluid Bodies. By W. K. Clifford, F.R.S., 
late Professor of Applied Mathematics and Mechanics at University 
College, London. Fart I. — Kinematic. Crown 8vo. 7s. 6d. 

A Treatise on the Theory of Determinants. With graduated sets of 
examples. For use in Colleges and Schools. By Thos. Muir, M.A., 
F.R.S.E., Mathematical Master in the High School of Glajsgow. 
Crown 8vo. 7s. 6d. 

A Treatise on Elementary Mechanics. For the use of the Junior 

Classes at the University, and the Higher Classes in Schools. With a 

collection of examples. By S. Parkinson, D.D., F.R.S. Sixth 
edition. Crown 8vo. 98. 6d. 

A Treatise on Optics. By S. Parkinson, D.D., F.R.S. Third editioD, 
revised. Crown 8vo. 10s. 6d. 

Elementary Trigonometry. By Rev. J. B. Lock, M. A., Fellow of Caius 
College, Cambridge ; Assistant-Master at Eton. Globe 8vo. 4s. 6d. 

Elementary Chemical Arithmetic. With 1,100 Problems. By Sydnet 
LuPTON, M.A., Assistant-Master in Harrow School. Globe 8vo. 56. 

Electric Light Arithmetic. By R. E. Day, M.A., Eveniog Lecturer 
in Experimental Physics at King's College, London. Pott 8vo. 2s. 

Electricity and Magnetism, Elementary Lessons in. By Professor 
Silvanus Thompson, Illustrated. New Edition. Fcap. 8vo. 48. 6d. 

Experimental Mechanics. Lectures delivered at the Royal College of 
Science for Ireland. By R. S. Ball, M.A., Professor of Applied 
Mathematics and Mechanics. Illustrated. Cheaper Issue, Medium 
8vo. 10s. 6d. 

Simple Practical Methods of Calculating Strains on Girders, Arches, 
and Trusses. With a Supplementary Essay on Economy in Sus- 
pension Bridges. By G. W. Young, Associate of King's College, 
London ; Member of the Institution of Civil Engineers. With IKa- 
grams. 8vo. 7s. 6d. 

Treatise on Marine Surveying. Prepared for the use of younger 

Naval Officers. With Questions for Examinations and Exercises 

principally from the Papers of the Royal Naval College. With the 

results. !By Rev. John L. Robinson, Chaplain and Instructor in the 

Royal Naval College, Greenwich. With Illustrations. Crown 8vo. 

7s. 6d. 

Contents. — Symbols used in Charts and Surveying— The Construction and Use of 
Scales— Laying off Angles — Fixing Positions by Angles — Charts and Chart-Drawing— 
Instruments and Observing — Base Lines — ^Triangulation — Levelling — Tides and Tidal 
Observations — Soimdings— Chronometers — Meridian Distances — Meuod of Plotting » 
Siurvey — Miscellaneous Exercises — Index. 
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A CATALOGUE 

OF 

EDUCATIONAL BOOKS 

PUBLISHED BY 

MACMILLAN AND CO., 

BEDFORD STREET, STRAND, LONDON. 



ELEMENTARY CLASSICS. 

i8mo, eighteenpence each. 

This Series falls into two classes— 

(i) First Reading Books for Beginners, provided not 
only with Introductions and Notes, but with Vocabalaries. 

(2) Stepping-stones to the study of particular authors, 
intended for more advanced students, who are beginning 
to read such authors as Terence, Plato, the Attic Dramatists, 
and the harder parts of Cicero, . Horace, Virgil, and 
Thucydides. 

These are provided with Introductions and Notes, but 
no Vocabulary. The Publishers have been led to provide 
the more strictly Elementary Books with Vocabularies by 
the representations of many teachers, who hold that be- 
ginners do not understand the use of a Dictionary, and of 
others who, in the case of the very large class of middle-class 
schools, where the cost of books is a serious consideration, 
advocate the Vocabulary system on grounds of economy. 
It is hoped that the two parts of the Series, fitting into 
one another, may together fulfil all the requirements of 
Elementary and Preparatory Schools, and the Lower Forms 
of Public Schools. 

The following Elementary Books, with Introductions^ Notes, 
and Vocabularies, are either ready or in preparation : — 

CiESAR. THE GALLIC WAR. Book I. Edited by A. S. 
Walpole, M.A. [Ready. 

13.0^0.4.83. ^ 



2 MACMILLAN'S EDUCATIONAL CATACOGUE. 

CJBSAR. THE GALLIC WAR, 3ooks II. and III. Edited 
by W. G. Rutherford, M.A., Balliol College, Oicford; 
Assistant- Master at St Paul's School. 

[Ready. N OZhX\i\.KK^ in preparation, 

THE GALLIC WAR, SCENES FROM BOOKS IV, 
AND V, Edited by C. Colbkck, M.A., Assistant-Master 
at Harrow ; formerly Fellow of Trinity College, Cambridge. 

{Ready, \OQK^Vl.KViY in preparation. 

BUTROPII HISTOBIA BOMANA. SELECTIONS, Edited 
by William Welch, Assistant-Master at Surrey County 
School, Cranleigh. \In the press. 

CICERO. DE SENECTUTE, Edited by E. S. Shuckburgh, 
M. A., late Fellow of Emmanuel College, Cambridge ; Assistant- 
Master at Eton College. [/« preparation. 

DE AMICITIA. By the same Editor. [In prepat ation, 

GBBEK TESTAMENT. SELECTIONS FROM THE 
GOSPELS, Edited by Rev. G. F. Maclear, D.D.', Warden 
of St. Augustine's College, Canterbury. [In preparation. 

HOMER. ILIAD, Book I. Edited by Rev. John Bond, 
M.A., and A. S. Walpole, M.A. [In preparation. 

ILIAD. Book XVIII. THE ARMS OF ACHILLES 
Edited by S. R. James, M.A., Assistant-Master at Eton 
College. [Ready. VOCABULARY in preparation. 

ODYSSEY. Book I. Edited by Rev. John Bond, M.A., 
and A. S. Walpole, M.A. [In the press. 

HORACE. ODES. Books I.— III. Edited by T. E. Page, 
M.A., late Fellow of St. John's College, Cambridge; 
Assistant- Master at the Charterhouse. Each is. 6d. 

[Ready, VOCABULARIES in preparation. 
Book IV. By the same Editor. [In the press. 

LIVY. Book I, Edited by Rev. H. M. Stephenson, M.A., 
Head Master of St. Peter's School, York. [In preparation. 
THE HANNIBALIAN WAR, Being part of the 2ist 
and 22nd books of Livy, adapted for the use of beginners. 
By G. C. Macaulay, M.A., Assistant - Master at Rugby; 
formerly Fellow of Trinity College, Cambridge. 

[Ready, Vocabulary in the press. 
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OVID. SELECTIONS. Edited by E. S. Shuckburgh, M. A. 

\Ready, Vocabulary in preparation, 
PHiBBRUB. SELECT FABLES, Edited by A. S. Walpolk, 

M.A. \In the press, 

THUCYDIDE8 THE RISE OF THE ATHENIAN 

EMPIRE. Book I. cc. 89—118 and 128—138. Edited by 

F. H. CoLSON, B. A., Fellow of St. John's College, Cwnbridge ; 

Assistant- Master at Clifton College. \In preparation, 

VIRGIIi. ^NEID, Book I. Edited by A. S. Walpole, 
M.A. {^Ready, 

j^NEID, Book V. Edited by Rev. A. Calvert, M.A , 

Fellow of St. John's College, Cambridge. \R(ady. 

SELECTIONS, Edited by E. S. Shuckburgh, M.A. 

[In the press. 

XSNOPHON. ANABASIS, Book L Edited by A. S. 

Walpole, M.A. [Ready, 

The following more advanced Books, with Introductions 
and Notes, but no Vocabulary, are either ready, or in 
preparation : — 

CICERO. SELECT LETTERS. Edited by Rev. G. E. Jeans, 
M.A., Fellow of Hertford College, Oxford, and Assistant- 
Master at Haileybury College. [Ready, 

EURIPIDES. HECUBA. Edited by Rev. John Bond, M. A., 
and A. S. Walpole, M.A. [Ready, 

HERODOTUS. SELECTIONS FROM BOOKS VII , and VIIL 
THE EXPEDITION OF XERXES, Edited by A. Fl. 
Cook, M.A., Fellow and Lecturer of King's College, Cam- 
bridge. [Ready, 

HORACE. SELECTIONS FROM THE SATIRES AND 
EPISTLES, Edited by Rev. W. J. V. Baker, M.A , 
Fellow of St. John's College, Cambridge ; Assistant -Master 
at Marlborough [Ready, 

ilVY. THE LAST TWO KINGS OF MACEDON, SCENES 
FROM THE LAST DECADE OF LIVY, Selected and 
Edited by F. H. Rawlins, M.A., Fellow of King's College, 
Cambridge, and Assistant- Master at Eton Collec^e. 

[In preparation, 

a 8 
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P<»ATO. EUTHYPHRO AND MENEXENUS. Edited bf 
C. £. Gravxs, M.A,, Classical Lecturer and late Fellow of 
St. John's CoUege, Dunbridge. \Rtc4y, 

TBABNOa. SCENES FROM THE ANDRIA. Edited by 
F. W. Cornish, M.A.« AssiKtant-Maiter at Eton CoU^:e. 

[In the press, 

THB ORfiBK BIiSaiAO POBT8. FROM CALLINUS TO 
CALLIMACHUS. Selected and Edited by Rev. Herbert 
Kynaston, M.A., Principal of Cheltenham Collie, and 
formerly Fellow of St. John's College, Cambridge. [Ready, 

THUCYDIBB8. Book IV. Cha. 1-41. THE CAPTURE OF 
SPHACTERIA. Edited by C. E. Graves, M.A. [Ready, 

VIRGIL. GEORGICS, Book IL Edited by Rev. J. H. 
Skrinb, M.A., late Fellow of Merton College, Oxford ; 
Assistant-Master at Uppingham. [Ready. 

%* Other Volumes to follow. 



MACMILLAN'S CLASSICAL SERIES FOR 
COLLEGES AND SCHOOLS. 

Fcap. 8vo. 

Being select portions of Greek and Latin authors, edited 
with Introductions and Notes at the eni^ by eminent 
scholars. The series is designed to supply first-rate text- 
books for the higher forms of Schools, having in view 
also the needs of candidates for public examinations at the 
Universities and elsewhere. 

The following volumes are ready : — 
JB8CHINB8-IN OTBSIPHONTBM. Edited by Rev. T. 
GwATKiN, M.A., late Fellow of St. John's Collie, Cambridge. 

[In the press, 
iBSCHYLUS— PERSiB. Edited by A. O. Prickard, M.A., 
Fellow and Tutor of New College, Oxford. With Map. 3X. 6d, 

CATUIfl-yS^SEIaECT POEMS. Edited by F. P. SiMPSON, 
B.A., late Scholar of Balliol CoUege, Oxford. New and 
revised Edition. $j. 
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OICERO— TBB 8BOOND PBIIiXPFIO ORATIOM. From 
the German of Karl Habn. Edited, with Corrections and 
Additions, by John £. B. Mayor, Professor of Latin in the 
University of Cambridge, and Fellow of St. John's College. 
New Edition, revised. 5^. 

THB CATIIiINB ORATIONS. From the German of 
Karl Halm Edited, with Additions, by A. S. WiLKii^S, M.A., 
professor of I^tin at the Owens College, Manchetter. New 
Edition, y. 6d. 

THB ACABEMICA. Edited by James Rsip, M.A., 
Fellow of Cains College, Cambridge. 4J. 6//. 
PRO USQE MANIIiIA. Edited after Halm by Prof. 
A. S. WiLKlNS, M.A. 3J. 6d, 

PRO ROSCIO AMBRINO. Edited after Halm by E. 
H. Don KIN, M.A., late Scholar of Lincoln College, Oxford ; 
Assistant-Master at Uppingham. 4,r. 6d. 

PRO P. 8BSTIO. Edited by Rev. H. A. Holdkn, 
M.A., LL.D., late Head-Master of Ipswich School, and 
Fellow and Assistant Tutor of Trinity College, Cambridge, 
Editor of Aristophanes, ^c. [In preparation. 

0BMO8THBNB8— THB ORATION ON THB CROIVM. 

Edited by $, Dbakk, M.A., late Fellow of King** CfliUege, 
Cambridge. New and revised Edition. 4^. 6d. 

ADVBRSU8 laBPTXNBM. Edited by Rev. J. R. KiNo; 
M.A., Fellow and Tutor of Oriel College, Oxford. 4^. 6d. 

THB FIR8T PHIIiIPPIC. Edited after C. Rbhdantz, 
by Rev. T. Gwatkin, M.A., late Fellow of St. John's 

College, Cambridge. 2j. 6^. 
BURIPIDiB8-HIPPOIiYTU8. Edited by J. P. Mahaffy, M.A. , 
Fellow and Professor of Ancient Hist in Trinity Coll., Dublin, 
and J. B. Bu&Y, Scholar of Trinity College, DubUn. y. 6d, 
MBPBA. Edited by A. W. Vxrrall» M.A., Fellow and 
Lecturer of Trinity College, Cambridge, ys. 6d, 
BBIiBCT PI.AY89 by various Editors. 

BACCHAB. Edited by E. S. Shuckbu&gh, M. A., Assistant- 
Master at Eton College. \In preparatian, 

IPHiaBNiA IN TAURia. Edited by K B. England, 
M. A. , Lecturer at the Oweoa College^ Mandwstar. [In thepras* 
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TACITUS— AOKIOOIJk and OBKMAIIIA. Edited by A. J. 
Church, M.A., and W. J. Beodeibb, M.A^ Translaton of 
Tacitus. New Edition, 3/. 6d, Or separately, 2s. each. 
THE ANNAIiB, Book VI. By the same Editors. 2j. 6d. 
THB HISTORY. Book* I. and II. Edited by C. £. 
Graves, M.A. [In pr€paruium, 

TBRENCE—HAUTON TIMORUMENOS. Edited by £. S. 
Shuckburgh, M.A., Assistant- Master at Eton Collie, y. 
With Translation, 4J. 6d. 

PHORMIO. Edited by Rev. John Bond, M.A., and 
A. S. Walpole, B.A. 4r. 6^. 

THUCYDIDES— THB SICII.IAN EXPEDITION, Books 
VI. and VII. Edited by the Rev. Percival Frost, M.A,, 
late Fellow of St. John's College, Cambridge. New Edition, 
revised and enlarged, with Map. 51. 

THUGYBIDBS— Books I. asd II. Edited by H. BeoadbknTi 
M.A., Fellow of Exeter Collie, Oxford, and Assistant- 
Master at Eton College. [In preparation. 
Books III. IV. and V. Edited by C. £. Graves, M.A., 
Classical Lecturer, and late Fellow of St. John's Collie, 

Cambridge. (To be published separately.) 

[Book IV, in thipresi, 

TIBULIiUS. SELECTIONS, Editedby J. P. PosTGATE, M.A., 

Fellow of Trinity College, Cambridge. [In preparation. 

VIRGIIi— JBNEID II. and III. The Narrative of iEneas. 
Edited by E. W. HowsoN, M.A., Fellow of Kin^^s 
Collie, Cambridge, and Assistant-Master at Harrow. 3^. 

XENOPHON— HELLENIOA, Books I. and II. Edited by 
H. Hailstone, B.A., late Scholar of Peterhouse, Cambridge. 
With Map. 4J. 6rf. 

CYROPADIA, Books VII. and VIII. Edited by Alfred 
Goodwin, M.A., Professor of Greek in University College, 
London. 5x. 

MEMORABIIilA SOCRATIS. Edited by A. R. Cluer, 

K.A., Ualliol College, Oxford. 6j. 

THB ANABASIS-Books L to IV. Edited, with Notes, 
by Professors W. W. Goodwin and J. W. White. Adapted 
to Goodwin's Greek Grammar. With a Map. 51. 

Other voiunus wUl follow. 
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CLASSICAL. 

JEBOUYVan^THE EUMENIDES. The Greek Text, with 
Introduction, English Notes, and Verse Translation. By 
Bernard Drakb, M.A., late Fellow of King's College* 
Cambridge. 8vo. 5-^* 

THE ORESTEIAN TRILOGY. Edited, with Introduction 
and Notes, by A. O. Prickard, M.A., Fellow and Tutor of 
New College, Oxford. 8vo. {In preparation. 

ANTONINUS, MARCUS AURELIUS— i?C>C?ir/F. OF THE 
MEDITA TIONS, The Text Revised with Translation and 
Notes. By Hastings Crossley, M.A., Piofessor of Greek 
in Queen's College, Belfast 8vo. 6s, 

ARISTOTLE.— y#A^ INTRODUCTION TO ARISTOTLE'S 
RHETORIC. With Analysis, Notes, and Appendices. By 
E. M. Cope, Fellow and Tutor of Trinity College, Cambridge, 
8vo. 14J. 

ARISTOTLE ON FALLACIES; OR, THESOPHISTICI 
ELENCHL With Translation and Notes by E. Poste, M. A., 
Fellow of Oriel College, Oxford. 8vo. 8j. 6d. 

THE METAPHYSICS. BOOK I. Translated by a Cam- 
bridge Graduate. 8vo. 5j. \Book II. in preparation. 

THE POLITICS. Edited, after Susemihl, by R. D. Hicks, 
M.A.,- Fellow of Trinity College, Camb. 8vo. [/« the press. 

THE POLITICS. Translated by J. E. C. Welldon, M.A., 
Fellow of King's College, Cambridge, and Head Master of 
Dulwich College. Crown 8vo. [/« the press- 

THE RHETORIC. By the same Translator. [In preparation. 
ARISTOPHANES— 7:^^ BIRDS, Translated into English 

Verse, v^ith Introduction, Notes, and Appendices, by B. H. 

Kennedy, D.D., Regius Professor of Greek in the University 

of Cambridge. Crown 8vo. 6s. Help Notes to the same, 

for the use of Students, is. 6d. 
ARNOLD—^ HANDBOOK OF LATIN EPIGRAPHY-- 

By W. T. Arnold, B.A. \In preparation. 

THE ROMAN SYSTEM OF PROVINCIAL AD- 
MINISTRATION TO THE ACCESSION OF CON 
STANTINE THE GREA T. Crown 8vo. 6s 

'* Ought to prove a valuable handbook to the student of RomaQ His- 
tory. "—Guardian. 
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BABRIUS. (RUTHBKFORD.) BABRIUS. Edited, with 
Introductory Dbsertations, Critical Notes, Commentary and 
Lexicon. By W. G. Rutherford, M.A., Author of **The 
New Phrynichus," &c., Balliol College, Oxford; Assistant- 
Master in St. Paul's School. 8vo. 12s. td. 

BELCHER — 5.^0^ r EXERCISES IN LATIN PROSE 
COMPOSITION AND EXAMINA TION PAPERS IN 
LATIN GRAMMAR, to which is prefixed a Chapter on 
Analysis of Sentences. By the Rev. IT Belcher, M.A., 
Assistant-Master in King's College School, London. New 
Edition. i8mo. is. dd. 
KEY TO THE ABOVE (for Teachers only). 2J. 6^. 
SHORT EXERCISES IN LATIN PROSE COMPOST. 
TION. PART II., On the Syntax of Sentences, with an 
Appendix, inciMAmg EXERCISES IN LATIN IDIOMS, 
6r*c. i8mo. 2s. 
KE Y TO THE ABOVE, [In preparation, 

BVACKl^—GREEUr AND ENGLISH DIALOGUES FOR 
USE IN SCHOOLS AND COLLEGES. By John 
Stuart Blackie, formerly Professor of Greek in the University 
of Edinburgh. New Edition. Fcap. 8vo. 2J. 6^/. 

CICERO— THE ACADEMICA. The Text revised and explained 
by James Reid, M.A., Fellow of Caius College, Cambridge. 
New Edition. With Translation. 8vo. [In the press. 

THE ACADEMICS. Translated by Jambs S. Reid. M.A. 
8vo. 5j. 6d. 

SELECT LETTERS.-^ After the Edition of Albert 
Watson, M.A. Translated by G. E. Jeans, M.A., Fellow 
of Hertford College, Oxford, and Assistant- Master at Hailey- 
bury. 8vo. los. 6d. 

CXiASSlCAIi VTRITERS. Edited by J. R. Green, M.A. 
Fcap. 8vo. is. 6d. each. 

A Series of small volumes upon some of the principal 
classical writers whose works form subjects of study in our 
Schools. 

EURIPIDES. By Professor J. P. Mahapfy. [Ready. 

LIVY, By Rev. W. W. Capes, M.A. [Ready, 

SOPHOCLES, By ProC Lewis Campbell. [Ready. 
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CZ.A88ICAI. 1VRITBR8 ConHnued-^ 

VERGIL, By Professor H. Nettlkship. [Ready. 

DEMOSTHENES. By Prof. S. H. Butcher. [Ready. 

TACITUS. By A. J. Church, M. A., & W. J. Brodribb, 
M.A. [Ready. 

CICERO. By Professor A. S. Wilkins. Ir, ^ ^ 
HERODOTUS By James Bryce, M. A. j ^^"^ t^^^^'*^- 

UlslslS— PRACTICAL HINTS ON THE QUANTITATIVE 
PRONUNCIA TION OF LA TIN, for the use of Classical 
Teachers and Linguists. By A. J. Ellis, B.A., F.R.S. 
Extra fcap. 8vo. 4J. 6^. 

'EX^QiImK'^T^— EXERCISES ON LATIN SYNTAX AND 
IDIOM, ARRANGED WITH REFERENCE TO 
ROBY'S SCHOOL LATIN GRAMMAR. By E. B. 
England, M.A., Assistant .Lecturer at the Owens College, 

Manchester. Cro^Ti 8vo. 2s. 6d, — Key, for Teachers only, 
2s, 6d. 
BURIPIDBS— MEDEA. Edited, with Introduction and Notes, by 

A. W. Verrall, M.A., Fellow and Lecturer of Trinity 

College, Cambridge. 8vo. ys. 6d. 
OEDDE8— r^^ PROBLEM OF THE HOMERIC POEMS. 

By W. D. Geddes, Professor of Greek in the University of 

Aberdeen. 8vo. 14^. 
OZ.AB8TONB— Works by the Rt. Hon. W. E. Gladstone, M.P. 

JUVENTUS MUNDI; or, Gods and Men of the Heroic 

Age. Second Edition. Crown 8vo. ioj. 61/. 

THE TIME AND PLACE OF HOMER, Crown 8vo. 

6j. (id. 

A PRIMER OF HOMER. i8mo. \s. 
GOODIVIN —Works by W. W. Goodwin, Professor of Greek in 

Harvard University, U.S.A. 

SYNTAX OF THE MOODS AND TENSES OF THE 

GREEK VERB. New Edition, revised. Crown 8vo. 

6y. dd. 

A GREEK GRAMMAR. New Edition, revised. Crown 

8vo. 6j. 

" It is the best Greek GraiT\inar of its sise in the English language."— 
Athtnautn, 

A GREEK GRAMMAR FOR SCHOOLS. Crown 8vo. 
3J. dd. 
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OOODWIN— ^ TEXT-BOOK OF GRBBK PHILOSOPHY^ 

based on Rittse and Prellkr's "Historia Philosophiae 
Graecae et Romanae/' By Alfrkd Goodwin, M. A., Fellow 
of Balliol College, Oxford, and Professor of Greek in 
University College, London. 8vo. \In preparation, 

OKBBNWOOD— r^i? ELEMENTS OF GREEK GRAM- 
MAR^ including Accidence, Irregular Verbs, and Principles of 
Derivation and Composition ; adapted to the System of Crude 
Forms. By J. G. Greenwood, Principal of Owens CoD^e, 
Manchester. New Edition. Crown 8vo. 5^. dd, 

QlUiODOTyB, Boolui \,—\\\,'-THE EMPIRES OF THE 
EAST Edited, with Notes and Introductions, by A. H. 
Saycs, M.A., Fellow and Tutor of Queen's Collide, Oxford, 
and Deputy-Professor of Comparative Philola|^« Svo. 

[In the press, 

ViOJ^QUOV— MYTHOLOGY FOR LATIN VERSIFICA- 
TION A brief Sketch of the Fables of the Ancients, 
prepared to be rendered into Latin Verse for Schools. By 
F. Hodgson, B.D., late Provost of Eton. New Edition, 
revised by F. C. Hodgson, M.A. i8mo. jj. 

YLOHL^^—THE ODYSSEY, Done into English by S. H. 
Butcher, M.A., Professor of Greek in the University of Edin- 
burgh, and Andrew Lang, M. A., late Fellow of Merton Col- 
lege, Oxford. Third Edition, revised and corrected, with new 
Introduction, additional Notes, and Illustrations. Crown 8vo 
10 J. 6^. 

THE ILIAD, Edited, with Introduction and Notes, by 
Walter Leaf, M.A., Fellow of Trinity Collie, Cambridge, 
and the late J. H. Pratt, M.A. 8vo. [In preparation. 

THE ILIAD, Translated into English Prose. By Andrew 
Lang, M.A., Walter Leaf, M.A., and Ernest Myers* 
M.A. Crown 8vo. I2J. td, 

HOMERIC DICTIONABY. For Use in Schools and Colleges. 
Translated from the German of Dr. G. Autenrieth, with 
Additions and Corrections by R, P. Keep, Ph.D. With 
numerous Illustrations. Crown 8vo. 6i. 
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BomAOB— 7*ZrS WORKS OF HORACE^ rendered into 
English Prose, with Introductions, Running Analysis, and 
Noted, by J. Lonsdale, M.A., and S. Lbx, M.A. Globe 
Svo. 3f. 6d, 

9 ACKBOft— FIRST STEPS TO GREEK PROSE COM- 
PUSJTION. By Blomfield Jackson, M.A., Assistant- 
Master in King's College School, London. New Edition, 
revised and enlarged. i8mo. is, 6d, 

KEY TO FIRST STEPS. iSmo. jx. 6d. 

(Supplied to Teachers only.) 

SECOND STEPS TO GREEK PROSE COMPOSITION^ 
with Miscellaneous Idioms, Aids to Accentuation, and Exami- 
nation Papers in Greek Scholarship. i8mo. tls, 6ii, 

KEY TO SECOND STEPS, ' i8mo, p. 6d, 
(Supplied to Teachers only. ) 

A MANUAL OF GREEK PHILOSOPHY, By Henry 
Jackson, M.A., Fellow and Praelector in Ancient Philosophy, 
Trinity College, Cambridge. [In preparation, 

JSBB— Works by R. C. JEBB, M.A., Professor of Greek in the 
University of Gla^ow. 

THE ATTIC ORATORS FROM ANTIPHON TO 
ISAEOS. 2 vols. Svo. 25J. 

SELECTIONS FROM THE A TTIC OR A TORS, ANTI- 
PHON, ANDOKIDES, LYSIAS, ISOKRATES, AND 
ISASOS, Edited, with Notes. Being a companion volume to 
the preceding work. Svo. 12^. 6d, 

THE CHARACTERS OF THEOPHRASTUS. Translated 
from a revised Text, with Introduction and Notes. Extra fcap. 
8Vo. 6/. (id, 

A PRIMER OF GREEK LITER A TURE, iSmo. u, 

A HISTOR Y OF GREEK LITER A TURE. Crown 8va 

[In prtparatifln 
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JUVBNAI.- THIRTEEN SA TIRES OF JUVENAL, With 
a Commentary. By John E. B. Mayoe, M.A., Kennedy 
Professor of Latin at Cambridge. Vol. I. Second Edition, 

enlarged. Crown 8vo. 7j. 6df. Vol. II. Crown 8vo. loj. 6^. 

" For really ripe scholarship, extensive acquaintance with Latin litera- 
ture, and familiar knowledge of continental criticism, ancient and modem, 
it is unsurpassed among English editions." — Pkof. Conington in 
"Edinburgh Review." 

" Mr. Mayor's work is beyond the reach of common literary compli- 
ment. It is not only a commentary on Juvenal, but a mine of the most 
valuable and interesting information on the history, social condition, 
manners, and beliefs of tne Roman world during the period of the early 
Empire." — Prof. Nettleship in the "Academy. 

" Scarcely any valuable contribution that has been hitherto made to the 
interpretation of Juvenal will be sought in vain in this commentary .... 
1'his excellent work meets the long felt want of a commentary to Juvenal 
on a level with the demands of modem science." — Prop. Friedlandbk 
OP KSnigsbbrgin " Jahrbsbbricht pDr Altbrthumswissbnschaft." 

THIRTEEN SATIRES- Translated into English after the 
Text of J. E. B. Mayor by Herbert Strong, M.A., Professor 
of Latin, and Alexander Leeper, M.A., Warden of Trinity 
College, in the University of Melbourne. Crown 8vo. 3^. 6d. 

fLl-EP-ERT— MANUAL OF ANCIENT GEOGRAPHY, 
Translated from the German of Dr. Heinrich Kiepert. 
Crown 8vo. 5f. 

"The English Edition of the * Manual ' will form an indispensable com- 
panion to Kiepert's 'Atlas 'now used in many of our leading schools." — 
The Times. 

WLrrtiASTO^-FXERCISES IN THE COMPOSITION OF 

GREEK IAMBIC VERSE by Translations from English 

Dramatists. By Rev. H. Kynaston, M.A., Principal of 

Cheltenham College. With Introduction, Vocabulary, &c. 

Extra fcap. Svo. 4J. 6d. 

KEY TO THE SAME (for Teachers only). Extra fcap. 
Svo. 4f. td. 

IiIVY, Books XXI.--XXV. Translated by Alfred John 
Church, M.A., of Lincoln College, Oxford, Professor of 
Latin, University College, London, and William Jackson 
Brodrtbb, M.A., late Fellow of St. John's College, Cambridge. 
Crown Svo. *js. 6d. 

WACJIIIImImAV- FIRST LATIN GRAMMAR, By M". C. 
Macmillan, M. a., late Scholar of Christ's College, Cambridge ; 
sometime Assistant-Master in St. Paul's School. New Edition, 
enlarged. iSmo. u. 6df. A Short Syntax is in preparation 
to follow the Accidence. 
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MAHAPPY— Worlcs by J. P. Mahaffy, M.A., Professor of 
Ancient History in Trinity College, Dublin. 
SOCIAL LIFE IN GREECE ; from Homer to Menander. 
Fourth Edition, revised and enlarged. Crown 8vo. gj. 
RAMBLES AND STUDIES IN GREECE, With lUus- 
trations. Second Edition. With Map. Crown 8vo. los. 6a. 
A PRIMER OF GREEK ANTIQUITIES. With Illus- 
trations. i8mo. I J. 
EURIPIDES. i8mo. u. &/. {Classical WHters.) 

MARSHALI. - A TABLE OF IRREGULAR GREEK 
VERBS, classified according to the arrangement of Curtius' 
Greek Grammar. By J. M Marshall, M.A., one of the 
Masters in Clifton College. 8vo, cloth. New Edition, is, 

KAnriAIs— BOORS /. AND IL OF THE EPIGRAMS. 
Edited, with Introduction and Notes, by Professor J. E. B. 
Mayor, M.A. 8vo. [In the press. 

MAYOR (JOHN E. -B.)— FIRST GREEK READER. Edited 
after Karl Halm, with Corrections and large Additions by 
Professor John E. B. Mayor, M.A., Fellow of St. John's 
College, Cambridge. New Edition, revised. Fcap. 8vo^ 4J. 6d, 

BIBLIOGRAPHICAL CLUE TO LATIN LITERA- 
TURE. Edited after HfJBNER, with large Additions by 
Professor John E. B. Mayor. Crown 8vo. loj. 6d. 

MAYOR (JOSEPH 'B.)--GREEK FOR BEGINNERS. By 
the Rev. J. B. Mayor, M.A., Professor of Classical Literature 
in King's College, London. Part I., with Vocabulary, is. 6d. 
Parts II. and III., with Vocabulary and Index, 3^. 6d. com- 
plete in one Vol. New Edition. Fcap. 8vo, cloth. 4^. 6d. 

n\7LO^— PARALLEL EXTRACTS arranged for translation 
into English and Latin, with Notes on Idioms. By J. £. 
Nixon, M.A., Fellow and Classical Lecturer, King's College, 
Cambridge. Part I. — Historical and Epistolary. New Edition, 
revised and enlarged. Crown 8vo. 3x. dd. 

FnRyfiionuS'-BxrrmTiB.TO'Rj}'— THE new phry- 

NICHUS; being a Revised Text of the Ecloga of the Gram- 
marian Phrynichus. With Introduction and Commentary by 
W. GuNiON Rutherford, M.A., of Balliol College, Oxford, 
Assistant Classical Master in St. Paul's School. 8vo. i8x. 
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^INBAR— THE EXTANT ODES OF PINDAR. Translated 
into English, with an Introduction and short Notes, by Ernest 
Myers, M.A., Fellow of Wadham College, Oxford. Crown 
8vo. 5j. 

PI.ATO — THE REPUBLIC OF PL A TO, Translated into 
English, with an Analysis and Notes, by J. Ll. Davies, 
M.A., and D. J. Vaughan, M.A. i8mo. 4J. 6^^. 

PHILEBUS. Edited, with Introduction and Notes, by 
Henry Jackson, M. A., Fellow of Trinity College, Cambridge. 
8vo. \In preparation, 

THE TRIAL AND DEATH OF SOCRATES, Being 
the Euthyphro, Apology, Crito, and Phaedo of Plato. Trans- 
lated by F. J. Church. Crown 8vo. 4J. 6d. 

PHjEDO, Edited by R. D. Archer-Hind, M.A., Fellow 
of Trinity College, Cambridge. 8vo. \In preparation, 

PJ»AJrrVB--THE MOSTELLARIA OF PLAUTUS, With 
Notes, Prolegomena, and Excursus. By William Ramsay, 
M.A., formerly Professor of Humanity in the University of 
Gl?isgow. Edited by Professor George G. Ramsay, M.A., 
of the University of Glasgow. 8vo. 14J. 

POSTGATB AND VINCB— ^ DICTIONARY OF LATIN 
ETYMOLOGY. By J. P. Postgate, M.A., and C. A. 
Vince, M.A. [In preparation. 

POTTS (A. W.)— Works by ALEXANDER W. PoTTS, M.A., 
LL.D., late Fellow of St. John's College, Cambridge ; Head 
Master of the Fettes College, Edinburgh. 

HINTS TOWARDS LATIN PROSE COMPOSITION. 
New Edition. Extra fcap. 8vo. 3^. 

PASSAGES FOR TRANSLATION INTO LATIN 
PROSE. Edited with Notes and References to the above. 
Extra fcap. 8vo. 2j. 

LATIN VERSIONS OF PASSAGES FOR TRANSLA 
TION INTO LA TIN PROSE (for Teachers only). 2s, 6d 

EXERCISES IN LATIN PROSE, With Introduction, 
Notes, &c., for the Middle Forms of Schools. Extra fcap. 8vo. 

[In preparation. 
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—A GRAMMAR OF THE LATIN LANGUAGE, from 

Plautus to Suetonius. By H. J. RoBY, M.A., late FcUow of 

St. John's College, Cambridge. In Two Parts Third Edition. 

Part I. containing : — Book I. Sounds. Book II. Inflexions. 

. Book IIL Word- formation. Appendices. Crown 8vo. &. 6d, 

Part II. — Syntax, Prepositions, &c. Crown 8vo. loj. 6d. 

*' Marked by the clear and practised insight of a mastor in his art. 
A book that would do honour to any country.'^— AruBNiBUM. 

SCHOOL LATIN GRAMMAR. By the same Author. 
Crown Svo. ^, 

BXfBVL-SYNTffETlC LA TfN DELECTUS. A First Latin 
Construing Book arranged on the Principles of Grammatical 
Analysis. With Notes and Vocabulary. By £. Rush, B.A. 
With Preface by the Rev. W. F. MouLTON, M.A., D.D. 
Second and Enlarged Edition. Extra fcap. Svo. 2J. 6d, 

RUST- FIRST STEPS TO LA TIN PROSE COMPOSITION. 
By the Rev. G. Rust, M.A., of Pembroke college, Oxford, 
Master of the Lower School, King's College, London. New 
Edition. i8mo. u. 6d, 

m 

BUTHERFORD^^ FIRST GREEK GRAMMAR. By W. G. 
Rutherford, M.A., Assistant-Master in St Paul's School, 
London. N-ew Edition, enlarged. Extra fcap. Svo. u. dd, 

BMULiasr^CATALINEANDJUGURTNA, Translated, with 
Introductory Essays, by A. W. PoLLARD, B.A. Crown 
Sto. 6j. 

8BEI.EY— ^ PRIMER OF LATIN LITERATURE. By 
Prof. J. R. SsELKY. i8mo. [In preparation. 

SlVLfBOJX -PROGRESSIVE EXERCISES IN LATIN 
PROSE COMPOSITION. Founded on Passages selected 
from Cicero, Livy, &c. By F. P. Simpson, B.A., of Balliol 
College, Oxford. [In preparation. 

TACirvs— COMPLETE WORKS TRANSLATED. By A. J. 
Church, M.A., and W. J. Brodribb, M.A. 

THE HISTORY. With Notes and a Map. New Edition. 
Crown Svo. 6j, 
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TAOITU^^TJIE ANNALS. With Notes and Maps. New 
Edition. Crown 8vo. 75. (id, 

THE AGRICOLA AND GERMANY, WITH THE 
DIALOGUE ON ORATORY, With Maps and Notes. 
New and Revised Edition. Crown 8vo. 4r. dd, 

THE ANNALS, Edited, with Introductions and Notes, by 
G. O. Holbrooke, M.A., Professor of Latin in Trinity 
College, Hartford, U.S.A. With Maps. 8vo. i6j. 

THE HISTORIES, Edited, with Introduction and Notes, by 
Rev. Walter Short, M.A., and Rev. W. A. Spooner, 
M. A., Fellows of New Collie, Oxford. 8vo. \In preparation, 

THEOCRITUS, BION and MOSOHUS. Rendered into 
English Prose with Introductory Essay by Andrew Lang, 
M.A. Crown 8va 6f. 

THEOPHRA8TUS— TI^Ti? CHARACTERS OF THEO- 
PHRASTUS. An English Translation from a Revised Text.. 
With Introduction and Notes. By R, C. Jebb, M.A., Pro- 
fessor of Greek in the University of Gla^;ow. Extra fcap. 8vo. 
dr. dd, 

THRING — ^Works by the Rev. E. Thring, M.A., Head 
Master of Uppingham School. 

A LATIN GRADUAL, A First Latin Construing Book 
for Beginners. New Edition, enlarged, with Coloured Sentence 
Maps. Fcap. 8vo. 2j. (id, 

A MANUAL OF MOOD CONSTRUCTIONS. Fcap. 
8vo. IS, 6d, 

A CONSTRUING BOOK. Fcap. 8vo. ^s. 6d, 

'Vinail^THE IVORKS OF VIRGIL RENDERED INTO 
ENGLISH PROSEy with Notes, Introductions, Running 
Analysis, and an Index, by James Lonsdale, M.A., and 
Samuel Lee, M.A. New Edition. Globe 8vo. 3^. 6d, 

y^niTB— FIRST LESSONS IN GREEK. Adapted to Good- 
win's Greek Grammar, and designed as an introduction to the 
Anabasis of Xenophon. By John Williams White, Ph.D., 
Assistant-Prof, of Greek in Harvard University. Crown 8vo. 
4J. dd. 
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WII.KIN8— ^ PRIMER OF ROMAN ANTIQUITIES. By 
A. S. WiLKiNS, M.A., Professor of Latin in the Owens 
Collie, Manchester. With Illustrations. i8mo. is. 

VTBXQtVn — Works by J. Wright, M.A., late Head Master of 
Sutton Coldfield School. 

HELLENIC A ; OR, A HISTORY OF GREECE IN 
GREEK, as related by Diodorus and Thucydides ; being a 
First Greek Reading Book, with explanatory Notes, Critical 
and Historical. New Edition, with a Vocabulary. Fcap. 8vo. 
31. (id. 

A HELP TO LATIN GRAMMAR; or, The Form 
and Use of Words in Latin, with Progressive Exercises. 
Crown 8vo. 41. 6^. 

THE SEVEN KINGS OF ROME. An Easy Narrative, 
abridged (irom the First Book of Livy by the omission of 
Difficult Passages ; being a First Latin Reading Book, with 
Grammatical Notes and Vocabulary. New and revised 
Edition. Fcap. 8vo. 3^. 6d. 

FIRST LATIN STEPS; OR, AN INTRODUCTION 
BY A SERIES OF EXAMPLES TO THE STUDY 
OF THE LATIN LANGUAGE. Crown 8vo. y. 

ATTIC PRIMER. Arranged for the Use of Beginners. 
Extra fcap. 8vo. 2j. td. 

A COMPLETE LATIN COURSE, comprising Rules with 
Examples, Exercises, l^th Latin and English, on each Rule 
and Vocabularies. Crown 8vo. 2j. 6^. 
WRIGHT {1SL.C.)-'EXERCISES IN LATIN By H. C 
Wright, B. A., Assistant- Master at Haileybury College. 

\In preparation, 

MATHEMATICS. 
AIRY — Works by Sir G.B. Airy, K.C.B., formerly Astronomer- 
Royal : — 

ELEMENTARY TREATISE ON PARTIAL DIF- 
FERENTIAL EQUATIONS. Designed for the Use of 
Students in the Universities. With Diagrams. Second Edition. 
Crown 8vo. 5^. 6J. 

b 2 
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AIRY—OA^ TITE r ALGEBRAICAL AND NUMERICAL 
THEORY OF ERRORS OF OBSERVATIONS AND 
THE COMBINATION OF OBSERVATIONS. Second 
Exiition, revised. Crown 8vo. 6j. (>d, 

UNDULATORY THEORY OF OPTICS, Designed for 
the Use of Students in the University. New Edition. Crown 
8vo. 6f. 6^. 

ON SOUND AND ATMOSPHERIC VIBRATIONS, 
With the Mathematical Elements of Music. Designed for the 
Use of Students in the University. Second Edition, revised 
and enlarged. Crown 8vo. 9*. 

A TREA TISE ON MAGNETISM. Designed for the Use 
of Students in the University. Crown 8vo. gj. 6d. 

AIRY (OSMUND)— i€ TREATISE ON GEOMETRICAL 
OPTICS. Adapted for the Use of the Higher Classes in 
Schools. By Osmund Airy, B.A., one of the Mathematical 
Masters in Wellington College, Extra fcap. 8vo. y. 6d. 

JLImJ^IB—THE giant ARITHMOS. a most Elementary 
Arithmetic for Children. By Maky Steadman Aldis. 
Illustrated. Globe 8vo. 2s. 6d. 

AIiBXANDER {T.)r-ELEMENTARY APPLIED MECHA- 
NICS. Being the simpler and more practical Cases of Stress 
and Strain wrought out individually firom first principles by 
means of Elementary Mathematics. By T. Alexander, C.E., 
Professor of Civil Engineering in the Imperial College of 
Engineering, Tokei, Japan. Crown 8vo. 4;. 6d. 

[Part II. in the press. 

BAYKA— THE ELEMENTS OF MOLECULAR MECHA- 
NICS. By Joseph Bayma, S.J., Professor of Philosophy, 
Stonyhurst College. Demy 8vo. ioj. 6^ 

BBASI^BY^^iV ELEMENTARY TREATISE ON PLANE 
TRIGONOMETR Y. With Examples. By R. D. Beasley, 
M.A. Fifth Edition, revised and enlarged. Crown 8vo. 
3J-. 6:/. 
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BLACKBURN {nVQU) — ELEMENTS OF PLANE 
TRIGONOMETRY, for the use of the Junior Class in 
Mathematics in the University of Glasgow. By Hugh 
Blackburn, M.A., late Professor of Mathematics in the 
University of Glasgow. Globe 8vo. u. td. 

BOOIiB—Works by G. Boole, D.C.L., F.R.S., late Proffcsor 
of Mathematics in the Queen's University, Ireland. 

A TREATISE ON DIFFERENTIAL EQUATIONS, 
Third and Revised Edition. Edited by I. Todhunter. Crown 
8vo. I4r. 

A TREATISE ON DIFFERENTIAL EQUATIONS, 
Supplementary Volume. Edited by I. Todhunter. Crown 
8vo. &r. dd, 

THE CALCULUS OF FINITE DIFFERENCES, 
Third Edition, revised by J. F. MouLTON. Cr. 8vo. los, td, 

BROOK-SMITH {J.)— ARITHMETIC IN THEORY AND 
PRACTICE, By J. Brook-Smith, M.A., LL.B., St. 
John's College, Cambridge ; Barrister-at-Law ; one of the 
Masters of Cheltenham College. New Edition, revised. 
Crown 8vo. /^. 6d, 

GAMBRIDGE 8ENATE-HOU8B PROBIiBMS and RIDSRB, 
mriTH SOIiUTIONS :— 

\%*^<i— PROBLEMS AND RIDERS, By A. G. Greenhill, 
M.A. Crown 8vo. 8x. 6</. 

1%^?^S0LUTI0NS OF SENATE'HOUSE PROBLEMS, 
By the Mathematical Moderators and Examiners. Edited by 
J. W. L. Glaisher, M.A., Fellow of Trinity College, 
Cambridge. I2s, 

CAXt-DlM-ER—HELP TO ARITHMETIC. Designed for the 
use of Schools. By H. Candler, M.A., Mathematical 
Master of Uppingham School. Extra fcap. 8vo. 2s, 6d. 

CHEYNE— y^JV ELEMENTARY TREATISE ON THE 
PLANETARY THEORY, By C. H. H. Cheyne, M.A., 
F.R.A.S. With a Collection of Problems. Second Edition. 
Crown 8vo. 6x. ^, 
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CHRISTIE—^ COLLECTION OF ELEMENTARY TEST- 
QUESTIONS IN PURE AND MIXED MATHE- 
MATICS; with Answers and Appendices on Sjrnthetic 
Division, and on the Solution of Numerical Equations by 
Homer's Method. By James R. Christie, F.R.S., Royal 
Military Academy, Woolwich. Crown 8vo. %s. 6d, 

OlMirroWtJ^-TBE ELEMENTS OF DYNAMIC. An In- 
troduction to the Study of Motion and Rest in Solid and Fluid 
Bodies. By W. K. Clifford, F.R.S., late Professor of 
Applied Mathematics and Mechanics at University College, 
London. Part I.— KINEMATIC. Crown 8vo. Js. 6d. 

CONBTABIs^— GEOMETRICAL EXERCISES FOR BE- 
GINNERS, By Samuel Constable. Crown 8vo. y, 6d, 

OVmvuua—AN INTRODUCTION TO THE THEORY 
OF ELECTRICITY. By LiNNiEUS Cumming, M.A., 
one of the Masters of Rugby School. With Illustrations. 
Crown 8vo. %s. 6d, 

CVTmBBWBOJX^EUCLIDIAN GEOMETRY, By Francis 
CUTHBERTSON, M.A., LL.D., Head Mathematical Master of 
the City of London School. Extra fcap. 8vo. 4r. 6d. 

DAItTON — Works by the Rev. T. Dalton, M.A., Assistant- 
Master of Eton College. 

RULES AND EXAMPLES IN ARITHMETIC. New 
Edition. i8mo. 2s. 6d. [Answers to the Examples are appended, 

RULES AND EXAMPLES IN ALGEBRA. Part I. 
New Edition. i8mo. 2J. Part II. i8mo. 2s. 6d. 

-DK^— PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY. Part I. THE ELLIPSE. With 
Problems. By the Rev. H. G. Day, M.A. 8vo. 3J. 6^. 

DODGBON— ^^CZ:/Z?, Books I. and IL Edited by CHARLES 
L. DoDGSON, M.A., Student and late Mathematical Lecturer 
of Christ Church, Oxford. Second Edition, with words sub- 
stituted for the Algebraical Symbols used in the First Edition. 
Crown 8vo. 2j. 
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liWEW— GEOMETRICAL TREATISE ON CONIC SEC- 
TIONS, By W. H. Drew, M.A., St. John's College, 
Cambridge. New Edition, enlarged. Crown 8vo. 5^* 
SOLUTIONS TO THE PROBLEMS IN DREWS 
CONIC SECTIONS. Crown 8vo. 4J. 6d. 

1>YVB,— EXERCISES IN ANALYTICAL GEOMETRY, 
Compiled and arranged by J. M. Dyer, M.A., Senior 
Mathematical Master in the Cla<;sical Department of Cheltenham 
College. With Illustrations. Crown 8vo. 4r. 6d, 

BDOAR (J. H.) and PRITCHARD (G. %,)—N0TE BOOK 
ON PRACTICAL SOLID OR DESCRIPTIVE GEO- 
METRY, Containing Problems with help for Solutions. By 
}. H. Edgar, M.A., Lecturer on Mechanical Drawing at the 
Royal School of Mines, and G. S. Pritchard. Fourth 
Edition, revised by Arthur Msezb. Globe Svo. 41. hd, 

FBRRER8-> Works by the Rev. N. M. FERRERS, M.A., Fellow 
and Master of Gonville and Caius College, Cambridge. 
AN ELEMENTARY TREATISE ON TRILINEAR 
COORDINATES^ the Method of Reciprocal Polars, and the 
Theory of Projectors. New Edition, revised. Crown Svo. 6j. dd, 
AN ELEMENTARY TREATISE ON SPHERICAL 
HARMONICS, AND SUBJECTS CONNECTED WITH 
THEM, Crown Svo. ^s. 6d. 

PROST— Works by Percival Frost, M.A,, formerly Fellow 
of St. John's College, Cambridge ; Mathematical Lecturer at 
King's College. 

AN ELEMENTARY TREATISE ON CURVE 
TRACING, By Percival Frost, M.A. Svo. \2s. 
SOLID GEOMETRY, A New Edition, revised and enlarged, 
of the Treatise by Frost and Wolstenholme. In 2 Vols. 
Vol. I. Svo. I dr. 

GODFRAY — Works by HuGH GoDFRAY, M.A., Mathematical 
Lecturer at Pembroke College, Cambridge. 
A TREATISE ON ASTRONOMY, for the Use of Colleges 
and Schools. New Edition. Svo. i2s. 6d, 
AN ELEMENTARY TREATISE ON THE LUNAR 
THEORY, with a Brief Sketch of the Problem up to the time 
of Newton. Second Edition, revised. Crown Svo. $s, 6d. 
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HEMMING— ^AT ELEMENTARY TREATISE ON TBE 
DIFFERENTIAL AND INTEGRAL CALCULUS, for 
the Use of Colleges and Schools. By G. W. Hemming, M. A., 
Fellow of St. John's CoU^;e, Cambridge. Second Edition, 
with Corrections and Additions. 8vo. pf. 

JACKSON — GEOMETRICAL CONIC SECTIONS. An 
Elementary Treatise in which the Conic Sections are defined 
as the Plane Sections of a Cone, and treated by the Method 
of Projection. By J. Stuart Jackson, M. A., late Fellow of 
Gonville and Caius College, Cambridge. Crown 8vo. 4J. td, 

#EI.I.BT (JOHN H.)— ^ TREATISE ON THE THEORY 
OF FRICTION, By John H. Jeixet, B.D,, Provost 
of Trinity College, Dublin; President of the Royal Irish 
Aoademy. Svo. 8^. 6d^ 

#09iS8 «ad OmEmX-B—ALGEBRAICAL EXERCISES, 
Progreasively Arranged. By the Rer. C. A. JONBS, M.A., and 
C. H. Chbyne, M.A., F.R.A.S., Mathematical Masters of 
Westminster School New Edition. i8mo. 2t. 6d, 

KBI.I.AND and 'tKVt— INTRODUCTION TO QUATER- 
NIONS y with numerous examples. By P. Kelland, M.A., 
F.R.S., and P. G. Tatt, M.A., Professors in the Department 
of Mathematics in the University of Edinburgh. Second 
Edition. Crown 8vo. ^5. 6d, 

KITCHENER—^ GEOMETRICAL NOTE-BOOK, containing 
Easy Problems in Geometrical Drawing preparatory to. the 
Study of Geometry. For the use of Sdiools. By F. E. 
Kitchener, M.A., Mathematical Master at Rugby. New 
Edition. 4to. 2J. 

ImOCYL— ELEMENT A R Y TRIGONOMETR Y. By Rev. J. B. 
Lock, M. A., Fellow of Caius CoU^e^ Cambridge ; Assistant- 
Master at Eton. Globe Svo. \s, 6d, 

HIGHER TRIGONOMETRY. By the same Author. 
Crown Svo. [In thi press, 

lASVTOTX^ELEMENTARY CHEMICAL ARITHMETIC. 
With i,ioo Problems. By Sydney Lupton, M.A., Assistant- 
Master in Harrow SthooL Globe Svo. 5x. 
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yiKavt— NATURAL GEOMETRY: an Introduction to the 
Logical Study of Mathematics. For Schools and Technical 
Classes. With Explanatory Models, based upon the Tachy- 
metrical works of Ed. Lagout By A. Mault. i8mo. is. 
Models to Illustrate the above, in Box, 12s. 6d. . 

mHUUlMAl^ -- ELEMENTS OF THE METHOD OF 
LEAST SQUARES. By xMansfield Merriman, Ph.D. 
Professor of Civil and Mechanical Engineering, Lehigh Uni- 
versity, Bethlehem, Penn. Crown 8vo. 'js. 6d. 

jflXlMlmK-R^ELEMENTS OF DESCRIPTIVE GEOMETRY. 
By J. B. Millar, C.E., Assistant Lecturer in Engineering in 
Owens College, Manchester. Crown 8vo. dr. 

ftORGAN--^ COLLECTION OF PROBLEMS AND 
EXAMPLES IN MATHEMATICS, With Answers. 
By H. A. Morgan, M.A., Sadlerian and Mathematical 
Lecturer of Jesus College, Cambridge. Crown 8vo. dr. 6d, 

Win— A TREATISE ON THE THEORY OF DETER- 
MINANTS, With graduated sets of Examples. For use in 
Colle'^es and Schools. By Thos. Muir, M.A., F.R.S.E., 
Mathematical Master in the High School of Glasgow. Crown 
8vo. fs, 6d, 

NEVITTON'S PRINCIPIA. Edited by Prof. Sir W. Thomson 
and Professor Blackburn. 4to, cloth. 31J. 6d. 

THE FIRST THREE SECTIONS OF NEWTON'S 
PRINCIPIA. With Notes and Illustrations. Also a Col- 
lection of Problems, principally intended as Examples of 
Newton's Methods. By Percival Frost, M.A. Third 
Edition. 8vo. iZf. 

PARKINSON— Works by S. Parkinson, D.D., F.R.S., Tutor 
and Praelector of St. John's College, Cambridge. 

AN ELEMENTARY TREATISE ON MECHANICS, 
For the Use of the Junior Classes at the University and the 
Higher Classes in Schools. With a Collection of Examples. 
Sixth Edition, revised. Crown 8vo, cloth. 9J. 6d. 

A TREATISE ON OPTICS, New Edition, revised and 
enlarged. Crown 8vo, cloth, los, 6d. 



26 BfACMILLAirS EDUCATIONAL CATALOGUE. 

VVDIXY—EXERCISES IN ARITHMETIC for the Use of 

Schools. Containing more than 7,000 original Examples. 
By S. Pedley, late of Tamworth Grammar SchooL Crown 
8vo. 51. 

VWLBKBi— ELEMENTARY HYDROSTATICS. With Nu- 
merous Examples. By J. B. Phear, M.A., Fellow and late 
Assistant Tutor of Clare Collie, Cambridge. New Edition. 
Crown 8vo. 51. 6rf. 

-^XKl^— LESSONS ON RIGID D YNAMICS, By the Rev. 
G. PiBiE, M.A., late Fellow and Tutor of Queen's College, 
Cambridge; Professor of Mathematics in the University of 
Aberdeen. Crown 8vo. 6j. 

PUOKI.E— ^AT ELEMENTARY TREATISE ON CONIC 
SECTIONS AND ALGEBRAIC GEOMETRY. A^^th 
Numerous Examples and Hints for their Solution ; especially 
designed for the Use of B^;inners. By G. H. Puckle, M.A. 
New Edition, revised and enlarged. Crown 8vo. 7x. td, 

UKWLIJXUOJX^ELEMENTARY STATICS, By the Rev. 
George Rawlinson, M.A. Edited by the Rev. Edward 
Sturges, M.A. Crown 8vo. 4s. 6d, 

MJkYhman—THE theory or sound. By Lord 
Rayleigh, M.A., F.R.S., formerly Fellow of Trinity Collie, 
Cambridge. 8vo. Vol. I. I2s. 6d. Vol. II. 12s. 6d, 

[Vol. III. in the press. 

KVYKOhUB—AfODERN METHODS IN ELEMENTARY 
GEOMETRY, By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College. Crown 8vo. 3^. 6d. 

ROUTH.— Works by Edward John Routh, M.A., F.R.S., 
late Fellow and Assistant Tutor of St Peter's College, 
Cambridge ; Examiner in the University of London. 

A TREA TISE ON THE D YNAMICS OF THE S YS TEM 
OF RIGID BODIES. With numerous Examples. Fourth 
and*enlarged Edition. Two Vols. Vol. I. — Elementary Parts. 
8vo. 14J. Vol. II. — ^The Higher Parts. 8vo. [In the Press. 

STABILITY OF A GIVEN STATE OF MOTION, 
PARTICULARLY STEADY MOTION. Adams* Prize 
Essay for 1877. 8vo. 8/. 64. 
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SMITH— Works by the Rev. Barnard Smith, M.A., Rector 
of Glaston, Rutland, late Fellow and Senior Bursar of 
St. Peter's College, Cambridge. 

ARITHMETIC AND ALGEBRA, in their Principles and 
Application ; with numerous systematically arranged Examples 
taken from the Cambridge Examination Papers, with especial 
reference to the Ordinary Examination iof the B.A. Degree. 
New Edition, carefully Revised. Crown 8vo. loj. 6^. 

ARITHMETIC FOR SCHOOLS. New Edition. Crown 
8vo. 4f. dd.' 

A KEY TO THE ARITHMETIC FOR SCHOOLS, 
New Edition. Crown 8vo. &f. td, 

EXERCISES IN ARITHMETIC, Crown 8vo, Ump 
doth, 2s. With Answers, 2s. 6d, 

Answers separately, 6d, 

SCHOOL CLASS-BOOK OF ARITHMETIC. i8mo. 
cloth, y. 
Or sold separately, in Three Parts, i^. each. 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC, 
Parts I., II., and III., 2s. 6d. each. 

SHILLING BOOK OF ARITHMETIC FOR NA TIONAL 
AND ELEMENTARY SCHOOLS, i8mo, cloth. Or 
separately, Part I. 2d, ; Part II. 3^. ; Part III. ^d, Answers. 
6d. 

THE SAME, with Answers complete. i8mo, cloth, u. 6d, 

KEY TO SHILLING BOOK OF ARITHMETIC, 
i8mo. 4r. 6d. 

EXAMINA TION PAPERS IN ARITHMETIC, i8mo. 
\s, 6d. The same, with Answers, i8mo. 2s, Answers, 6d, 

KEY TO EXAMINATION PAPERS IN ARITH- 
METIC, i8mo. 4J. 6d. 

THE METRIC SYSTEM OF ARITHMETIC, ITS 
PRINCIPLES AND APPLICATIONS, with numerous 
Examples, written expressly for Standard V. in National 
Schools. New Edition. i8mo cloth, sewed, yi. 
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SMITH Continued — 

A CHART OF THE METRIC - SYSTEM, on a Sheet, 
size 42 in. by 34 in. on Roller, mounted and varnished. New 
Edition. Price 3^. 6^. 

Also a Small Chart on a Card, price \d. 

EASY LESSONS IN ARITHMETIC, combining Exercises 
in Reading, Writing, Spelling, and Dictation. Part I. for 
Standard I. in National Schools. Crown 8vo. 9//, 

EXAMINATION CARDS IN ARITHMETIC, (Dedi- 
cated to Lord Sandon.) With Answers and Hints. 
Standards I. and IL in box, u. Standards IIL, IV., and V., 
in boxes, is, each. Standard VI. in Two Parts, in boxes, 
IS, each. 

A and B papers, of nearly the same difficulty, are given so as to 
prevent copying, and the colours of the A and B papers differ in 
each Standard, and from those of every other Standard, so that a 
master or mistress can see at a glance whether the children have the 
proper papers. 

SMITH {Q.)— CONIC SECTIONS. By Charles Smith, M. A., 
Fellow and Tutor of Sidney Sussex College, Cambridge. 
Crown 8vo. 'js. 6d, 

SNOVrBAlsTs-^THE ELEMENTS OF PLANE AND 
SPHERICAL TRIGONOMETRY; with the Construction 
and Use of Tables of Logarithms. By J. C. Snowball, M. A. 
New Edition. Crown 8vo, 7j. &/. 

SYIiIiABUS or PIiANE GEOMETRY (corresponding to 
Euclid, Books I. — VI.). Prepared by the Association for the 
Improvement of Geometrical Teaching. New Edition. Crown 
8vo. \s, 

TAIT and STEEI.E— ^ TREATISE ON DYNAMICS OF 
A PARTICLE, With numerous Examples. By Professor 
Tait and Mr. Steele. Fourth Edition, revised. Crown 
8vo. 1 2 J. 

t^-BA^ — ELEMENTARY MENSURATION FOR 
SCHOOLS. With numerous Examples. By Septimus 
Tebay, B.A., Head Master of Queen Elizabeth's Grammar 
School, Rivington. Extra fcap. 8vo. 31. 6d, 
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TODHUNTBB— Works by I. ToDHUNTER, M.A., F.R.S., of 

St. John's College, Cambridge. . 

" Mr. Todhunter is chiefly known to students of Mathematics as the 
author of a series of admirable mathematical text-books, which possess 
the rare qualities of being clear in style and absolutely free from mistakes, 
typographical or other/' — Saturday Review. 

THE ELEMENTS OF E UCLID. For the Use of Colleges 
and Schools. New Edition. i8mo. 3^. 6J. 

KEY TO EXERCISES IN EUCLID, Crown 8yo. 

MENSURATION FOR BEGINNERS. With numei^ous 
Examples. New Edition. xSmo. 2s. 6d, 

ALGEBRA FOR BEGINNERS. With numerous Examples. 
New Edition. iSmo. 2s. 6d, 

KEY TO ALGEBRA FOR BEGINNERS. Crown 8vo. 
6s. 6d. . 

TRIGONOME TR Y FOR BEGINNERS. With numef ous 
Examples. New Edition. iSmo. 2s. 6d. 

KEY TO TRIGONOMETRY FOR BEGINNERS. 
Crown 8vo. 8j. 6d. 

MECHANICS FOR BEGINNERS. With numerous 
Examples. New Edition. i8mo. 4r. 6d. 

KEY TO MECHANICS FOR BEGINNERS. Crown 
8yo. 6s. 6d. 

ALGEBRA. For the Use of Colleges and Schools. New 
Edition. Crown 8vo. 7^. 6d. 

KEY TO ALGEBRA FOR THE USE OF COLLEGES 
AND SCHOOLS. Crown 8vo. icw. 6d. 

AN ELEMENTARY TREATISE ON THE THEORY 
OF EQUATIONS. New Edition, revised. Crown 8vo. 
^s. 6d. 

PLANE TRIGONOMETRY. For Schools and Colleges. 
New Edition. Crown ^vo. ^s. 

KEY TO PLANE TRIGONOMETRY. Crown 8vo. 
iQf. 6d. 

A TREATISE ON SPHERICAL TRIGONOMETRY. 
New Edition, enlarged. Crown 8vo. 4r. 6d. 
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TODHUNTER Continued — 

PLANE CO-ORDINATE GEOMETRY^ as applied to the' 
Straight Line and the Conic Sections. With numerous 
Examples. New Edition, revised and enlarged. Crown 8yo. 
yj. 6d, 

A TREATISE ON THE DIFFERENTIAL CALCULUS, 
With numerous Examples. New Edition. Crown 8vo. los, 6d, 
A TREATISE ON THE INTEGRAL CALCULUS AND 
ITS APPLICATIONS, With numerous Examples. New 
Edition, revised and enlarged. Crown 8vo. lOf. 6^. 
EXAMPLES OF ANALYTICAL GEOMETRY OF 
THREE DIMENSIONS, New Edition, revised. Crown 
8vo. 4f. 

A TREATISE ON ANALYTICAL STATICS, With 
numerous Examples. New Edition, revised and enlarged. 
Crown 8vo. lor. 6d, 

A HISTORY OF THE MATHEMATICAL THEORY 
OF PROBABILITY, from the time of Pascal to that of 
Laplace. 8vo. i&r. 

RESEARCHES IN THE CALCULUS OF VARIA- 
TIONSf principally on the Theory of Discontinuous Solutions : 
an Essay to which the Adams Prize was awarded in the 
University of Cambridge in 1871. 8vo. 6s, 
A HISTORY OF THE MATHEMATICAL THEORIES 
OF ATTRACTION, AND THE FIGURE OF THE 
EARTH, from the time of Newton to that of Laplace. 2 vols. 
8vo. 24J. 

AN ELEMENTARY TREATISE ON LAPLACE'S, 
LAME^S, AND BESSEVS FUNCTIONS, Crown 8vo. 
los, 6d, 
WII.80N (J. ia..)-^ELEMENTARY GEOMETRY, Books 
I. to V. Containing the Subjects of Euclid's first Six 
Books. Following the Syllabus of the Geometrical Association. 
By the Rev. J. M. Wilson, M.A., Head Master of Clifton 
College. New Edition. Extra fcap. 8vo. 4r. 6d, 
SOLID GEOMETRY AND CONIC SECTIONS, With 
Appendices on Transversals and Harmonic Division. For the 
Use of Schools. By J. M. Wilson, M.A. New Editioa 
Extra fcap. 8vo. 3^. 6d, 
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ytniMBOV— GRADUATED EXERCISES I^T PLANE TRI* 
GONOMSTRY. Compiled and arranged by J. Wilson, 
M.A., and S. R. Wilson, B.A. Crown 8vo. 41. 6d. 

"The exercises seem beautifullygraduated and adapted to lead a student 
on most gently and pleasantly/'— £. J. Routh, F.R.S., St. Peter's Collegep 
Cambridge. 

WII.80N (W. V,)—A TREATISE ON DYNAMICS. By 
W. P. Wilson, M.A., FeUow of St. John's College, 
Cambridge, and Professor of Mathematics in Queen's College, 
Belfast. 8vo. 9^. 6d. 

"WOlMfXTBH-BLOWtl^— MATHEMATICAL PROBLEMS, on 
Subjects included in the First and Second Divisions of the 
Schedule of subjects for the Cambridge Mathematical Tripos 
Examination. Devised and arranged by Joseph Wolsten- 
holme, late Fellow of Christ's College, sometime Fellow 
of St. John's College, and Professor of Mathematics in the 
Royal Indian Engineering College. New Edition, greatly 
enlarged. 8vo. i8j. 

SCIENCE. 

SCIENCE PRIMERS FOR ELEMENTARY 

SCHOOLS. 

Under the joint Editorship of Professors Huxley, Roscoe, and 

Balfour Stewart. 

"These primers are extremely simple and attractive, and thoroughly 
answer their purpose of just leading the young be^nner up to the thresh- 
old of the long avenues m the Palace of Nature which these titles suggest." 
— Guardian. 

" They are wonderfully clear and lucid in their instruction, simple in 
style, and admirable in plan." — Educational Times. 

INTRODUCTORY— By T. H. HuxLEY, F.R.S., Professor of 
Natural History in the Royal School of Mines, &c. i8mo. is, 

CHEMISTRY — By H. E. Roscoe, F.R.S., Professor of 
Chemistry in the Victoria University the Owens College, 
Manchester. With numerous Illustrations. New Edition. 
With Questions. i8mo. is, 

"A very model of perspicacity and accuracy."— Chbmist and Drug- 
gist. 

PHY8I08— By BALFOUR Stewart, F.R.S., Professor of Natural 

Philosophy in the Victoria University the Owens College, 

Manchester. With numerous Illustrations. New Edition. 

With Questions. i8mo. is. 
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80IBN01I^FBXMBR(I ConHnued-^ 

PHYSICAIa GEOGRAPHY— By ARCHIBALD Geikib, F.R.S., 

Director-General of the Geological Surveys. "With numerous 
Illustrations. New Edition, with Questions. i8mo. is, 

"Every one of his lessons is marked by simplicity, clearness, and 
correctness. ' * — Athkn.«um. 

GBOliOGY~By Archibald Geikib, F.R.S. With numerous 
Illustrations. New Edition. i8mo. cloth. U. 

" It is hardly possible for the dullest child to misunderstand the meaning 
of a classification of stones after PrufessorGeikie'sexplanation."— School 
Board Chronicle. 

PHYSlOliOQY— By Michael Foster, M.D., F.R.S. With 

numerous Illustrations. New Edition. i8mo. is. 

" The book seems to us to leave nothing to be desired as an elementary 
text-book." — Academy. 

ASTRONOMY— By J. NORATAN LocKYER, F.R.S. With 
numerous Illustrations. New Edition. i8mo. \s, 

** This is altogether one of the most likely attempts we. have ever seen to 
'bring astronomy down to the capacity of the young child." — School 
Board Chronicle. 

BOTANY— By Sir J. D. HoOKER, K.C.S.I., C.R, F.R.S. 

With numerous Illustrations. New Edition. i8mo. ix. 

*' To teachers the Primer will be of inestimable valuable, and not only 
because of the simplicity of the language and the clearness with which the 
subject matter is treated, but also on account of its coming from the highest 
authority, and so furnishing positive iaformatian as to the most suitable 
methods of teaching the science of botany." — Nature. 

IiOGIC — By Professor Stanley Jevons, LL,D., M.A., F.R.S. 

New Edition. i8mo. is, 

*'It appears to us admirably adapted to serve both as an introduction 
to scientific reasoning, and as a guide to sound judgment and reasomng 
in the ordinary affairs of life." — ^Acadbmy. 

POIilTlCAia ECONOMY — By Professor Stanley Jevons, 
LL.D., M.A., F.R.S. i8mo. is. 

"Unquestionably in every respect an admirable primer." — School 
Board Chronicle. 

In preparation : — 

SEOOLOGY. By Professor Huxley, F.R.S., &c. &c. 

ELEMENTARY CLASS-BOOKS. 

AftTRONOSSY. 

POPULAR ASTRONOMY, With liliwtrations by Sir 
G. B. Airy, K.C.B., formerly AsUronomer-Royal. New 
Edition. iSmo. 4^. 6^. 
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ElaEMENTARY CItAtfS-BOOttft Confinned— 
ASTRONOMY. 

ELEMhNTAR Y LESSONS IN ASTRONOMY, With 

Coloured Diagram of th« Spectra of the Sun, Stars, and 

Nebulae, and numerous Illustrations. By J. Normal Lochyer, 

F.R.S. New Edition. Fcap. 8vo. 5j. 6</. 

" FttU, clear, sound, and worthy of attemi')n, n >t only as a popular 
exposition, but as a scientific ' Index.' " — Athbn>EUM. 

QUESTIONS ON LOCKYER'S ELEMENTARY 
LESSONS IN ASTRONOMY. For the Use of feighools. 
By John Forbes-Robertson. i8mo. cloth limp, u, 6d. 

^9irilxoi.o(2Y. 

LESSONS IN ELEMENTARY PHYSIOLOGY. With 

numerous I Bustrations. By T. H. Huxley, F.R.S. , Professor 

of Natural History in the Royal School of Mines. New 

Edition. Fcap. 8vo. 4J. 6d. 

*' Pure gold throughout.*'— Guardian. 

** Unquestionably the clearest and iii»st complete elementary treatise 
on this subject that we possess m any language." — Wbstmimstbr RvriBW. 

QUESTIONS ON HUXLEY'S FHYSIOLOQY FOR 
SCHOOLS, By T. Alcock, M.D. i8mo. i*. M. 

BOTANY. 

LESSONS IN ELEMENTARY BOTANY. By D. 

Oliver, F.R.S., F.L.S., Professor of Botany in University 
College, London. With nearly 200 IQustrations. J^ew 
Edition. Fcap. ^o. 4J. 6d. 

LESSONS IN ELEMENTARY CHEMISTRY, IN 

ORGANIC AND ORGANIC. By Henry E. Roscoe, 

F.R.S., Professor of Chemistry in the Victoria University the 

Owens College, Manchester. With numerous lihlftr^onf 

and ChromoUtho of the Solar Spectrum, and of the Alkalies 

and Alkaline Earths. New Edition. Fcap. 8vo. 4^. (id. 

"As a standard general text-book it desertes to take a leading place " — 
Sprctatok. 

" We unhesitatingly pronounce it the best of all our elementary treatises 
on Chemistry." — Medical Times. 

A SERIES OF CHEMICAL PROBLEMS, prepared with 

Spcciatl Reference to the foregoing, by T. E. Thorpe, Ph.D., 

Prof, of Chemistry in the Yorkshire College of Science, Leeds, 

Adapted for the Preparation of Students for the Government, 

Seienee, and Society of Arts Examinations. With a Preface by 

. Professor Rqscoe. New Edition, with Key. 1 8mo. zj. 

• C 
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BlaBMENTARY CXiA88*BOOK8 ConHHued^ 
CHEMISTRY. 

ELEMENTARY CHEMICAL ARITHMETIC. With 
I, ic» Problems. By Sydney Lupton, M. A. , Assistant-Master 
at Harrow. Extra Fcap. 8vo. $s. 

THE OWENS COLLEGE JUNIOR COURSE OF 
PRACTICAL CHEMISTRY. By Francis Jones, Chemical 
Master in the Grammar School, Manchester. With Preface by 
Professor Roscoe, and Illustrations. New Ed. i8mo. 2s. 6d. 

QUESTIONS ON CHEMISTRY. A Series of Problems 
and Exercises in Inorganic and Organic Chemistry. By 
Francis Jones, F.R.S.E., F.C.S., Chemical Master in th« 
Gnunmar School, Manchester. Fcap. 8vo. ys, 

POIalTIOAIa BOONOMY. 

POLITICAL ECONOMY FOR BEGINNERS. By 
MiLLicENT G. Fawcett. New Edition. i8mo. 2s. 6d. 

** Clear, compact, and comprehensive." — Daily News. 
'*The relations of capital and labour have never been more amply or 
more clearlf esqjMtmded."—- Contbmpokary Rxvibw. ^ 

LOOIC. 

ELEMENTARY LESSONS IN LOGIC; Deductive and 

Inductive, with copious Questions and Examples, and a 

Vocabulary of Logical Terms. By W. Stanley Jevons, 

LL.D., M.A., F.R.S. New Edition. Fcap. 8vo. y. 6d. 

"Nothing can be better for a school-book. "-'-Guardian. 

"A maniud alike simple, interesting, and scientific" — ^ATHBNiCUii. 

PHY8I08. 

LESSONS IN ELEMENTAR Y PHYSICS. By Balfour 

Stewart, F.R.S., Professor of Natural Philosophy in the 

Victoria University the Owens Collie, Manchester. With 

numerous Illustrations and Chromolitho of the Spectra of the 

Sun, Stars, and Nebulae. New Edition. Fcap. 8vo. ^. 6d. 

" The beau-ideal of a scientific text-book, clear, accurate, and thorough.*' 
— Educationai. T1MB8. 

QUESTIONS ON BALFOUR STEWARTS RLE- 
MENTAR Y LESSONS IN PHYSICS. By Prof. Thom.\s 
\i. Core, Owens College, Manchester. Fcap. 8vo. 2x. 
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ELSMENTART CXiA8S-BOOK8 Continued— 
ANATOMY. 

LESSONS IN ELEMENTARY ANATOMY. Bf St. 

George Mivart, F.R.S., Lecturer in Comparative Anatomy 
at St Mary's Hospital. With upwards of 400 Illustrations. 

Fcap. 8vo. df. 6d, 

" It may be questioned whether any other work on anatoinv contains in 
like compass so proportionately great a mass of information. '-"Lancet. 

"The work is excellent, and ^ould be in the hands of every student of 
human anatomy." — Mbdical Timks. 

STEAM. 

AN ELEMENTARY TREATISE. By JoHxN Perry, 

C.E., Whitworth Scholar, Fellow of the Chemical Society, 
Lecturer in Physics at Clifton College. With numerous Wood- 
cuts and Numerical Examples and Exercises. i8mo. 4f. 6d. 

'*The young engineer and those seeking f^r a comprehensive knowledge 
of the use, power, and economy of steam, could not have a more useful 
work, as it is very intelligible, well arranged, and practical throughout" — 
Ironmonger. 

PHYSIOAIa OEOORAPHY. 

ELEMENTARY LESSONS IN PHYSICAL GEO- 

GRAPHY. By Archibald Geikie, F.R.S., Director- 
General of the Geological Surveys of the United Kingdom. 
With numerous Illustrations. Fcap. Svo. 4r. 6^. 
QUESTIONS ON THE SAME. is. 6d. 

asoLoav. 

ELEMENTARY LESSONS IN GEOLOGY. By the 
same Author. [In preparation, 

aEOaRAPHY. 

CLASS-BOOK OF GEOGRAPHY, By C. B. Clarke, M.A., 
F.L.S., F.G.S., F.R.S. New Edition, with Eighteen Coloured 
Maps. Fcap. Svo. jj. 

A SHORT GEOGRAPHY OF THE BRITISH 
ISLANDS. By John Richard Green and Alice 
Stopford Green. With Maps. Fcap Svo. y. 6d. 

NATURAIa PHIIaOSOPHY. 

NATURAL PHILOSOPHY FOR BEGINNERS. By 

I. ToDHUNTER, M.A., F.R.S. Part I. The Properties of 
Solid and Fluid Bodies. i8mo. y. 6d, 
Part II. Sound, Light, and Heat. i8mo. 3^. 6d. 
MORAL PHILOSOPHY. 

AN ELEMENTARY TREATISE. By Prof. E. Caird, 
of Glasgow University. [In preparation. 

C 2 
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BUBCTRICITT AMD MA6NSTI8M. 

ELEMENTARY LESSONS IN ELECTRLCITY AND 
MAGNETISM. By Silvanus P. Thompson. Professor of 
Experimental Physics in Umversity Collie, Bristol. With 
Illmitrations. Fcap. 8vo. 41. dd. 

SOUND. 

AN ELEMENTARY TREATISE, By W. H. Stone. 
M.B. With Illustrations. i8mo. 3/. 6^. 
P8TCHOIKH1Y. 

ELEMENTARY LESSONS IN PSYCHOLOGY. By 
G. Groom Robertson, Professor of Mental Philosophy, &c.. 
University College, London. [In preparaHon. 

AaUlGVhTXJUB —ELEMENTARY LESSONS IN THE 
SCIENCE OF AGRICULTURAL PRACTICE, By H. 
Tanner, F.C.S., M.K.A.C, Examiner in ihe Principles of 
Agriculture under the GoTemment Department of Science, 
sometime Professor of Agricultural Science, Univenity Collie, 
Aberystwith. Fcap. 8vo. 3J. 6</. 

ECONOMICS— 77/^ ECONOMICS OF INDUSTRY, By A. 
Marshall, M.A., late Principal of University College, Bristol, 
and Mart P. Marshall, late Lecturer at Newnhm Hall. 
Cambridge. Extra fcap. 8vo. 2s, 6d, 

" Th« book is of sterling value, and will be of great asa to atodeott and 
taachera." — ATHSNiCUM. 

Others in Preparation, 
MANUALS FOR STUDENTS. Crown 8yo. 

COMA— GUIDE TO THE STUDY OF POLITICAL 
ECONOMY, By Dr. LuiGi Cossa, Professor in the 
University of Pavia. Translated from the Second Italian 
Edition. With a Preface by W. Stanley Jevons, F.R.S. 
Crown 8vo. 4J. 6^. 

DYBR AND VINES— 7»i? STRUCTURE OF PLANTS, By 
Professor Thiselton Dyer, F.R.S., assisted by Sydney 
Vines, D.Sc, Fellow and Lecturer of Christ's Collie, 
Cambridge. With numerous Illustrations. [In proration, 

PAWCBTT— ^ MANUAL OF POLITICAL ECONOMY. 
By Right Hon. Henry Fawcett, M.P., F.R.S. New 
EditioiH Mvised and enlaiiged. Crown 8to. its. 
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MANtJAI.8 FOR STUDBNTS CmitHiisd^ 

FIiBISOKSm*-^ SYSTEM OF VOLUMETRIC ANALY- 
SIS. Translated, with Notes and Additions^ from tbe Second 
German Edition, by M. M. Pattison Muir, F.R.S.E. With 
Illustrations. Crown 8vo. Ts. 6J, 

FbOWSR (W. YL.y-AN INTRODUCTION TO THE OSTE- 
OLOGY OF THE MAMMALIA. Being the substance of 
the Course of Lectures delivered at the Royal College of 
Surgeons of England in 1870. By Professor W, H. Flower, 
F.R.S., F.R.C.S. With numerous Illustra'tions. New Edition, 
enlarged. Crown 8vo. icxr. 6d. 

FOSTER AND BAIsTOVn— PRACTICAL EMBRYOLOGY, 
By Michael Foster, M.A., F.R.S., and F. M. Balfour, 
F.R.S. Second Edition, revised and enlarged. Cr. 8yo. ios,6d. 

F08TBR and XiANOLBY— y« COURSE OF ELEMENTARY 
PRACTICAL PHYSIOLOGY, By Michael Foster, 
M.D., F.R.S., and J. N. Lanoley, B.A. New Edition. 
Crown 8vo. 6j, 

FRANKZdkND— ^ HAND- BOOK OF AGRICULTURAL 
CHEMICAL ANALYSIS. By Percy M. Frankland. 
Crown 8vo, [/» the prtss, 

i-^THE STUDENT'S FLORA OF THE BRITISH 
ISLANDS. By Sir J. D. Hooker, K.C.S.I., C.B., F.R.S., 
M.D., D.C.L. New Edition, revised. Globe 8vo. lar. &d. 

^^PHYSIOGRAPHY. An Introduction to the Study 
of Nature. By Professor Huxley, F.R.S. With numerous 
Illustrations, and Coloured Plates. New and Cheaper Edition. 
Crown 8vo. 6t, 

HUXLEY and MARTIN—^ COURSE OF PRACTICAL 
INSTRUCTION IN ELEMENTARY BIOLOGY, By 
Ptx>f686or Huxley, P.R.S,., assisted by H. N. Martin, M.B., 
D.Sc. New Edition, revised. Crown 8vo. 6s, 

SWOVn—THE PRINCIPLES OF SCIENCE. A Treatise 
on Logic and Scientific Method. By W. Stanley Jevons, 
LL.D., M.A., F.R.S. New and Revised Edition. Crown 

8vo. I2f. 6r/. 

STUDIES IN DEDUCTIVE LOGIC. By W. Stanley 
JsvoNS, LL.D., M.A., F.R.S. Crowa 8to. dr. 
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MANtJAIaS FOR STUDSNTS Continued^ 

ILEXiJX-BlXY -- MECHANICS OF MACHINERY. By 
A. B. W. Kennedy, M. Inst. C.E., Professor of Engineering 
and Mechanical Technology in University Collie, London. 
With Illustrations. Crown 8vo. [In the press. 

KIEPBRT— ^ MANUAL OF ANCIENT GEOGRAPHY. 
From the German of Dr. H. Kiepert. Crown 8vo. ^s. 

-LhXiQt— EXPERIMENTAL PHYSICS, By P. R. Scott 
Lang, M.A., Professor of Mathematics in the University of 
St. Andrews. Crown 8vo. \In preparation, 

I.ANKE8TBR— ^ MANUAL OF ZOOLOGY. By Prof. E. 
Ray Lankester, F.R.S. Crown 8vo. \In preparation. 

HLKWttH and MOALB — OJV THE DISSECTION OF 
VERTEBRATE ANIMALS. By Prof. H. N. Martin, 
and W. A. Moale. Crown 8vo. \In preparation. 

OlMlV'E.VL{:9roUmuw)'-'FIRSTB00IC0FINDIANB0TANY. 
By Professor Daniel Oliver, F.R.S., F.L.S., Keeper of 
the Herbarium and Library of the Royal Gardens, Kew 
With numerous Illustrations. Extra fcap. 8vo. 6s. 6d. 

PARKER—^ COURSE OF INSTRUCTION IN ZOOTOMY 
{VERTEBRATA). By T. Jeffrey Parker, B.Sc Lend.. 
Professor of Biology in the University of Otago. With Illus- 
trations. Crown 8vo. [In the press. 

PARKER and BVTTASY ^ TNE MORPHOLOGY OF 
THE SKULL. By Professor Parker and G. T. Bettany. 
Illustrated. Crown 8vo. lOf. 6^. 

VLOmm^Oia-' TREATISE ON MARINE SURVEYING. 
Prepared for the use of younger Naval Officers. With Ques- 
tions for Examinations and Exercises principally from the 
Papers of the Royal Naval College. With the results. By 
Rev. John L. Robinson, Chaplain and Instructor in the 
Royal Naval College, Greenwich. With Illustrations. Crown 
8vo. is. 6d. 

Contents. — Symbols used in Chiuts and Survejring — ^The Constnicdon 
and Use of Scales — Laying off Angles— Fixing Posidons hf .^i^les^ 
Charts and Chart-Drawing— -Instruments and Observing — Base Lmes — 
Triangulation — Levelling— Tides and Tidal Observadons— Soundings- 
Chronometers — Meridian Distances — Method of Plotting a Survey — 
Miscellaxieous Exercises— Index. 
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MAXVAImB for STUBBNTS Confinued— 
rhVt— AN ELEMENTARY TREATISE ON HEAT: By 
Professor Tait, F.R.S.E. Illustrated. Crown 8vo. 

\In the press, 
TlilMK— ANTHROPOLOGY, An Introduction to the Study of 
Man and Civilisation. By E. B. Tylor, D.C.L., F.R.S. 
With numerous Illustrations. Crown 8vo. *js, dd, . 
Other volumes of these Manuals will follow. 

SCIENTIFIC TEXT-BOOKS. 

BAIiFOUR—^ TREATISE ON COMPARATIVE EMBRY- 
OLOGY, By F. M. Balfour, M.A., F.R.S., Fellow and 
Lecturer of Trinity College, Cambridge. With Illustrations. 
In 2 vols. 8vo. Vol. I. i8j. Vol. II. 2is, 

BAI.L (R. 8., KM,)^EXPERIMENTAL MECHANICS, A 
Course of Lectures delivered at the Royal College of Science 
for Ireland. By R. S. Ball, A.M., Professor of Applied 
Mathematics and Mechanics in the Royal College of Science 
for Ireland. Cheaper Issue. Royal 8vo. lor. 6^. 

BRUNTON--^ TREATISE ON MATERIA MEDIC A, 
By T. Lauder Brunton, M.D., F.R.S. 8vo. 

\In the press, 
VBVnTOV —TABLES 'OF MATERIA MEDIC A: A Com- 
panion to the Materia Medica Museum. By T. Lauder 
Brunton, M.D., F.R.S. 8vo. loj. 6d, 

OIsAVBlVB—MECHANICAL THEOR Y OF HE A T By R. 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity College, Cambridge. Crown 8vo. los. 6d, 

COTTERXI.I.— ^ TREATISE ON APPLIED MECHANICS. 
By James Cotterill, M.A., F.R.S., Professor of Applied 
Medianics at the Royal Naval College, Greenwich. With 
Illustrations. 8vo. [/« the press, 

• DANIBI.1.--^ TREATISE ON PHYSICS FOR MEDICAL 
STUDENTS, By Alfred Daniell. With Illustrations. 
8vo. \In preparation. 

TOBTKR— A TEXT-BOOK OF PHYSIOLOGY. By Michael 
Foster, M.D., F.R.S. With Illustrations. Fourth Edition, 
revised.. 8vo. 2is, 



40 MACMILLAN'S EDUCATIONAL CATALOGUE. 

SCIENTIFIC TBXT-BOOKII C9nt*mimi^ 

OAMaPS— ^ TEXT^BOOK OF THE PffYSlOLOGWAL 

CHEMISTRY OF THE ANIMAL BODY. Inducing an 

gosonnt of the Chemical Changes occurring in Disease. By 

A. Gamgee, M.D., F.R.S., Professor of Physiology in 4he 

Victoria University the Owens College, Manchester, ft Vols 

8vo. With Illustrations. Vol. I. i8j. 

[Vol. IT, in the press. 

Q^Q^VBAXJti—ELEMEHTS OF COMPARATIVE ANA- 
TOMY. By Professor Carl Gegenbaur. A Translation by 
F. Jeffrey Bell, B.A. Revi-ed with Preface by Professor 
£. Ray Lankester, F.R.S. With numerous Ilkistratiotis. 
8vo. 2is. 

QtlAlKTA— TEXTBOOK OF GEOLOGY. By Archibald 
Geikie, F.R.S., Director-General of the Geological Surveys 
of the United Kingdom. With numerous Illustrations. 8vo. 2%s. 

Ot^A'^— STRUCTURAL BOTANY, OR ORGANOGRAPHY 
ON THE BASIS OF MORPHOLOGY. To which are 
added the principles of Taxonomy and Phytography, and a 
Glossary of Botanical Terms, By ProfcFsor Asa Gray, 
LL.D. 8vo. loj. 6d. 

HAMILTON— y« TEXTBOOK OF PA THOLOG Y. By D. J. 
Hamilton, Professor of Pathological Anatomy (Sir Erasmus 
Wilson Chair,) University of Aberdeen. 8vo. \Ih preparation. 

MVl^jMUn—THE FERTILIZATION OF PLANTS BY 
INSECTS. By Hermann MOller. Translated by W. 
D'Arcy Thompson, uith Preface by Charles Darwin. 
With Illustratiors. 8vo. {/n the press. 

mWCpMB— POPULAR ASTRONOMY. By S. Nevvcomb, 
LL.D., Professor U.S. Naval Observatory. With 1 12 Illus- 
trations and 5 Maps of the Stars. Second Edition, revised. 
8vo. i8.f. 

''It is unlike anything eke of its kind, and wiH be of more use in 
drcuhiting a toowlodge oif Astrooomy than aine-leaths of tlie faooki irtiich 
nave appeared on the subject of late years." — Saiurdajf Keview. 

n^VhlUiVX, — THE KINEMATICS OF MACHINERY. 
Outlines of a Theory of Machines. By Professor F. Reuleaux. 
Translated and Edited by Professor A. B. W. Kennedy, 
C.E, With 450 Illustrations. Medium 8vo. 21s. 



SCIENCE. 41 



SCIENTIFIC TWV-90PK8 C^mdnneih* 

]iOS0<>B MMl ^^UOVLVBMWmn—I^OI^GANIC AND OR- 
GANIC CHEMISTRY, A Complete TreaUse on Inorganic 
And Organic Chemistry. By Professor H. E. RoscoE, F.R.S., 
an4 Professor C. Schori.£MMSS, F.R.S. With numerous 
Illustrations. Medium 8vo. 

VoU. I. and H. INORGANIC CHEMISTRY. 

Vol. I.— The Non-Mettllic Elemeats. zxs. Vol. IL Part I.^ 
Metals. \Zs. Vol. IL Part U.— Metals. \%s. 

Vol. III.— dRGANIC CHEMISTRY Part. 1,—THE 
CHEMISTRY OF THE HYDROCARBONS ; and their 
Derivatives or ORGANIC CHEMISTRY. With munerous 
Illustratioas. MedimmSvo. 2U. [Part II, in the press. 

SCRORLSMMZSR— ^ MANUAL OF THE CHEMISTRY OF 
THE CARBON COMPOUNDS, OR ORGANIC CHE- 
MISTRY. By C. ScHORLEMMER, F.R.S., Professor of 
Chemistry In die Victoria University the Owens College, 
Manchester. With Illustrations. 8vo. 141. 

mnvm—A dictionary of economic plants. 

Their History, Products, and Uses. By John Smith, A.L.S. 
8vo, 1 4 J. 

DOMESTIC BOTANY: An Exposition of tfa* Structure 
and Classifieation of Plants, and their Uses for Food> Clothing, 
Medicine, and Manufacturing Piwrpoees. By the same Author. 
With Illustrations. New Issue. Crown 8vo. 12s, Sd, 



Mid Rvd&Bs— j4 treatise on chemical 

PHYSICS. ^ Profevor Thorpe, F.R.S., and Professor 
RuCkSB, of the Yorkshire College of Science* Illustrated. 
8vo. [In pre^aruiioH. 

Ki«oi.«a—MA«AXiia'MB»—rff A'r Booir of patho- 
logical ANATOMY AND PATHOGENESIS. By 
Professor Ernst Zikgler of TUWngen. Translated and 
Edited for English Students by Donald Macalister, M.A., 
M.B., B.Sc, M.R.C.I*., Fellow and Medical Lecturer of 
9t JohB*s CoU«g«, Cambridge. With Illustewtions. Medium 
8vo. Part I.-^Genbral PAtHOLOCHCAL Anatomy, vis. 6d. 
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NATURE SERIES. 

THE SPECTROSCOPE AND ITS APPLICATIONS. By 
J. Norman Lockyer, F.R.S. "With Coloured Plate and 
numerous Illustrations. New Edition. Crown 8vo. 31. 6^. 

THE ORIGIN AND METAMORPHOSES OF INSECTS. 
By Sir John Lubbock, M.P., F.R.S., D.C.L. With nume- 
rous Illustrations. New Edition. Crown 8vo. 3j. 6d. 

THE TRANSIT OF VENUS, By G. Forbes, M.A., Pro- 
fessor of Natural Philosophy in the Andersonian University, 
Glasgow. Illustrated. Crown 8vo. ^j. (id, 

THE COMMON FROG. By St. George Mivart, F.R.S. 
Lecturer in Comparative Anatomy at St. Mary's HospitaL 
With numerous Illustrations. Crown 8vo. 3^. 6d. 

POLARIS A TION OF LIGHT, By W. Spottiswoode, P.R. S. 
With many Illustrations. New Edition. Crown 8vo. y. 6d. 

ON BRITISH WILD FLOWERS CONSIDERED IN RE. 
LA TION TO INSECTS. By Sir John Lubbock, M.P., 
F.R.S. With nnmerous Illustrations. New Edition. Crown 
8vo. 41. 6d. 

THE SCIENCE OF WEIGHING AND MEASURING, AND 
THE STANDARDS OF MEASURE AND WEIGHT. 
By H. W. Chisholm, Warden of the Standards. With 
numerous Illustrations. Crown 8vo. 41. 6d. 

HOW TO DRAW A STRAIGHT LINE: a Lecture on 
Linkages. By A. B. Kempb. With Illustrations. Crown 
8vo. is. 6d. 

LIGHT: a Series of Simple, Entertaining, and Inexpensive 
Experiments in the Phenomena of Light, for the Use of 
Students of every age. By A. M. Mayer and C. Barnard. 
With numerous Illustrations. Crown 8vo. 2s, 6d. 

SOUND : a Series of Simple, Entertaining, and Inexpensive 
Experiments in the Phenomena of Sound, for the Use of 
Students of every age. By A, M. M^yer, Professor of Physics 
in the Stevens Institute of Technology, &c. With numerous 
Illustrations. Crown 8yo. 3;. 6d. 

SEEING AND THINKING. By Professor W. K. Clifford, 
F.R.S. With Diagrams. Crown 8vo. 3^. M. 
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NATUKB 8SRIBS Coniimned— 

DEGENERATION. By Prof. E. Ray Lankkstbr, F.R.S. 
With lUustiatioiiik Crown 8vo. 2f. 6d, 

FASHION IN DEFORMITY, as lUnstrated in the Customs of 
Barbaroos and Ciyilised Races. By Prof. Flower, With 
lUnstrations. Crown 8yo. 2J. 6d. 

THE SCIENTIFIC EVIDENCES OF ORGANIC EVOLU- 
TION. By G. J. Romanes, M.A., LL.D., F.R.S., Zoologi- 
cal Secretary to the Linnean Society. Crown Svo. 2s. 6d, 

CHARLES DARWIN. Memorial Notices. By Professor 
Huxley, F.R.S., G. J. Romanes, F.R.S., Archibald 
Geikie, F.R.S. and W. T. Thiselton Dyer, F.R.S. Re- 
prmted from Nature. With a Portrait, engraved by C. H. 
Jeens. Crown Svo. 2s. 6d. 

ON THE COLOUR OF FLOWERS, as lUustratcd in the 
British Flora. By Grant Allen. With Illustratioiis. 
Crown Svo. 3/. (td. 

Other volumes tp follow, 

EASY LESSONS IN SCIENCE. 

Edited by Prof. W. F. Barrett. Extra fcap. Svo. 
HEAT. By Miss C. A. Marti neau. Illustrated. 2s. Sd, 
LIGHT. By Mrs. Awdry. Illustrated. 2s. 6d. 



SCIENCE LECTURES AT SOUTH 

KENSINGTON. 

VOL. I. Containing Lectures by Capt. Abney, Prof. Stokes, 
Prof. Kennedy, F. G. Bramwell, Prof. G. Forbes, H. C. 
SoRBY, J. T. BoTTOMLEY, S. H. ViNES, and Prof. Carey 
Foster. Crown Svo. 6s. 

VOL. II. Containing Lectures by W. Spottiswoode, P.R.S., 
Prof. Forbes, Prof. Pigot, Prof. Barrett, Dr. Burdon- 
Sanderson, Dr. Lauder Brunton, F.R.S., Prof. Roscob, 
and others. Crown Svo. dr. 
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MANCHESTER SCIENCE LECTURES 
FOR THE PEOPLE. 

Eighth Series, 1876-7. Crown Syo. lUustrated. 6d. eacli. 

WHAT THE EARTH IS COMPOSED OF. By Professor 
Koscos, F.R.S. 

THE SUCCESSION OF UFM ON THE EARTH. By 
Professor Williamson, F.R.S. 

WHY THE EARTH* S CHEMISTRY IS AS IT IS, By 
J. N. LOCKYER, F.R.S. 
Also complete in One Volume. Crown 8vo. cloth, zs. 

KUEauax-D^B,— ELEMENTARY APPLIED MECHANICS ; 
being the simple and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of 
Elementary Mathematics. By T. Alexander, C.E., Professor 
of Civil Engineering in the Imperial College of Engineering, 
Tokei, Japan. Crown 8vd. 4J. 6d. 

BtXTTAUV.— FIRST LESSONS IN PRACTICAL BOTANY. 
By G. T. Bettany, M.A., F.L.S., Lecturer in Botany at 
Guy's Hospital Medical School. i8mo. is. 

BIsAKTOnii^THE RUDIMENTS OF PHYSICAL GEO. 
GRAPHYFOR THE USE OF INDIAN SCHOOLS ; with 
a Glossary of Technical Terms employed. By H. F. Blanford, 
F.R.S. New Edition, with Illustrations. Globe 8vo. 2j. 6d. 

J^KH — ELECTRIC LIGHT ARITHMETIC, By R. E. 
Day, M.A., Evening Lecturer in Experimental Physics at 
King's College, London. Pott 8vo. 2x. 

-BVBBWn— UNITS AND PHYSICAL CONSTANTS, By 
J. D. Everett, F.R.S., Professor of Natural Philosophy, 
Queen's College, Belfiut. Extra fcap. 8vo. 41. 6^. 

QWMII^-'OUTLINES OF FIELD GEOLOGY, By Prof. 
GsiKis, F.R.S. With Illustrations. Extra feap. $vo. ys, 6d, 

1$AX9I} AUBm-^BLOWPIPE ANALYSIS. By J. Lamdauer 
Authorised English Edition by J. Taylor and W. E. Kay, of 
Owens College, Manchester. Extra fcap. 8vo. 4^. 6J, 

UVVTON-^ELEMENTARY CHEMICAL ARITHMETIC. 
With 1, 100 Problems. By Sydney Lupton, M. A., Aisistaiit- 
Master in Harrow School. Globe Svo. 5f. 
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VLJJTB.— PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS. Specially arranged for the first M. B. Course. By 
M. M. Pattison Muir, F.R.S.E. Fcap. 8vo. i*. 6d, 

M'H'BKliniOB.—OC/TLINES OF PHYSIOLOGY IN ITS 
RELATIONS TO MAN By J. G. M'Kxndrick, M.D., 
F.R.S.E. With IJlustrations. Crowu 8vo. I2x. 6^. 

^WlImJm— STUDIES IN COMPARA TIVE ANA TOMY 
No. I. — The Skull of the Crocodile : a Manual for Students. 
By L. C. MiALL, Professor of Biology in the Yorkshire College 
and Curator of the Leeds Museum. 8vo. 2j. 6d* 

No. II. — Anatomy of the Indian Elephant. By L. C. MiALL 
nd F. Greenwood. With Illustrations. 8vo. $s. 

%VLhXilSl-^AN ELEMENTARY TREATISE ON HEAT, IN 
RELATION TO STEAM AND THE STEAM ENGINE, 
By G. Shann, M. A. With Illustrations. Crown 8vo. 41. td, 

TKW-ER^FIRST PRINCIPLES OF AGRICULTURE. By 
H. Tanner, F.C.S., M.R.A.C., Examiner in the Principles 
of Agriculture under the Government Department of Science, 
sometime Professor of Agricultural Science, University CoU^e, 
Aberystwith, &c. i8mo. i^. 

THE PRINCIPLES OF AGRICULTURE: a S«ri«$ of 
Reading- Books for use in Elementary Schools. Prepared by 
Professor Tanner. Extra fcap. 8vo. 

I.- The Alphabet of the Principles of Agriculture. 6d» 

II. Further bteps in the Principles of Agriculture, is, 

III. Third Lesson Book in the Principles of Agriculture. 

{In the press, 

ELEMENTARY LESSONS IN THE SCIENCE OF 
AGRICULTURAL PRACTICE. Fcap. 8vo. y, 6rf. 

ynrmonr-^METALs and their chief industrial 

APPLICATIONS. By C. Alder Wright, D.Sc, &c., 
Lecturer on Chemistry in St Mary's Hospital Medical School. 
Extra fcap. 8vo. y, 6d. 
W&IORT {1»-EWIB)— LIGHT ; A COURSE OF EXPERI- 
MENTAL OPTICS, CHIEFLY WITH THE LANTERN 
By Lewis Wright. With nearly acx) Engravings and 
Coloured Plates. Crown 8vo. ^s. 6d, 
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HISTORY. 

iMKOlM-D—THE ROMAN SYSTEM OF PROVINCIAL 

ADMINISTRATION TO THE ACCESSION OF CON- 

STANTINE THE GREAT By W. T. Arnold, B.A. 

Crown 8vo. 6s, 

"Ouzht to prove a valuable handbook to the student of Rcnnan 
hiitory. — GuABDiAN. , 

n'BBBlMll— STORIES FROM THE HISTORY OF ROME. 
By Mrs. Beesly. Fcap. 8vo. 2J. 6-/. 

" The attempt appears to us in every way sttccessfuL The stories are 
interesting in themselves, and are told with pofect simplicity and good 
feeling.** — Daily News. 



—FRENCH HISTOR YFOR ENGLISH CHILDREN. 
By Sarah Brook. With Coloured Maps. Crown 8vo. dr. 

FKBBMAN (EDWARD K,)^OLD- ENGLISH HISTORY, 
By Edward A. Freeman, D.C.L., Lt.D., late Fellow of 
Trinity College, Oxford. With Five Coloured Maps. New 
Edition. Extra fcap. Svo. 6s, 



SCHOOL HISTORY OF GREECE, By C. A. 
Fyffe, M.A., Fellow of University College, Oxford. Crown 
Svo. \In prtparcttion, 

O&BBN— ^ SHORT HISTORY OF THE ENGLISH 
PEOPLE, By John Richard Green, M.A., LL.D. With 
Coloured Maps, Genealogical Tables, and Chronological 
Annals. Crown Svo. 8j. 6d, Eighty-ninth Thousand. 

*' Stands alone as the one general history of the country, for the sake 
of which all others, if young and old are wise, will be speedily and surely 
set aside." — Acadbmy. 

READINGS FROM ENGLISH HISTORY, Selected 
and Edited by John Richard Green, M.A., LL.D., 
Honorary Fellow of Jesus College, Oxford. Three Parts. 
Globe Svo. If. 6d, each. I. Hengist to Cressy. II. Cressy 
to Cromwell. III. Cromwell to Balaklava. 

a/Q^m-^LECTURES ON THE HISTORY OF ENGLAND. 
By M. J. Guest. With Maps. Crown Svo. 6s, 

** It is not too much to assert that this is one of the very best dass boJcs 
of English History for young students ever published."— Scotsm ah. 
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HZSTORZCAIi COU&8B FOR SCR 001*8 — Edited by 

Edward A. Freeman, D.C.L., late Fellow of Trinity 
College, Oxford. 

I. GENERAL SKETCH OF EUROPEAN HISTORY, 

By Edward A. Freeman, D.C.L. New Edition, revised 

and enlarged, with Chronological Table, Maps, and Index. 

i8mo. cloth. 3j. (>d, 

** It supplies the great want of a good foundation for historical teaching. 
The scheme is an excellent one, and this instalment has been executed in 
a way that promises much for the volumes that are yet to appear." — 
Educational Times. 

II. HISTORY OF ENGLAND, By Edith Thompson. 
New Edition, revised and enlarged, with Coloured Maps. 
i8mo. 2s, 6d, 

III. HISTORY OF SCOTLAND. By Margaret 

Macarthur. New Edition. i8mo. 2J. 

" An excellent summary, unimpeachable as to facts, and putting them 
in the clearest and most impartial light attainable.'* — Guardian. 

IV. HISTORY OF ITALY By the Rev. W. Hunt, M.A. 

New Edition, with Coloured Maps. l8mo. [Juii ready, 

** It possesses the same solid merit as its predecessors • •, • . the same 
scrupulous care about fidelity in details. . . . It^ is distin^ished, too, by 
Vifonnation on art, architecture, and social politics, in which the writer"* 
grasp is seen by the firmness and clearness of his touch." — Educational 
Times. 

V. HISTORY OF GERMANY, By J. Sime, M.A. 
i8mo. 3J. 

"A remarkably clear and impressive history of Germany. Its great 
events are wisely kept as central figures, and the' smaller events are care- 
fully kept, not only subordinate and subservient, but most skilfully woven 
into the textture of the historical tapestry presented to the eye." — 
Standard. 

VI. HISTORY OF AMERICA, By John A. Doyle. 

With Maps. i8mo. 41. (td, 

** Mr. Doyle has performed his task with admirable care, fulness, and 

. clearness, and for the first time we have for schooU an accurate and inter- 
esting history of America, firom the earliest to the present time." — 
Standard. 



EUROPEAN COLONIES, By E. J. Payne, M.A. With 

Maps. i8mo. 4s, 6d. 

" We have seldom met with an Historian capable of forming a more 
comprehensive, fiur-seeing, and unprejudiced estimate ef events and 
peoples, and we can commend this little work as one certain to prove ot 
the highest interest to all thoughtful readers." — ^Timbs. 

FRANCE, By Charlotte M. Yonge. With Maps. 

i8mo. p. 6(f, 

** An admirable text-book for the lecture room." — Acadbhy. 
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RZ8TORICAI. COURSE F6R 8CH00I.S Continued-^ 
GREECE, By Edward A. Freeman, O.C.L. 

[/» preparation, 

ROME, By Edward A. Freeman, D.C.L. [In the press. 
HISTORY PRIMBR8— Edited by John Richard Green, 
Author of "A Short History of the English People." 
ROME, By the Rev. M. Creighton, M.A., late Fellow 
and Tutor of Mcrton College, Oxford. With Eleven Maps. 

iSmo. is, 

** The author has been culiously suoeessfnl hi uS&n^ ti» an itttelli- 

gnt way th« story of Rome from first to last." — School dokko 
IRONICLB. 

GREECE. By C. A. Fyffe, M.A., Fellow and late Tutor 

of University College, Oxford. With Five Maps*. i8mo. is, 
"We give onr unqualified praise 99 this little j p» m wiI » "~ScitooL» 

MASTBR. 

EUROPEAN HISTORY. By E. A. FiHWiiiAif, D.C.L., 

LL.D. With Maps. i8mo. I/. 

*'The work is always clear, and fmrms a Ismiaoiw key to European 
history."— School Board Chroniclb. 

GREEK ANTIQUITIES. By the Rev. J. P. Mahaffy, 
M,A. Illustrated. i8mo. u, 

" AU that is necessary for the scholar to know is told so c<Mk)Mbotly yet 
so fully, and in a style so interesting, that it is impossible Cor ev«n the 
dullest boy to look on this tittle work in the same Hght as he regards his 
other school hooks."— Schoolmastbr. 

CLASSICAL GEOGRAPHY. By H. F. TozE|t, M.A. 

iSmo. u, 

"An;3ther valuable «ld to rife sttf<ly of tRe ancient wotld. ... It 
contains an enormous quantity of information packed into a small space, 
and at the same time communieafe«d in a very reaidabl«sliape."~JOKN Bull. 

GEOGRAPHY. ■ By Georob Grovb> D.C.L. With Maps. 

\%mo. IS. 

"A model of w^at such a work should be .... we know of no short 
treatise better suited to infuse life and spirit into the dull lists of proper 
names of which our ordinary class-books so often almost exclusively 
consbt. "— TiMBS. 

ROMAN ANTIQUITIES. By Professor Wilkins. Illus- 
trated. i8mo. \s. 

** A little book that throws a blaze of light on Roman History, and 
is, moreover, intensely interesting.'*— School Board Chroniclb. 

FRANCE. By Charlotte M. Yonge. i8mo. is. 

" May be considered a wonderfUny successful piece cff Woilt. ... Its 
general merit as a vigorous and clear sketch, giviQg ui a sudll 4pace a 
vivid idea of the history of Fcanoe, remains undeniable. "-"-Saturday 
Rbvibw. 
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laETHBRIDOE--^ SHORT MANUAL OF THE HISTOR Y 
OF INDIA, With an Account of India as it is. The 
Soil, Climate, and Prodoctions ; the People, their Races, 
Religions, Public Works, and Industries ; the Civil Services, 
and System of Administration. By Roper Leth bridge, 
M.A., CLE., lateSchfjlarof Exeter College, Oxford, formerly 
Principal of Kishnaghur College, Bengal, Fellow and sometime 
Examiner of the Calcutta University. With Maps. Crown 
8vo. 5j. 

MZCHEIiET— ^ SUMMARY OF MODERN HISTORY, 
Translated from the French of M. Michelet, and continued to 
the Present Time, by M. C M. Simpson. Globe 8vo. 41. 6</. 

OTTB-^SCANDINAVIAN HISTORY, By E. C. OxTi. 
With Maps. Globe 8vo. 6s. 

RAMSAY—^ SCHOOL HISTORY OF ROME. By G. G. 
Ramsay, M.A., Professor of Humanity in the University of 
Glasgow. With Maps. Crown 8vo. \^In preparation, 

TAIT'-ANAL YSIS OF ENGLISH HISTOR K, based on Green's 
** Short History of the English People." By C. W. A. Tait, 
M.A., Assistant-Master, Clifton College. Crown 8vo. 3^". &/, 

WREBLER— ^ SHORT HISTORY OF INDIA AND OF 

THE FRONTIER STATES OF AFGHANISTAN, 

NEPAUL, AND BURMA. By J. Talboys Wheeler. 

With Maps. Crown 8vo. I2j. • 

" It is the best book of the kind we have ever seen, and we recommend 
it to a place in every school library." — Educational Times. 

YONGZ: (CHARIiOTTE M.)— ^ PARALLEL HISTORY OF 

FRANCE AND ENGLAND: consisting of Outlines and 

Dates. By Charlotte M. Yonge, Author of "The Heir 

of Redclyffe," &c., &c. Oblong 4to. 3/. 6rf. 

CAMEOS FROM ENGLISH HISTORY. -^YROU 

ROLLO TO EDWARD II. By the Author of "The Heir 

of Redclyffe." Extra fcap. 8vo. New Edition. $s. 

A SECOND SERIES OF CAMEOS FROM ENGLISH 

HISTORY- THE WARS IN FRANCE. New Edition. 

Extra fcap. 8vo. 5x. 

A THIRD SERIES OF CAMEOS FROM ENGLISH 
HISTORY-^THE WARS OF THE ROSES. New Edition. 
Extra fcap. 8yo. 5^. 
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TOM OB (CBAB&OTTB M.) Coniimud— 

CAMEOS FROM ENGLISH HISTORY— A FOURTH 
SERIES, REFORMATION TIMES. Extra Fcap. 8¥o. $*- 
EUROPEAN HISTORY. Narrated in a Scries of 
Huitorical Selections from the Best Authorities. Edited and 
arranged by £. M. Sewell and C. M. Yonge. First Series, 
1003—1154. Third Edition. Crown 8¥0. 6s. Second 
Series, 1088 — 1228. New Edition. Crown 8vo. 6f. 

DIVINITY. 

•^* For other Works by these Authors, see Theological 

Catalogue. 

ABBOTT (REV. E. Aj)— BIBLE LESSONS. By the Rev. 

E. A. Abbott, D.D., Head Master of the City of London 

School. New Edition. Crown 8vo. 4s. 6d. 

" Wise, suggestive, and really profound initiation into re^ous thought.'* 
— Guardian. 

ARNOI.D— ^ BIBLE-READING FOR SCHOOLS— THE 
GREAT PROPHECY OF ISRAEL'S RESTORATION 
(Isaiah, Chapters xl. — ^Ixvi.). Arranged and Edited for Young 
Learners, By Matthew Arnold, D.C.L., f<^pnerly 
Professor of Poetry in the University of Oxford, and Fellow 
of Oriel. New Edition. i8mo. cloth, is. 

ISAIAH XL.—LXVL With the Shorter Prophecies allied 
to it. Arranged and Edited, with Notes, by Matthew 
Arnold. Crown 8vo. 5j. 

CHEETRAM— ^ CHURCH HISTORY OF THE FIRST 
SIX CENTURIES, By the Yen. Archdeacon Cheet- 
HAM. Crown 8vo. [/» the press. 

CVBT^IB— MANUAL OF THE THIRTY-NINE AR- 
TICLES, By G. H. Curteis, M.A., Principal of the 
Lichfield Theological College. [In preparcUion, 

QABKOIH—THE CHILDREN S TREASURY OF BIBLE 
STORIES, By Mrs. Herman Gaskoin. Edited with 
Preface by the Rev. G. F. Maclear, D.D. Part L— OLD 
TESTAMENT HISTORY. i8mo. \s. Part II.— NEW 
TESTAMENT. i8mo. is. Part III.— THE APOSTLES ; 
ST. JAMES THE GREAT, ST. PAUL, AND ST. JOHN 
THE DIVINE. i8mo. \s. 
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GOX.DEN TRBASUBY PSAI.TBB— Students' Edition. Bwng 
an Edition of "The Psalms Chronologically arranged, by 
Fonr Friends," with briefer Notes. i8mo. 3^. 6d. 

ORBEK TBSTAMBNT-Edited, with Introduction and Appen- 
dices, by Canon Westcott and Dr. F. J. A. Hort. iwo 
Vols. Crown 8vo. lOf. 6d. each. 
Vol. I. The Text. 
Vol II. Introduction and Appendix. 

aHBEK T..TAMBHT POH BOHOOI.B-7;5» GOSPSL 
ACCORDING TO ST. MATTHEW. Edited. "'& I"t~- 
duction and Note,, by E. W. HowsoN M.A., FeUo-^^of 
King's CoUeg^ C«>bridg.. «id Ass^tant-Mas^^ H«row. 
Fcap. 8vo. ^ ^ ^ 

THE GOSPEL ACCORDING TO ^^-^^^f^'^ 
by Rev. E. C. Selwvn. M.A.. FeUow of King^ C<Jkge, 
(Lbridge. «d Principal of Liverpool CoUeg^^^^^v^ 

THE ACTS OF THE APOSTLES Edited by T. E. 
PXOK, M.A., Assistant-Master at the O-terhouse^^^^^^^ 

HARDWIOK-Works by Archdeacon Hardwick. 

A HISTORY OF THE CHRISTIAN CHURCH 
• iiddle A^. From Gregory the Great to the Excommu^ 
carton of Luther. Edited by William Stubbs M. A. R^^ 
Professor of Modem History in the University <>/ 0^°"1- 
With Four Maps. Fourth Edition. Crown 8vo. 'O*- *^- 
A HISTORY OF THE CHRISTIANCHUR^DURING 
THE REFORMATION. Fourth Edition. Edited by Pro 
fessor Stubbs. Crown 8vo. los. 6d. 

— .- TiTP P<!/trMS WITH INTRO- 
JBNNINGS Mid IMWlt—THE r:>A^M.>, "^^■'■' 

'^DUCTIONS AND CRITICAL NOTES Bjr A. C 
Jennings, B.A. ; assisted in parts by W. H. Lowe, in 
2 vols. Crown Svo. los. 6d. each. 

Wm^i-CHURCH HISTORY OF IRELAND. By the Rev. 
RomxKjNO. New Edition. «yols. CrownS^^^.^ 
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$8 MACMILLAN'S EDUCATIONAL CATALOGUE. 

IiiaRTFOOT— Works by Right R«r. }. B. LtORTroot, D.D., 

Bishop of Durham. 

Sr. PAUVS EPISTLE TO THE GALATIANS. A 

Revised Text» with IntroducUon, Notes* and Di£seit«tioBs« 

Seventh Edition, revised. 8vo. I2s. 

ST PAUVS EPISTLE TO THE PHILIPPIANS, A 

Revised Text, with Introduction, Notes, and Dissertations. 

Seventh Edition, revised. 8vo. I2J. 

ST. CLEMENT OF ROME— THE TWO EPISTLES TO 

THE CORINTHIANS, A Revised Tort, with Jntroductiaii 

anri Notes. 8vo. 8j. 6^. 

ST PAUVS EPISTLES TO THE COLOSSI ANS AND 
TO PHILEMON A Revised Text, with Introductions, 
Notes, and Dissertations. Sixth Edition, revised. 8vo. I2J. 
THE IGNA TIAN EPISTLES. [In the press, 

MACI.EAR— Works by the Rev. G. F. Maclbar, D.D., 
Warden of St, Augustine's College, Canterbury, 

A CLASS-BOOK OF OLD TESTAMENT HISTORY, 

New Edition, w ith Four Maps. i8ino. ^r. d</. 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, 

including the Connection of the Old and New Testaments. 

With Four Maps. New Edition. i8mo. ^s. 6d, 

A SHILLING BOOK OF OLD TESTAMENT 

HISTORY^ for National and Elementary Schools. With 

Map. i8mo. cloth. New Edition. 

A SHILLING BOOK OF NEW TESTAMENT 
HISTORY, for National and Elementary Schools, With 
Map. i8mo. cloth. New Edition. 

These works have been carefully abridged from the author's " 
large manuals. 

CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND, New JW» iSaa. cldA. tr« M 
A FIRST CLASS BOOK OF TH& CATECHISM OF 
THE CHURCH OF ENGLAND, with ScripttiW Proofs. 
for Junior Classes and Schools. New Edition. i8mo. 6d, 
A MANUAL OF INSTRUCTION FOR CONFTRntA- 
TION AND FIRST COMMUNION. WITH PRA VERS 
AND DE VOTIONS, 32mo. cloth extra, red edges. 2*. 
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MAURICE— 7W:ff LORiyS PRAYER, THE CREED, AND 
THE COMMANDMENTS, A Manual for Parents arid 
Schoolmasters. To which is added the Order of the Scriptures. 
By the Rev. F. Dei^ison Maurick, M.A. i8mo. cloth, limp. u. 

PBOCTSR— W HISTOR Y OF THE BOOK OF COMMON 
PRA YER, with a Rationale of its Offices. By Frances 
Procter, M.A. Sixteenth Edition, revised and enlarged. 
Crown 8vo. lor. Bd. 

PROCTER AND 'HiKCUT^K'^— AN ELEMENTARY INTRO- 
DUCTION TO THE BOOK OF COMMON PRA YER. 
Re-arranged and supplemented by an Explanation of the 
Morning and Evening Prayer and the Litany. ])y the 
Rev. F. Procter and the Rev. Dr. Maclear. New 
and Enlarged Edition, containing the Conmiunion Service and 
the Confirmation and Baptismal Offices. ' i8mo. 2^. 6^. 

nn PSAIiHS, WIVH introductions and ORITICAi. 
NOTES — By A. C. JENNINGS, B.A., Jesus College, Cam- 
bridge, Tyrwhitt Scholar, Crosse Scholar, Hebrew University, 
prizeman, and Fry Scholar of St. John's College ; assisted in 
tarts by W. H. Lowe, M.A., Hebrew Lecturer and late 
Scholar of Christ's College, Cambridge, and TyrwhHt Scholar. 
In 2 vols. Crown 8vo. for &/. each. 

RAMSAY— r^uE" CA TECHISEKS MANUAL ; or, the Church 
Catechism Illustrated and Explained, for the Use of Clergymen, 
Schoolmasters, and Teachers. By the Rev. Arthur Ramsay, 
M.A. New Edition. i8mo. \s, 6d. 

SIMPSON— ^iV EPITOME OF THE HISTORY OF THE 
CHRISTIAN CHURCH By William Simpson, M.A. 
New Edition. Fcap. 8vo. 3j. 6^. 

ST. PAUL'S SPISTLSS -Greek Text, with Introduction and 
Notes. 

THE EPISTLE TO THE GALATIANS. Edi'ed by 

the Right Rev. J. B. Lightfoot, D.D., Bishop of l>>''lis»ii.. 

Seventh Edition. 8vo. I2j. 

THE EPISTLE TO THE PHILIPPIANS. By the 

MBie Editor. Seventh Edition 8vo. I2s. 

THE EPISTLE TO THE COLOSSIANS, By. the same 

Editor. Sixth Edition. 8vo. I2s. 
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8T. PAUXi'8 BPI8TXA8 Continued^ 

THE EPISTLE TO THE ROMANS. Edited by the Very 
Rev. C. J. Vaughan, D.D., Dean of Llandaff, and Master of 
the Temple. Fifth Edition. Crown 8vo. p. 6d, 

THE EPISTLE TO THE HEBREWS. Edited by Rev. 
F. Rendall, M.A. Crown 8vo. [Just ready, 

THE EPISTLE TO THE THESSALOHIANS, COM- 
MENTAR Y ON THE GREEK TEXT By John Eadie, 
D.D., LL.D. Edited by the Rev. W. Young, M.A., with 
Preface by Professor Cairns. 8vo. i2j. 

TRENCH— By R. C. Trench, D.D., Archbishop of Dublin. 

NOTES ON THE PARABLES OF OUR LORD. Four- 
teenth Edition, revised. 8v6. I2j. 

NOTES ON THE MIRACLES OF OUR LORD. Eleventh 
Edition, revised. 8vo. 12s. 

COMMENTARY ON THE EPISTLES TO THE SEVEN 
CHURCHES IN ASIA. Third Edition, revised. 8vo. ^.6d. 

LECTURES ON MEDIEVAL CHURCH HISTORY.' 
Being the substance of Lectures delivered at Queen's Collie, 
London. Second Edition, revised. 8vo. 12s. 

SYNONYMS OF THE NEW TESTAMENT. Ninth 
Edition, revised. 8vo. I2s. 

WB8TCOTT— Works by BROOKE Foss Westcott, D.D., Canon 
of Peterborough. 

A GENERAL SURVEY OF THE HISTORY OF THE 
CANON OF THE NEW TESTAMENT DURING THE 
FIRST FOUR CENTURIES. Fifth Edition. With Preface 
on " Supernatural Religion." Crown 8vo. los. 6d. 

INTRODUCTION TO THE STUDY OF THE FOUR 
GOSPELS. Fifth Edition. Crown 8vo. lOf. 6d. 

THE BIBLE IN THE CHURCH. A Popular Account 
of the Collection and Reception of the Holy Scriptures in 
the Christian Churches. New Edition. i8mo. doth. 
4f . 6d. 
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tVEBTCOTT— RORT- THE NEW TESTAMENT IN THE 
ORIGINAL GREEK, The Text Revised by B. F. Westcott, 
D.D., Regius Professor of Divinity, Canon of Peterborough, 
and F^ J. A. HORT, D.D., Hulsean Profes^^or of Divinity; 
Fellow of Emmanuel College, Cambridge : late Fellows of 
Trinity College, Cambridge. 2 vols. Crown 8vo. loj . bd, each. 
Vol. I. Text. 
Vol. II. Introduction and Appendix. 

WII.SON— 7W^ BIBLE STUDENTS GUIDE to the more 
Correct Understanding of the English Translation of the Old 
Testament, by reference to the original Hebrew. By William- 
Wilson, D.D., Canon of Winchester, late Fellow of Queen's 
College, Oxford. Second Edition, carefully revised. 4to. 
cloth. 25J. 

YONGE(CHARI.OTTB tH,)— SCRIPTURE READINGS FOR 
SCHOOLS AND FAMILIES, By Charlotte M. Yongk. 
Author of *' The Heir of Redclyffe." In Five Vols. 

First Series. Genesis to Deuteronomy. Extra fcap. 
8vo. IS. dd. With Comments, y, 6d. 

Second Series. From Joshua to Solomon. Extra fcap. 
8vo. I J. 6d, With Comments, y. 6d, 

Third Series. The Kings and the Prophets. Extra fcap. 
8vo. is. 6d. With Comments, y. 6d. 

Fourth Series. The Gospel Times. *is. dd. With 
Comments, extra fcap. 8vo., 3J 6^. 

Fifth Series. Apostolic Times. Extra fcap. 8vo. \s, 6d, 
With Comments, 31. 6d, 

ZBCHARZ AH — LOWB — 7:^^ HEBREW STUDENTS 
COMMENTARY ON ZECHARIAH, HEBREW AND 
LXX, With Excursus on Syllable-dividing, Metheg, Initial 
Dagesh, and Siman Rapheh. By W. H. Lowe, M.A., 
Hebrew Lecturer at Christ's College, Cambridge. Demy 8vo. 
10^. (id. 

MODERN LANGUAGES, ART, ETC. 
ABBOTT—^ SHAKESPEARIAN GRAMMAR. An attempt 
to illustrate some of the Differences between Elizabethan and 
Modem English. By the Rev. E. A. Abbott^ D.D., Head 
Master of the City of T.ondon School. New Edition. Extra 
feap. 8vo. dr. 
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AfH^^nSOK^LIJ^EJH PERSPECTIVE, AND MODEL 
DRA WING. A School and Art Class Manual, with Questions 
and Exercises for Examination, and Examples of Examination 
Papers. By Laurencb Anderson. With Illustrations. 
Royal 8vo. 2j, 

BARKER— /T/e^r LESSONS IN THE^ PRINCIPLES OP 
COOKING. By Lady Barker. New Edition. i8mo. is. 

IROVfl-EK—FIRST LESSONS IN FRENCH. By H. CouR- 
THOPE Bowen, M.A., Principal of the Finsbury Training 
College for Higher and Middle Schools. Extra fcap. 8vo. is, 

BEAUMARCHAIS— ZuS* BARBIE R DE SE VILLE. Edited, 
with Introduction and Notes, by L. P. Blouet, Assistant- 
Master in St. Paul's School. Fcap. 8vo. 3^. 6</. 

VBXfH'E.'K'&— FIRST LESSONS ON HEALTH. By J. Ber- 
ners. New Edition. i8mo. \s. 

ni*AKlBTOfi—THE TEACHER, Hints on School Manage- 
ment. A Handbook for Managers, Teachers* Assistants, and 
Pupil Teachers. By J. R. Blakiston, M.A. Crown 8vo. 
2s. 6d. (Recommended by the London, Birmingham, and 

Leicester School Boards.) 

" Into a comparatively small book he has crowded a great deal of ex- 
ceedingly useful and sound advice. It is a plain, common-sense book, 
full ot hints to the teacher on the management of his school and his 
children. — School Board Chronicle. 

BRBYMANN— Works by HERMANN Breymann, Ph.D., Pro- 
fessor of Philolc^ in the University of Munich. 
A FRENCH GRAMMAR BASED ON PHILOLOGICAL 
PRINCIPLES. Second Edition. Extra fcap. 8vo. 4*. M, 
FIRST FRENCH EXERCISE BOOK. Extra fcap. 8vo. 
4r. (id. 

SECOND FRENCH EXERCISE BOOK. Extra fcap. 8to. 
2s. 6d. 

BKOOKJ^— MILTON. By Stopford Brooke, M.A. Fcap. 
8vo, ij. 6d. (Classical Writers Series.) 

BTrriMBK—HC/DIBRAS. Part I. Edited, with Introduction 
and Notes, by Alfred Milnes, M.A. Crown Svo, ^s. 6a. 

[Part II. in the press. 

CAMBRIDGE UNIVERSITY Al^MAMACK AND RE- 
GISTER FOR 1881, being the Twenty-ninth Year of 
Publication. Crown 8vo. 3^. td. 
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CKLJ^IBXWOOT^^HANDBOOK OF MO HAL PHILOSOPHY. 
By the Rev. Henry Calderwood, LL.D., Professor of 
Moral Philosophy, University of Edinburgh. New Edition. 
Crown 8vo. 6s, 

COLX.IBR— ^ PRIMER OF ART. With Illtatrations. By 
John Collier. i8mo. u. 

nAJSt^—mE PURGATORY OF DANTE. Edittd, with 
Translation and Notes, by A. J. Butlbr, M.A., late Fellow 
of Trinity Collie, Cambridge. Crown 8va I2J. 6d, 

DBX.AMOTTE~^ BEGINNERS DRA WING BOOK. By 
P. H. Delamoti'E, F.S.A. Progressively arranged. New 
Edition improved. Crown 8vo. 31. 6</. 

DBYDBN— ^^Z^Cr PROSE WORKS. Edited, with Intro- 
duction and Notes, by Prof. C. D. Yonge. Fcap. 8vo. 2J. 6d. 

TAafilLGmT—THE ORGANIC METHOD OF STUDYING 
LANGUAGES. By G. EuGtNS Fasnacht, Author of 
" Macmillan's Progressive French Course," Editor ''Mac 
millan's Foreign School Classics," &c. Extra fcap. 8vo. 
I. French. 3^. td. 

A SYNTHETIC FRENCH GRAMMAR FOR SCHOOLS. 
By the same Author. Crown 8vo. 3;. dd. 

TAVfTClSnT^TALES IN POLITICAL ECONOMY. By 
Millicent Garrett Fawcett. Globe 8vo. y. 

TiaiLKOff— SCHOOL INSPECTION. By D. R. Fearon, 
M.A., Assistant Commissioner of Endowed Schools. New 
Edition. Crown 8vo. 2s. 6d. 



[^HINTS TO HOUSEWIVES ON SEVERAL 
POINTS, PARTICULARLY ON THE PREPARATION 
OF ECONOMICAL AND TASTEFUL DISHES. By 
Mrs. Frederick. Crown 8vo. is. 

^ " This unpretending and useful little volume distinctly supplies a de- 

stderatum The author steadily keeps in view the simple aim of 

' making every-day meals at home, particularly the dinner, attractive,' 
without adding to the ordinary household expenses.*' — Saturday Revieto. 

OlMA-DSront-R— SPELLING REFORM FROM AN EDU- 
CATIONAL POINT OF VIEW. By J. H. Gladstone, 
Ph.D., F.R.S., Member of the School Board for London. 
New Edition. Crown 8vo. is. 6J. 
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aLOBE READINaS FROM STANDARD AUTHORS. 

COWPER'S TASK: AN EPISTLE TO JOSEPH HILL, 
ESQ, ; TIROCINIUM, or a Review of the Schools ; and 
THE HISTOR Y OF JOHN GILPIN Edited, with Notes, 
William Benham, B.D. Globe 8vo. \s. 

OOI.D8MITR'8 VICAR OF WAKEFIELD, With a Memoir 
of Goldsmith by Professor Masson. Globe 8vo. ix. 

XiAMB'8 (CHARI.B8) TALES FROM SHAKSPEARE. 

Edited, with Preface, by Alfred Aingbr, M.A. Globe 

8vo. 25, 
SCOTT'S (SIR WALTER) LAY OF THE LAST 

MINSTREL ; and THE LAD Y OF THE LAKE, Edited, 

with Introductions and Notes, by Francis Turner Palgravx. 

Globe 8vo. \s, 

MARMION; and the LORD OF THE ISLES. By the 
same Editor. Globe 8vo. is, 

Tli« Children's Oarlaad flrom th« Best Poets. — Selected 
and arranged by Coventry Patmore. Globe 8vo. zr. 

YOMGE (CHARLOTTE M.) — ^ BOOK OF GOLDEN 
DEEDS OF ALL TIMES AND ALL COUNTRIES. 
Gathered and narrated anew by Charlotte M. Yonge, the 
author of " The Heir of Redcljrffe." Globe 8vo. 2x. 

GLOBE READERS. For Standards L— VI. Edited by A. 
F. Murison. With Illustrations. 



Primer I. (48 pp.) 3^. 

Primer II, (48 pp.) 3^/. 

Book I. (96 pp.) 6d, 

Book II. (136 pp.) gd. 



Book III. (232 pp.) I J. 3^. 
Book IV. (328 pp. ) IS. gd. 
Book V. (416 pp.) 2s, 
Book VI. (448 pp.) 2s. 6d, 



" Among the numerous sets of readers before the public the present series Is 
honourably^ distin^shed by the marked snperiority of its materiaLs and the 
careful ability with which they have been adopted to the growing capacity of the 
pupils. The plan of The tvro primers is excellent for facilitating the child's first 
attempts to read. In the first three following books there is abundance of enter- 
taining reading. .... Better food for young minds could hardly be found." — 

The ATHBNiBUM. 

OOlM^DBfATTU'-THE TRA VELLER, or a Prospect of Society ; 
and THE DESERTED VILLAGE. By Oliver Gold- 
smith. With l^tes Philological and Explanatory, by J. W. 
Hales, M.A. Crown 8vo. 6/. 
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QOlMDUmrm-^SELECT ESS A vs. Edited, with Introdncaon 
and Notes, by Professor C. D. Yonge. Fcap. 8to. 2j. 6d. 

^tVUMTyTSLOJUm^— CUTTING-OUT AND DRESSMAKING. 
From the French of Mdlle. E. Grand'hommk. With Dia* 
grams. 181110. u, 

•SBBN-^ SHORT GEOGRAPHY OF THE BRITISH 
ISLANDS, By John Richard Green and Alice 
Stofford Green. With Maps. Fcap. 8vo. 31. fid. 

The Timas says : — " The method of the work, so far as real instmcdoB 
is conoeraed, is nearty aJl that could be desired. ... Its great merit, in 
addition to its sdenbfic arrangement acd the attractive style so familiar 
to the readers of Green's Short Historv is that the &cts are so presented 
as to compel the careful student to thinic for himself. . . . The work may 
be read with pleasure and profit by anyone ; we trust that it will gradually 
find its way mto the h^her forms of our schools. With this text-boek at 
his guide, an inteOigent teacher mi^ht make geo^pby what it really is — 
one of the most interesting and widely-instructive studies.*' 

lELKUBB— LONGER ENGLISH POEMS, with Notes, Philo- 

logical and Explanatory, and an Introduction on the Teaching 

of EngUsh. Chiefly for Use in Schools. Edited by J. W. 

Hales, M.A., Professor of English Literature at King's 

Coll^;e, London. New Edition. Extra fcap. Svo. 4/. 6^. 

HOI.B— ^ GENEALOGICAL STEMMA OF THE KINGS 
OF ENGLAND AND FRANCE. By the Rev. C. Hole. 
On Sheet, is, 

JOHNSON'S LIVES OF THE POETS, The Six Chief Uvcs 
(Milton, Dryden, Swift, Addison, Pope, Gray), with Macaula/s 
''Life of Johnson." Edited with Preface by Matthew 
Arnold. Crown Svo. dr. 

LITBRATURB PRIMERS— Edited by JOHN RiCHARD Green, 
Author of "A Short History of the English People." 

ENGLISH GRAMMAR, By the Rev. R. Morris, LL.D., 
sometime President of the Philological Society. iSmo. 
cloth, is, 

ENGLISH GRAMMAR EXERCISES, By R. Morris, 
LL.D., and H. C. Bowen, M.A. iSmo. is, 

THE CHILDREN S TREASURY OF LYRICAL 
POETRY, Selected and arranged with Notes by Francis 
Turner Palgrave. In Two Parts. i8mo. is. each. 

ENGLISH LITERATURE, By Stopford Brooke, 
M.A. New Edition. i8mo. is. 



6o MACMILLAN'S EDUCATIONAL CATALOGUE. 

LmiBATUBB PRIMBB8 Cmtinued^ 

PHILOLOGY. By J. Peile, M.A. i8mo. ix. 

GHBEK LITERATURE. By Professor Jebb, M.A. iSnao. ij. 

SHAKSPERE. By Professor DowoKN. iSmo. \s. 

HOMER, By the Riglit Hon. W. E. GLADSTC^fB, M.P. 
iSmo. \s. 

ENGLISH COMPOSITION. By Professor NlcMot. i8mo. 
1/. 

EXERCISES ON MORRIS'S PRIMER OF ENGLISH 
GRAMMAR. By John Wetherell, of the Middle 
Sebool, Liverpool College. i8mo. is. 
In preparation : — 

LA TIN LITER A TURE. By VtvSmsfft 8«el»V. 

HISTORY OF THE ENGLISH LANGUAGE. By 
J. A. H. Murray, LL.D. 

SPECIMENS OF THE ENGLISH LANGUAGE. 
To 'Illustrate the above. By the same Author. 



Published in two sizes, viz. : — 

I. Large Post 410. Price 4^. eack 
3. Post Oblong. Piios 2d. eaeh. 

I. INITIA TORY EXERCISES 6- SHORT LETTERS. 

♦2. WORDS CONSISTING OF SHORT LETTERS. 

♦3. LONG LETTERS. With words containing Long 
Letters— Figures. 

•4. WORDS CONTAINING LONG LETTERS. 

4a. PRACTISING AND REVISING COPY-^BOOK. For 
Nos. I to 4. 

•5. CAPITALS AND SHORT HALF-TEXT Woids 
beginning with a Capital. 

«6. HALF^TEXT WORDS, beglnmB^ with a Capital— 
Figures. 

•7. SMALL-HAND AND HALF-TEXT. Wi«» Capitals 
and Figures. 
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•8. SMALL-HAND AND HALP-TEXT. With CftpitaLs 
and Figures. 

8a. PR A CTISING AND RE VISING COPY-BOOK, For 

Nos. 5 to 8. 

♦9. SMALL-HAND SINGLE HEADLINES— Tv^ss^ 
10. SMALL-HAND SINGLE HEADLINES— ¥\^ait&. 
•11. SMALL-HAND DOUBLE HEADLINES^—Fisarcs. 

12. COMMERCIAL AND ARITHMETICAL EX- 
AMPLES, 6f*€. 

12a. PRACTISING AND REVISING COPY-BOOX. For 
Nos. 8 to t2. 

* Thfse Hungers may be had with Goodman^s Patent Sliding 
Copies, Large Post 4to. Pricfc 6^. each. 

MACMIIiX«AN'8 PROGRB88IVE FRENCH COURSE—By 

G. EuGfeNE Fasnacht, Senior Master of Modern Languages, 
Harpur Foundation Modem School, Bedford. 

I. — First Year, containing Easy Lessons on the Regular 
Accidence. Extra fcap. 8vo. \s, 

JI.— Second Year, containing Conversational Lessons on 
Systematic Accidence and EleQiCntary Syntax. With Philo- 
logical Illustrations and Etymological Vocabulary, is, 6d, 

JIL^-Third Year, containing a Systematic Syntax* and 
Lessons in Composition. Extra fcap. 8vo. 2s. 6d, 

MAC»IXLXiAN'8 PROGRESSIVE FRENCH READERS— 

By G. EuGfeNE Fasnacht. 

I.^FiRST Year, containing Tables, Historical Extracts, 
Liters, Dialogues, Fables, Ballads, Nursery Songs, &c., 
with Two Vocabularies : (i) in the order of subjects ; (2) in 

alphabetical order. Extra fcap. 8vo. 2s, 6d, 

• 

21.— Second Ysaji, containing Fiction in Prose and Verse, 
Historical md Pesoriptive Extracts* Essays, Letters^ Dialogues, 
^ J£xtra fcap. 8yOp 2s, 6d, 
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MAGMIIiIiAN'fl PROORBMIVB GBRM AN OOVRAE^By 

G. EUGtNE FaSNACHT. 

Part I. — First Year. Easy Lessons and Rules on the Regular 
Accidence. Extra fcap 8vo. is, 6d. 

Part II. — Second Year. Conversational Lessons in Sys- 
tematic Accidence and Elementary Syntax. With Philological 
Illustrations and Etymological Vocabulary. Extra fcap. 
Svo. 2S. 

%* JCeys to the French and German Courses are in proration, 

MACMILIiAN'S FORBIGN SCHOOL CIiASBICS. Edited by 
G. EuGfeNE FASNACHT. i8mo. 

FRENCH. 

CORNEILLE—LE CID, Edited by G. E. Fasnacht. is. 
MOLlkRE—LES FEMMES SAVANTES, Edited by 
G. E. Fasnacht. is, 
MOLlkRE—LE MISANTHROPE, By the same Editor. 

IS, 

MOLlkRE—LE MJ&DECm MALGRA LUI, By the 
same Editor. \In the press, 

MOLlkRE—VA VARE. Edited by L. M. Mori arty, B. A. 
Assistant-Master at Rossall. ix. 

MOLlkRE-LE BOURGEOIS GENTILHOMME. By 
the i-ame Editor. \In preparation, 

SELECTIONS FROM FRENCH HISTORIANS, Edited 
by C. COLBECK, M.A., late Fellow of Trinity College, Cam- 
bridge ; Assistant-Master at Harrow. [In prepareUian. 
SAND, GEORGE -- LE MARE A U VIABLE. Edited 
by W. E. Russell, M.A., Assistant-Master in Haileybury 
College. [In the press. 
SANDEAU, JULES ^ MADEMOISELLE DE LA 
SEIGLIERE, Edited by H. C. Steel, Assistant-Master in 
Wellington College. [In the press, 

VOLTAIRE— CHARLES XIL Edited by G. E. Fasnacht. 

[In preparation, 
GRAMMAR AND GLOSSARY OF THE FRENCH 
LANGUAGE IN THE SEVENTEENTH CENTURY. 
By G. £. Fasnacht« [In preparation. 
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OBRMAN. 

GOETHE -^GOTZ VON BERLICHINGEN. Edited 
by H. A. Bull, M. A., Assistant-Master at Wellington. 2f. 

GOETHE^FAUST. PART L Edited by Jane Lee, 
Lecturer in Modem Languages at Newnham College, Cam- 
bridge. \In preparation, 

HEINE^SELECTIONS FROM THE PROSE WRIT- 
INGS, Edited by C. Colbeck, M.A. [/» the press, 

SCHILLER — DIE JUNGFRA U VON ORLEANS, 
Edited by Joseph Gostwick. 2s, 6(1. 

SCHILLER--MARIA STUART, Edited by C. Sheldon, 
M.A., D.Lit., Assistant- Master in Clifton College. 

[In preparation, 

SCHILLER— WILHELM TELL. Edited by G. E. 
Fasnacht. [In preparation, 

UHLAND — SELECT BALLADS, Adapted as a First 
Easy Reading Book for Beginners. Edited by G. E. 
Fasnacht. is, [Ready. 

SELECTIONS FROM GERMAN HISTORIANS, By 
the same Editor. Part I. — Ancient History. [In preparation, 

%* Other volumes to follow, 

HLKBmtSi — THE POETS HOUR: Poetry selected and 
arranged for Children. By Frances Martin, New Edition. 
i8mo. 2s. 6d, 

SPRING-TIME WITH THE POETS: Poetry selected by 
Frances Martin. New Edition. i8mo. y, 6d. 

HA8SON (GXrSTAVB)— y# COMPENDIOUS DICTIONARY 
OF THE FRENCH LANGUAGE (French-English and 
English- French). Adapted from the Dictionaries of Professor 
Alfred Elwall. Followed by a Li t of the Principal Di- 
verging Derivations, and preceded by Chronological and 
Historical Tables. By Gustavb Masson, Assistant-Master 
and Librarian, Harrow School. New Edition. Crown 8vo. 
half-bonnd. dr. 
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MOLI^RE— Zi? MA LADE IMAGJNAIRE. Edited, with 
Introdaction and Notes, by Frances Tarver, M. A., Assistant- 
Master at Eton. Fcap. Svo. 2x. 6^. 

MORRIS— Works by the Rev. R. Morris, LL.D. 

HISTORICAL OUTLINES OF ENGLISH ACCIDENCE, 
comprising Chapters on the History and Development of the 
Language, and on Word-furmation. New Edition. Extra 
fcap. Svo. 6f. 

ELEMENTARY LESSONS IN HISTORICAL 
ENGLISH GRAMMAR, containing Accidence and Word- 
formation. New Edition. i8mo. 2.5. 6d. 

PRIMER OF ENGLISH GRAMMAR. i8mo. is. 

OImIVUANT^THE old and MIDDLE ENGLISH. A 
New Edition of ''THE SOURCES OF STANDARD 
ENGLISH,^"* revised and greatly enlarged. By T. L. King- 
ton Oliphant. Extra fcap. Svo. qj. 

^KImOBJlW^^THE CHILDREN'S TREASURY OF 
LYRICAL POE'TRY. Selected and arranged with Notes 
by Francis Turner Palgrave. iSmo. 2j. ^. Also in 
Two parts. iSmo. is. each. 

PLUTARCH — Being a Selection from the Lives which Illustrate 
Shakespeare. North's Translation. Edited, with Intro- 
ductions, Notes, Index of Names, and Glossarial Index, by 
the Rev. W. W. Skeat, M.A. Crown Svo. 6s. 

PYLODBT— JV^^T GUIDE TO GERMAN CONVERSA- 
TION: containing an Alphabetical List of nearly 800 Familiar 
Words followed by Exercises, Vocabulary of Words in frequent 
use ; Familiar Phrases and Dialogues ; a Sketch of German 
Literature^ Idiomatic Expressions, &c. By L. Pylodet. 
iSmo. cloth limp. 2s. 6d. 

A SYNOPSIS OF GERMAN GRAMMAR. From the 
above. i8mo. 6d. 

QUBBN'S COLLEGE, LONDON* THE CALENDAR, 1879-80, 
1880-81, 1881-82, 1882-83. Fcap. Svo. Each u, 6d. 



BOOK I. 


for Standard I. 


II. 


II. 


„ III. 


HI. 


„ IV. 


IV. 


V. 


V. 


„ VI. 


VI. 
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RSADZNG BOOKS— Adapted to the English and Scotch Codes. 
Bound in Cloth. 

PRIMER, i8rao. (48 pp.) 7d, 

i8mo. (96 pp.) 4"/. 
i8mo. (144 ppb) 5^. 
i8mo. (160 pp.) 6^. 
i8mo. (176 pp.) %d, 
i8mo. (380 pp.) I/. ' 
Crown 8vo. ^430 pp.) <^. 

Book VI. is fitted for higher Classes, and as an Introduction to 
English Literature. 

"They are far above any others that have ap|>eare4 hoth In form and 
nihstance. . . . The editor of the present tenes has rightly seen that 
readinij^ books must 'aim chiefly at givinff to the pupils the power of 
accurate, and, if possible, apt and skilful expresnon ; at caltinUiDg in 
them a good litenury taste, and at arousing a desire of further readmg.' 
This is done by takine care to select the extracts from true English chusics. 
goins up in Standard VI. course to Chaucer, Hooker, and &tcon, as well 
as Wordsworth^ Macaulav, and Fronde. . . . This is quite on .the riffht 
track, and indicates justly the ideal which we ought to set befoce las."^— 
Guardian. 

8HAKE8PSARB— y# SUA KESPEARE MANUAL. By F. G. 
Fleay, M. a., late Head Master of Skipton Grammar SchooL 
Second Edition. Extra fcap. 8yo. 4^. (id, 

AN ATTEMPT TO DETERMINE THE CHRONO^ 
LOGICAL ORDER OF SHAKESPEARE S PLA YS, By 
the Rev. H. Paine Stokes, B.A. Extra fcap. 8yo. 4^. 6d, 

THE TEMPEST, With Glossarial and Explanatory Notes. 
By the Rev. J. M. Jephson. New Edition. i8mo. i/. 

SONNEN8CHSZM and MBIKLEJOHN— TZU? ENGLISH 
METHOD OF TEACHING TO READ. By A. Son- 
NENSCHEiN and J. M. D. Meiklejohn^ M.A. Fcap. 8vo. 

<:ovPRisiNG : 

THE NURSERY BOOK, containing all the Two-Lcttcr 
Words in the Language, id. (Also in Large Type on 
Sheets for School Walls. $s,) 

THE FIRST COURSE, consisting of Short Vowels with 
Single Consonants. ^. 

i 
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SONNBNSGHEIN aad HEIKLEJORK Continued'' 

THE SECOND COURSE, with Combinations and Bridges, 
consisting of Short Vowels with Double Consonants. 6d. 

THE THIRD AND FOURTH COURSES, consisting of 
L>ong Vowels, and all the Double Vowels in the Language. 
6d. 

** These are adminble books,^ because they are constmcted on a pria- 
ciple, and that the simplest principle on which it is possible to learn to read 
English."-— Spbctator. 

STEPHEN—^ DIGEST OF THE LAW OF EVIDENCE. 
By Sir Jambs Fitzjamss Stephen, a Judge of the High 
Court of Justice, Queen's Bench Division. Fourth Edition. 
Crown Svo. dr. 

*' An invaluable text-book to students."— -TtiB TiMis. 

tAYlMUr-WORDS AND PLACES; or, Etymological Illus- 
trations of History, Ethnology, and Geography. By the Rev. 
Isaac Taylor, M.A. Third and Cheaper Edition, revised 
and compressed. With Maps. Globe Svo. 6s, 

TAYbOR--^ PRIMER OF PIANOFORTE PLAYING. By 
Franklin Taylor. Edited by George Grove. iSmo. is- 

Tn^ErSVLEXSK — HOUSEHOLD MANAGEMENT AND 
COOKERY* With an Appendix of Recipes used by the 
Teachers of the National School of Cookery. By W. B. 
TegsTMEIER. Compiled at the request of the School Board 
for Lopdon. |8mo. is. 

TUORfXTON— FIRST LESSONS IN BOO K KEEPING, By 
J. Thornton. Crown Svo. 2j. 6d, 

The object of this volume is td make the theoiy of Book-keeping aaf- 
• fidently plain for even children to understand it. 

THRINO— 7WS ELEMENTS OF GRAMMAR TAUGHT 
IN ENGLISH By Edward Thrino, M. A., Head Master 
of Uppingham. With Questions. Fourth Edition. iSmo. 9x 
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TRBNCB (AROHBZSHOP)— Works by R. C. T&ENCH, D.D., 
Archbishop of Dublin. 

HOUSEHOLD BOOK OF ENGLISH POE TR K Selected 
and Arranged, with Notes. Third Edition. Extra Fcap. 8vo. 

ON THE STUDY OF WORDS. Seventeenth Edition, 
revked. Fcap. 8vo. 51. 

ENGLISH, PAST AND PRESENT. Eleventh Edidon, 
revised and improved. Fcap. 8vo. ^s. 

A SELECT GLOSSARY OF ENGLISH WORDS, used 
formerly in Senses Different from their Present Fifth 
Edition, revised and enlarged. Fcap. 8vo. 5x. 

VAUGHAN (C, M.)— WORDS FROM THE POETS. By 
C. M. Vaughan. New Edition. i8mo. cloth, is. 

VICTORIA UNIVERSITY GAIiENDAR, with the Calendar of 
the Owens College, 1882-83. Crown 8vo. 3^. 

VINCENT and. JilOllLBOfX— HANDS 00 JC TO MODERN 
GREEK. By Edgar Vincknt, Coldstream Guards, and 
T. G. Dickson, M.A. Second Edition, revised and enlarged, 
with Appendix on the relation of Modern and Classical Greek 

by Prof. R. C. Jebb. Crown 8vo. 6s. 

*' It will not be Messn. Vincent and Dickson's fault if their work does 
not contribute materially to the study of Greek by EngUahmea as a living 
language." — Pall Mall Gazbttb. 

WKKD—THE ENGLISH POETS. Selections, with Critical 
Introductions by various Writers and a General Introduction 
by Matthew Arnold. Edited by T. H. Ward, M.A. 4 
Vols. VoL I. CHAUCER TO DONNE.— Vol. II. BEN 
JONSON TO DRYDEN. — Vol. III. ADDISON to 
BLAKE. —Vol. IV. WORDSWORTH TO SYDNEY 
DOBELL. Crown 8vo. Each ^s. 6d. 

WHITNEY—Works by WiLLiAM D. WHITNEY, Professor of 
Sanskrit and Instructor in Modem Languages in Yale College. 

A COMPENDIOUS GERMAN GRAMMAR. Crown 
8vo. 4r. 6d. 

A GERMAN READER IN PROSE AND VERSE, with 
Notes and Vocabulary. Crown 8vo. $s. 
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WHZTNBY mad EDORBN^^ COMPENDIOUS GERMAN 
AND ENGLISH DICTIONARY, with Notation of Cor- 
respondences and Brief Etymologies. By Professor W. D. 
Whitney, assisted by A. H. Edgren. Crown 8vo. fs, 6d. 

THE GERMANENGUSH PART, separately, 5j. 

VntGtUT—THE SCHOOL COOKERY BOOK. Compiled 
and Edited by C. E. Guthrie Wright, Hon. Sec. to the 
Edinbuigh School of Cookery. i8mo. is. 

WRZ0HT80N— TWiS FUNCTIONAL ELEMENTS OF AN 
ENGLISH SENTENCE, an Examination of the. Together 
with a New System of Analytical Marks. By the Rer. W. 
G* Wrightson, M.A., Cantab. Crown 8vo. 5/. 

YONOB(GHARIiOTTB Vl.)^THE ABRIDGED BOOK OF 
GOLDEN DEEDS. A Reading Book for Schools and 
general readers. By the Author of "The Heir of Red- 
dyfTe." i8mo. cloth, is. 

GLOBE READINGS EDITION Complete Edition. 
Globe 8yo. 2/. {/Ste^ 58.) 



Now Fublishixig, in Crown 8vo, price 2x. Cd. each. 
Also in Stiff Boards, uncut edges, price 2s. 6d, each. 

ENGLISH- MEN OF LETTERS 

EDITED BY JOHN MORLEY. 



** These excellent biographies should be made class-books for schools." — 
Westminster Revieiv. 

** This admirable series." — British Quarterly Review. 

** Enjoyable and excellent little books.'* — Academy. 



JOHNSON. By Leslie Stephen. 

SCOTT. By R. H. HUTTON. 

GIBBON. By J. C. MoRisoN. 

SHELLET. By J. A. Symonds. 

HUME. By Professor Huxley, 
F.R.S. 

GOLDSMITH. By William 
Black. 

DEFOE. By W. MiNTO. 

BURNS. By Principal Shairp. 

SPENSER. By R. W. Church, 
Dean of St. Paul's. 

THAGEERAT. By Anthony 
Trollope. 

BURKE. By John Morley. 

MILTON. By Mark Pattison. 

HAWTHORNE. By Henry 
James, Jun. 

S U T H E Y. By Edward 

DOWDEN. 

CHAUCER. By A. W. Ward. 
COWPER. By GoLDwiN Smith. 



BUNYAN. By J. A. Froude. 
BYRON. By John Nichol. 
LOCKE. By Thomas Fowler. 
POPE. By Leslie Stephen. 

CHARLES LAMB. By Rev. 

Alfred Ainger. 

DB QUINCEY, By David 
Masson. 

LANDOB. By Sidney Colvin. 

DBYDEN. By George Saints- 
bury. 

WORDSWORTH. ByF.W.H. 

Myers. 

BENTLEY. By Prof. R. C. Jebb. 
SWIFT. By Leslie Stephen. 
DICKENS. By A. W. Ward. 
GRAY. By E. W. GossE. 
STERNE. By H. D. Traill. 
^MACAULAY. By J. C. Morison. 
FIELDING. By Austin Dobson. 

SHERIDAN. ByMrs.OLiPHANT. 

[In (he press. 



Other Volumes to follow, 
MACMILLAN AND CO., LONDON. 



MAOMILLAN'S QLOBE LIBRABT. 

In Cloth Bindings Globe Szw, y, 6d, each* 



"The •Globe* Editions are admirable for their scholarly editing, their 
typographical excellence, their compendious form, and their cheapness." — 
Saturday Review* 

"Not only truly cheap, but excellent in every way." — Literary World. 

" A wonderfully cheap and scholarly series." — DaUy Telegraph, 



SHAKESPEARE'S COM- 
PLETE WORKS. Edited by 
W. G. Clark, M.A., and W. 
Aldis Wright, M.A. With 
Glossary. 

MORTE D'ARTHUR. The 
Book of King Arthur and of 
his Noble Knights of the Round 
Table. The Original Edition 
of Cazton revised for Modem 
Use, with Introductioiv, Notes, 
and Glossary. By Sir E. 
Strachey. 

ROBINSON CRUSOE. Edited 
after the Ori^nal Editions. 
With a Biographical Introduc- 
tion by HsNRY Kii>^9i.^Y, 
F.R.Q.S. 

SIR WALTER SCOTT'S 
POETICAL WORKS. Edi- 
ted, with Biographical and 
Critical Memoir, by F. T. 
Falgravb. With Introduction 
and Notes. 

VIRGIL. Rendered into Enp^lish 
Prose, with Introductions, 
Notes, Analysis, and Index, 
by J. LoNSDAi^E, M.A., and 
S. Lee, M.A. 

HORACE. Rendered into English 
Prose, with Introductions^ 
Running Analysis, Notes, and 
Index, by J. Lonsdale, M. A., 
and S. Lee, M.A. 



DRTDEN'S POETICAL 

WORKS. Edited, with a 
Memoir, Revised Text, and 
Notes, by W. D. Cukistie, 
M.A. 

COWPER'S POETICAL 

WORKS. Edited, with Bio- 
graphical Introduction and 
Notes, by W. Benham, B,D. 

BURNS'S COMPLETE 

WORKS. Edited from the 
best Printed and MS. Autho- 
rities, with Memoir and 
Glossanal Index, by Ai.E3C- 
ANDER Smith. 

GOLDSMITH'S 

LANEOUS WOR] 
Biogp^aphical Introduction by 
Professor Masson. 

POPE'S POETICAL WORKS. 

Edited, with Notes and Intro- 
ductory Memmr, by Professor 
Ward, «f Owens' Collqge, 
Manchester. 

SPENSER'S COMPLETE 

WORKS. Edited fix>m the 
Original Editions and Manu- 
scripts, with Glossary, by R. 
Morris, and a Memoir by 
J, W. Hales, M.A. 

MILTON'S POETICAL 

WORKS. Edited, with Intro- 
ductions, by Professor Masson, 



.^<fS: 



MACMILLAN AND CO., LONDON. 



MACMILLAN & C0:8 READING BOOKS. 

ADAPTED TO THE NEW CODE. 

MACHILLAirS BEADING BOOKS. 



Primer (4^ PP*)t iSmo. •..•.... 
Book I. for Standard L (96 pp), i8m'>. . . 
Book 11. for Standard II. (144 po.), i8mo. . 
Book IIL for Standard III. (160 pp.), i8mo. 
Bo3k IV. for Standard IV. (176 pp.), iSmo. 
Book V. for Standard V. (380 pp.), i8mo. . 
Book VL for Standard VI. (430 pp.), crown 8to 



2d, 

- 5^ 
td, 

U, 

fX. On/. 

2f . od. 



'* They are fiv above aoTodien that haiFe appeared both ill Ibffin and snHs^^ 
. . . The editor of the p r eaent aeries has rightly seen thai, readme books onist 
'aim durllT at pmag to the poptb the piwer of aocarate. and, it possibfe^ apt 
and skUfnl expression ; at cnhiirmtii^ m them a eood Btcnury taste, and aft 
arotisng a desire of further readii^.' This is done oy taking caie to select dia 
extracts ftom tme Engfish claasrcs, goii^ up in Standard VI. coarse to Chancer, 
Ho< ker, and Bacon, as veil as Wordsworth, Macaulay, and Fronde. . . . This 
is quite on the right trade, and indicates jostly the ideal which we ooghft to set 
before OS."— ^Min&tiR. 

AGRIGULTUBE, THE ALPHABET OF THE PRINCI- 
PLES OF : being a First Lesson Book on Agriculture for Schools. By 
Prof. Hbmbt TAKiTKa. Extra fcap. 8ira 6d. Second Book. Extra fci^ 
Svo. 1*. Thad Book in the 



HISTORICAL READERS ADAPTED TO THE NEW CODE. 

READINGS FROM ENGLISH HISTORY. Selected and 

Ed.ted by John Richakd Gkken, M.A., LL.D., Honorary Fellow of Jesus 
College, Oxford. Three Parts. Globe 8vo. m. 6d. each. I. Hengist to 
Cressy. II. Cressy to GromwelL 111. Cromwell to Balakla^. 

HACMILLAN'S COPY-BOOKS. 12 sorts in Two siaes. 
I. Large Post 4.0. \d. each. If. Pust oblong, od. each. 



OBJECT TEACHING. A Lecture delivered at the Pupil- 
Teacher Centre, William Street Board School, Hammersmith. By J. H. 
Gladstone, Ph.D.. F.R.S., Member of the London School Board. With 
an Appendix. Crown 8vo. yL 

"It is a short bat interesting and instructive publication, ^nd onr younger 
teachers will do well to read it carefully and thoroughly. There is much in these 
few pages which they can learn and profit by." — Ths School Guaruitm. . 

HINTS TO HOUSEWIVES ON SEVERAL POINTS, 

PARTICULARLY ON THE PREPARATION OF ECONOMICAL 
AND TASTEFUL DISHES. By Mrs. Frbdkrick. Crown 8vo. u. 

"This tinpretendlng and useful little volume distinctly siipplies a desideratum. 
. . . The author steadily keeps hi view the simple aim ot * making erery-dey 
meals at home, particularly the dinner, attractive,' without adding to the ordinary 
household expenses."— kSa^Mn^^ Rtvitw, 

MACMILLAN AND CO., LONDON. 



MACMILLAN & CO.' 8 READING BOOKS. 

A NEW SERIES OF ILLUSTRATED READING BOOKS. 

the; globe readers. 

A New Series of Reading Books for Standards I. to VI. Selected, 
Arranged, and Edited by A. F. Murisqn, sometime English 
Master at Aberdeen Grammar School. With Original Illus- 
trations. Globe 8vo. 



Primer I. (48 pp.) . . .. $d. 

Primer II. (48 pp.) . . 3^. 

Book I. (96 pp. ) . . . 6d, 

Book II. (136 pp.) . . ^. 



Book in. (232 pp.). . ij. 3^. 

Book IV. (328 pp.) . IX. 9^. 

Book V. (416 pp.) . . 2s, oJ, 

Book VI. (448 pp.) . 2x. 6d. 



"Among the numerous sets of Readers b'efore the public th» present series is 
honourably distinguished by the marked superiority of its materials and the 
careful ability with which they have been adopted to the growing capacity of tlue 
pupils. The plan of the two primers is excellent for faciutattng the child's first 
attempts to read. In the first three following books there is abundance of enter- 
taining reading. .... Better food for young minds could hardly be found." — 
TJkg Athetueum, 

SPECIALLY PREPARED FOR THE NEW CODE. 

GLOBE READINGS 

FROM STANDARD AUTHORS. 
COWPER'S TASK: AN EPISTLE TO JOSEPH HILL, 

ESQ : TIROCINIUM: or, A Review of the SckooU; and the HISlORY 
OF JOHN GILPIN. Edited, with Notes, by William Benham, B.D. 
Globe 8vo. IS, 

GOLDSMITH'S VICAR OP WAKEFIELD. With a 

Memoir uf Goldsnuth by Professor Masson. Globe 8vo. u. 

LAMB'S (CHARLES) TALES FROM SHAKESPEABJS. 

Edited, with Preface, by Alfred Aincer, M.A. Globe Svo. w. 

SCOTT'S (Sir WALTER) LAY OF THE LAST 

MINSl REL ; and the LADY OF THE LAKE. Edited, with Introduc- 
tions and Notes, by Francis Turner Palgravb. Globe Sro. it. 

SCOTT'S (Sir WALTER) MARMION; and the LORD 

OF THE ISLES. By the same Editor. Globe Bvo. lt. 

THE CHILDREN'S GARLAND FROM THE BEST 

POETS. Selected and arranged by Coventry Patmorb. Gbbe Bvo. 

YONGE (CHARLOTTE M.)-A BOOK OF GOLDEN 

DEEDS OF ALL TIMES AND ALL COUNTRIES. Gathered awl 
narrated anew bv Chaklottb M. Vonce, the Author 4>f " The Heir of 
Redclyffe." Globe 8vo. as. 

Macmillan &* Co.^s New Illustrated Catalo^e of Books suitabU 
for PRESENTATION and SCHOOL PRIZES, at prices 
ranging from SIXPENCE upwards, may now be had^ post free, 

MACMILLAN AND CO., LONDON. 



Landtm : R- Clay , Sons ^ and Taylor, FrtnUrs. 
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